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ABSTBACT 

Chapter 1 highlights the vork of the International 
CoBBission on the Teaching of HatheaaticSf the National Coaaittee on 
Hathesatical BequirenentSy and the College Entrance Bxaaination 
Board. Modifications in the arithnetic and algebra curricula are 
discussed at sone length and changes in the geuaetry curriculua are 
indicated. Following a reprint of E. H. Moore's address to the 1902 
neeting of the Aaerican Nathenatical Society, chapter 3 presents data 
to shov the state of nathesatics achievenent of public school pupils 
and offers specific guidelines for improving this scholarship. Use of 
objectives, drill procedures, and the idea of general aatheaatics are 
discussed in detail. The next chapter considers dpvelopnents in the 
testing aoveaent as they were related to natheaatics education. 
Particular attention is paid to standardized achieveaent tests, their 
misuses, and their correct place in mathematics education. Chapter 5 
traces the history of the junior high school movement and tho 
developaent of its mathematics curricula. The remaining four chapters 
deal with research in arithmetic, the relationship of mathematics to 
the general public, high school math clubs, and a bibliography of 
school mathematics books. (LS) 
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FOREWORD 



At tho 1025 annual mo(^tin;{ of tlio National Council of 
Teachers of Muthonmiicsi a nmtlon was puHKCd directing tho 
President to appoint a itunniittoc to pivparo and present a 
Yearbook at the ntwt r.uu'tluji;. This v(d\uue represents an 
effort to fuUlU the oblij^atlon of that niotioii. S\ich merit as 
it n.ay have uhviouHly liulmijis to ilu* nuuiy who huvu coutrib' 
MtotI U) it. Tho rmsiilont nf l\\v Nat tonal ('ouucil and tho 
Chalriuan of the Yearbook (*ommitfee ai^swrne responsibility 
for tho mistakes in Judgment nnd for meehanieal errors. 

After dLseuHHlon wltli many t(»aehei's a (lotierttl Survey of 
Progress in the Pa«t Twenty live Years in the Teaehing of 
Mathenuities in tiie riut(*d States was cliosen a^ tho gcnorul 
theme of the Yearbook. 

Since this era of progress seems to have becai inspired by 
the Address of Professor K. II. ^Moore befon* the American 
Matliematieal Society in l\m, it Is tlttlnj{ that hia address 
sliould have a pi^ominent place in this book. To Professor 
Mtiore anil Id all \hv oiht>rs who hav(» eontrlluiteil so ably and 
generously thv eomnilttee and all t(*aelM*rs of mathematics are 
twuler a great obligalion. 

The members of the rommittce and the Couneil arc especial 
ly indebted to PrtifevSvSor Kaleigh Sehorllng for editing the 
publication of this v(»lume. It is due to his faithful work tliat 
the book is reaily for distribution at the appointed time. 

With the hope that this Stt)ry of I'roj^refis will inspire more 
interesting and effective work in all th*^ schools of tho country, 
this Yearbook is respectively s\ibmitted. 

Charles M. Austin, Chairman. 
Harry ICnglisb 
William l?etz 
Walu-r (\ Kells 
Frank i\ Touton 
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A GENERAL SURVEY OF THE PROGRESS 
OF MATHEMATICS IN OUR HIGH 
SCHOOLS IN THE LAST 
TWENTY'FIVE YEARS 

By David Euobnb Smith 

h EARLY ATTEMPTS AT IMPROVING THE SYLLABI 

At the beginning of the present century the syllabi In mathe* 
matics iu the American high schools were determined largely 
by the requirements for entering our colleges. As a rule 
examinations were set by oach college for its own candidates, 
the requirements being dictated by the department of mathe- 
matics. 

As President Butler said in an address delivered on Novem- 
ber G, 1925,— "Twenty-live years ago, the colleges throughout 
the United States were going their several ways with sublime 
unconcern for the policies of other colleges, for the needs of 
the secondary schools, or for the general public interest They 
regarded themselves as wholly private institutions and each 
indulged in some peculiar idiosyncrasy having to do with the 
admission of students to its freshman class. The colleges 
made no attempt to agree among themselves, either as to 
what subjects should be prescribed for admission or what 
content should be given to any particular subject The several 
colleges held admission examinations when it was most con- 
venient for them to do so, and, with the rarest of exceptions, 
only at the college itself. No secondary school could adjust 
its work and its program to the requirements of several col- 
leges without a sort of competence as a pedagogic acrobat 
that was rare to the point of non existence. The situation 
wculd have been comic were it not so preposterous.** 

The purpose of the examination at that time seems to have 
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been chiefly to aBBure the entrance of iitudontB who gave at 
least a fair decree of promlBe of biH!omin(; mathemnticiana. 
Although Bct by such u large number of difTurent esamlDint; 
budiefit the i^ubject matter was fairly unifonu, based as it wan 
upon a tradition that \i'aB generally known throughout the 
country. 

In 1002 a committee of the American Mathematical Society, 
on ^Hletluitions of college entrance requirements/' made a 
recomnKMulation that elementary algebra should cover the 
usual topics through progressions; that higher algebra should 
cover pi'rnuitationa and combinations, the applications of 
mathematical induction, logarithms, theory of equations (with 
graphic methods), Ilorner's method, determinants, and com* 
plex numbers; that plane geometry should cover ''the usual 
theorems and constructions of good standard text-books, the 
Bolution of original exercises, applications to problems of 
mensuration of lines and of plane figures, and to loci prob- 
lems," and similarly for solid geometry. X'laue trigononetry 
was to cover the six functions, the '^proofs of principal for- 
mulas," logarithmm, and the solution of triangles. 

This report was evidently rather inclusive through its very 
lack of precision. It kept open the way for every eccentric 
examiner to propose almost any question he wished, and yet 
it served fairly well as a starting point for reform. At any 
rate, it was the expression of a national instead of a local 
opinion. 

In the year lOOC the College Examiuation Board was 
organized. This was a great step in advance. It sought to 
unify the examinations and to prepare them with much 
greater care than was usually the case with local efforts. It 
also gave an opportunity for the schools tu be consulted by 
and become a part of a central orgrni^ation, thus being 
represented in the preparation of the papers. While the range 
of the examinations soon became that which was set by the 
committee of the American Mathematical Society, and was 
therefore rather indefinite as to limitations, the papers them- 
selves became more standardized and represented in general a 
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better Bolection of material. The traditional still played a 
leading role, bnt at last there was some hope of modernizing 
the syllabus and thore was a feeliuff of assurance that this 
improvenu'nt would in due time be realized. 

Tradition still demanded the retention of a large amount 
of abstract manipulation of polynomials, including long prob- 
lems in the multiplloatiou and division of integral and frac- 
tional expressions, with extended work in the finding of roots, 
in factoring, in lowest common multiple, and in highest com- 
mon factor, and wit)i equally useless manipulations of complex 
/ractlons and radicals. Simultaneous linear equations ex- 
tended to four and more unknowns, and simultaneous quad* , 
ratics of the trick variety were in evidence. As to the higher 
algebra it is not necessary to speak, since that concerned and 
still concerns a relatively small number of pupiis, these being 
a rather selected lot who always look forward to a certain 
amount of work in college mathematics. 

Geometry was still more stagnant, as would naturally be 
expected of a subject hat had been many centuries longer 
in the making. 

In neither subject did there seem to be any clear conception 
of the purpose of teaching mathematics in the twentieth cen- 
tury as distinguished from that which came into being with 
the rise of analysis and algebraic symbolism three hundred 
years ago* 

It is hardly necessary to consider other syllabi. In general 
they were more conservative than the somewhat indefinite 
ones followed by the College Entrance Examination Board and 
suggested by the committee of the American Mathematical 
Society, and they showed a lower range of scholarship. 

II. INFLUENCES FOR THK BETTERMENT 
OF THE COURSES 

In the period in question there were various influences mak- 
ing for the betterment of the syllabi and of the courses offered 
In the schools. These include the following: 

1. The work of the International Commission on the Teach- 
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ing of Mathemutlca, sopving ub it did, to let American teachers 
Bce the curricula of the best types of 84»coudary achools in 
all the other leading countries of the world and to compare 
our progress with that which is found abroad. Naturally this 
comparisoa showed us that conservatism existed elsewhere 
as well as here, but it also served to show that various other 
countries ivere ahead of us in achievement and that it waa 
well for us to ascertain the cause and to see if we had any 
advantages to counterbalance this apparent disadvantage. A 
brief statement of the work of the Commission is set forth in 
Section III of this survey. 

2. The work of the National Committee on Mathematical 
Requirements. This committee was appointed by the Mathe^ 
matical Association of America in 1916 and was financially 
assisted by the General Education Board. Its investigations 
were thorough and its report was fully considered by rep- 
resentative associations of teachers throughout the country. 
It made a careful study of the purposes which should deter- 
mine the teaching of mathematics in our secondary schools 
and suggested a syllabus which should eliminate non-GSseuiials, 
retain those things which should best meet the needs of pupils 
of the present generation, and introduce such modern material 
as should strengthen the work without attempting to make 
it unreasonably difficult. The nature of the report of this com- 
mittee is briefly summarized in Section IV. Since certain 
portions of the report itself were the object of study and 
discussion all o.-er the country for at least two years before 
they were finally approved, and since the complete rep-rt has 
been very widely circulated and discussed, its influence has 
been very great. 

3. The revised requirements of the College Entrance Ex- 
amination Board. These were prepared by a commission ap- 
pointed by the Board in 1922. They were reported in 1923 and 
are now the basis of the examinations. They represent the 
combined judgment of the colleges and the secondary schools 
and are thus no longer subject to the criticism that the college 
is assuming undue rights in dictating what shall be taught 
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in the hi(,'h aohool. Tlu»y nre moro precise tlmii any othotB 
that have been heretofore set forth for the guidanoe of Hohools, 
and even where Bchoola are not preparing for tlu'se examiiia- 
tiona they have tended to set a now standard and to eliminate 
much of the work for which no reasouahle justification could 
be found. Tlie work of this commission is set forth more fully 
in Section V. 

4. The rise of the Junior High Schools. Tlie rise of thjae 
schools, a development of the "six-aud six plan," is one of 
the most significant movements in the last quarter of a cen* 
tupy. Not hampered in its early development by any examina- 
tion system, this type of school was free to formulate its own 
course and to set its own standards. The result was a more 
uniform curriculum than at first was thought probable. It 
enabled our schools to introduce intuitive geometry in a 
satisfactory manner in Grade VI I, to allow algebra to grow 
naturally out of the need for the formula in connection with 
this geometry, to show that a simple form of trigonometry 
grows out of algebra, and to give some slight notion of th<» 
significance of a demonstration. At the same time it con- 
tinued the work in arithmetic as applied to the intuitive 
treatment of geometry, as related to algebra, and as bearing 
upon the every day needs of our people. The result was a 
perfectly natural correlation of the various parts of elementary 
mathematics that are suitable for this school period, a process 
of discovery of mathematical ability, and an interesting type 
of work that had been lacking in the older kind of arithmetic 
nnd algebra which it displaced. Courses differed in different 
schools, but this was rather in unimportant details than in the 
large features. Although the plan has not met with universal 
approval, the general feeling has been very favorable to it and, 
with progressive and well-trained teachers, the new curriculum 
has been decidedly successful. 

5. The work of the schools of education in the universities. 
As effective agencies in any noteworthy improvement in teach- 
ing, these schools may be said to be largely a product of the 
twentieth century. Naturally their achievements have been 
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manlfoHted largely in the line of moutnl moaRurcmcntii whichi 
for our purpoHea include various types of tuHts. The results 
have been very eneournglng, altlioujjh the published teats have, 
as stated later, had one unfortunate feature that has to a 
great extent counterbalanced the good which inlnht have been ^ 
accomplished and which will eventually result when thoy are 
prepared with more care. In general, however, these schools 
of education have shown that mathematics can easily be 
adjufited to the capacities of yu\\u\* people, while the capacities 
of these pupils cannot be ho readily adjusted to the old-style 
mathematics; that the science can be made part of the lives 
of childven as well as those of adults; and that students may 
rightly expect to enjoy learning as they enjoy other phases of 
life. Whether this attitude of mind in the worlc of the school 
has lowered our ideals of scholarship is a mooted question, 
but that it must necessarily do so can hardly be asserted by 
anyone who carefully considers the future work of ou ' schools. 
In any case our departments of education have, through their 
experiments and their studies, created a healthy spirit in our 
schools and have of late become more internationally minded 
in their outlook. Although thoy have not fostered sound 
mathematical scholarship as much as we might wish, they 
have probably done so as fully as present conditions permit, 
and it must be recalled that their work is still in its infancy. 

6. The textbook. Among the various influences that have 
worked for the progress of mathematics in the last twenty-flive 
years it is but a just tribute to the makers of textbooks to 
say t>int the progress that has been made would have been 
absolutely impossible without their aid. While certain books 
have appeared that were impossible as aids to instruction, and 
while commercialism occasionally enters into an effort of this 
kind, it is only fair to say that a large majority of textbooks 
on mathematics have been prepared solely with a view to assist 
in the bettering of instruction in our elementary and high 
schools. There is no other country in the world that produces 
as line pieces of bookmaking as those issued from our best 
presses. At the same time, in no other country is the work 
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Hi^t forth in suoh textbooks with as t/^mxt attuutlon to tho 
neoil» and Intuvonts of rhlldron as Ih found hoiv, and in nono 
Hah tho adviini'o In trnchini: hm\ ko vapid. On tho othur hand, 
ill Hound Hohohu'Hhlj) many tOpoijjn hooks surpaan uara, but 
no* in nu'i'tlnn tho praotioal wmln of tlu» people. 

I. Tlie Spirit of the Tiuios,— a phrase which eortain wrltera 
aRsert hnH no meaning, hat which in convenient an reproHontlng 
the ma«a pRycliolo^y of the moment. At any rate, withhi tho 
pnnt quarter of a cei.tury there has lieen a jjuneral r-'connltion 
the world over vliat t).o traditional education of tho \iaoteonth 
century in not adapted to present conditions; that there mnst 
be a woU-aceopted reason for teaching alRohra or else the nub- 
ject must l)P discarded, and similarly for tho other mathe- 
matical dlHcipllnes. The result of this feolluK has been very 
salutary as may he seen in the present roquirenionts in roatho* 
matics as sot by the Colloge Entrance Examination Board. 

III. THE WORK OF THE INTERNATIONAL 
COMMISSION 

The scctlcm on philosophy, history, and instruction of the 
Fourth Internatlotuil Connress of Matheniaticians, held in 
Rome, April 0 to 11, 1908, suhmttted to tho Confiross a resolu^ 
tion to create an International Commission on the Teaching of 
Mathematics. The su(j{jostlon was indorsed by the CouKress on 
April 11, aud an organizing committee was appointed consisting 
of Professor Klein of Grtttingen, Sir George Oreenhill of Lon- 
don, and Professor Fehr of (Jeneva, besides others appointed 
immediately thereaft r. Delegates were afterwards chosen 
from the countries which had taken part in at least two of 
the congresses. The result was the publication of a large 
number of reports showing the nature of the work demo in 
mathematics in schools of all types throughout most of the 
world. In the United States reports were prepared relating 
to various topics, including the following; 

(1) Mathematics in the elementary schools; (2) Mathe* 
matics in tho public and private seconilary schools; (W) Train- 
ing of teachers of elementary and secondary mathematics; (4) 
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Influencca teudiutf to improve the work of the tuacher of 
mathematics; (5) Mathomatli's in tho technological Bchools of 
colIp«iato grades (0) Undergraduate work in mothematicH in 
colli'geH of liberal arts and nniverBlttes ; (7) Math«'matlc8 at 
WcHt I'olnt aiid Annapolis; (8) Graduate work In mathe- 
matics In unlversltleh; (!») Report of the American committee; 
(10) Ciirrlcniu In mathematics In various countries; (tl) 
Mathemati<'s in tho lower and middle commercial and in- 
dustrial schools of various countries; (112) The training of 
elementary schotil teachers in mathematics in various coun- 
tries; I'A) The training of teacliers of mathematics for the 
secondary schools in various countries. Allied to this work 
there were puhlmhed two other bulletins as follows : (1) 
Bibliography of the teaching of mathematics, 1900 191 2; (2) 
Union Hat of niatheuuitlcal periodicals taken by the larger 
libraries in the United States. 

These reports were publlslied by tlie United States Hureau 
of Education in the years 19U-1918 and were widely circulated 
in this country. They served to show to our schools the range 
of our system on instruction in mathematics and tlie general 
purposes in view in the various types of school. Perhaps the 
chief value to our country, however, was the comparison which 
was thus made possible between the work done here and that 
d(me in the other leading countries of the world. This showed 
that we were distinctly behind other countries, as to subject 
matter, particularly after (5rade IV, although we might 
properly claim to be at least equal to them in the spirit of the 
work done in our schools. It raised the question, however, as 
to whether a good spirit could compensate for poor work, and 
it caused a large amount of discussion in bodies of teachers 
throughout thfi county. The past ten years have shown some 
gratifying results of this discussion. 

IV. THE WORK OF THE NATIONAL COMMITTEE 

ON MATHEMATICAL REQUIREMENTS 
The work of the National Committee is too well known for 
detailed remarks. It is set forth in its report, The Reorgmka- 
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tion of UfathemuHra in Secondnry IJilucatiop}, i)Ubli8he(l in 1023 
by the Mathenmticnl A88ociution of Ainoricui, iindor whose 
Auspicea the Committee wuh ostabliahod. This roport wuh pro^ 
purud in eloBC cooperation with bodioa of touchers t)irou;j;h* 
out the country, It Hot forth vory clearly the aims of mathe- 
matical instruition in the neveral years of the junior hif^h 
tjchool, the senior \ug}\ echool, and the older type of four year 
high school It presented the model courseM for these several 
types of school and made supf^testions for carrying out tho 
M'ork, It considered the question of coUejie entrance require- 
ments, the basal propositions of geometry, the role of the 
function concept, and the terms and symbols which ml^ht 
properly have place in the schools. It foaiered various other 
investigations, including the present status of the theory of 
disciplinary values, the theory of correlation applied to school 
grades, a comparison of our curricula with those in use abroad, 
experhnental courses in mathematics, standardized tests, and 
the training of teachers, 

It is not too much to say that the advance in the teaching of 
mathematics in our secondary schools in the last decade hag 
been due in large part to Hie work of this committee, Since 
the report is available in most high school and j)ublic school 
libraries in the countiy, it would only seem to lessen its value 
to attempt any further r6sum6 of its contents, 

V, THE INFLtllOXOE OF TRK COLLECfK ..XTIiANCE 
EXAMINATION liOAKl) 

No other influence in the reform of the teacliing of mathe- 
matics in our secondary schools of the present time has been 
mon* potent than that exerted by this board. Often thought 
to be very conservative and to represent the views of the college 
profcwssor alone, it has shown itself in the best sense radical 
in its reforms, and representative of the secondary schools to 
fully as great a degree as of the colleges. Among its reforms 
only the most noteworthy can be mentioned in this hAet 
report. 

In algebra it has eliminated the extended and largely use- 
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less manipulation of polynomials iu connection with the 
elementary operations. It distinctly says: 

"It is not expected that pupils will be culled upon to perform 
^^mg and elaborate multiplications or division of polynomials, 
but that they will have complete mastery of those types that 
arc essential in the subscqiient work with ordinary fractional 
equations, and with such other topics as are found in elemen- 
tary alpiebra, In other words, these operations should be 
looked upon chiefly as a means to an end/' 

Thus in two sentences it has struck out a large amount of 
entirely useless and uninteresting work that hud cumbered up 
the inherited course. 

It then eliminated most of the work in factoring, a subject 
which began to occupy an undue amount of space in the cU)siug 
quarter of the nineteenth century, reaching its culmination at 
the opening of the present one. The requirement was reduced 
to only three typos, — 

(1) Alonomial factors; 

(2) The difference of two squares; 
(li) Trinomials of the type £r-+/;j*+7. 

When we consider tlie fact that the siibjoct was used almost 
exclusively in those fracth)n.s .Mjuations which were made 
up merely for the purpose of using it, the board s attitude 
was most salntarj*. Indeed, from the standixiliit of practical 
use it may be doubted if the vuhio of the factoring of a quad- 
ratic trinomial is not even now overrated. 

The req\iirement in fractions has been simpliflod, and the 
.'esult has been the elimination of long and useless operations 
that consumed time and led to no wortliy end. The report 
says : 

^'The meaning of the operations with fractions should l)c 
made clear by numerical illustrations, ami the results of alge- 
braic calculations should be frequently checked by nunuTical 
substitution as a means of the attainment of accuracy in arith- 
metical work with fractions." 

The requirement inoludos complex fractions of about the 
following degree of difficulty: 
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a 



a+3b 
c~5d 




II 



c 



a -3b' 
c+5d 



n q 



This is a Rreat gain over the plan of even a dozen years 
preceding. Such forms as those here piven actually enter into 
the simple formulas which the pupii will see in elementary 
science. They can therefore be justified. 

Furthermore, ratio ia treated merely as a case of simple 
fractions, and proportion is treated as a simple type of frac- 
tional equation, so that at once the whole subject has been 
simplified materially,— indeed, as a separate topic, it is sub- 
stantially discarded. Such terms as "alternation" and "com- 
position" have naturally been abandoned by this action. 

The position of the formula is a great advance over what 
was the case a generation ago. Few would now deny that the 
formula is the element of algebra that will be most often used 
by the student when he begins his serious work in science. 
This should therefore be the subject of greatest emphasis in 
the first year's work. The commission of the Board recognizes 
the fact and has this to say with respect to promoting the 
subject: 

"In the work done with formulas, the general idea of the 
depedence of one variable upon another should be repeatedly 
emphasized. The illustrations should include formulas from 
science, mensuration, and the affairs of everyday life. 
Throughout the course, there should be opportunity for a 
reasonable amount of numerical work and for the clarification 
of arithmetical processes." 

The graph also has the proper kind of recognition, being 
introduced for the definite purpose of illustrating and making 
more clear the formulas nc led in science and in business. 

In the subject of lineai equ.itlons the pupil is no longer 
expected to solve an array of abstract types that admit of no 
application, but to devote his energies to the solution of those 
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types which have some chance of belug used. For this reason 
the first year's work excludes eases with tliree or more un- 
knowns. The report further makes the statement ; 

"IJesides numerical linear equations in one unknown, in- 
volving numerical or algebraic fractions, tlie pupil will be 
expected to solve such literal wpiations as contribute to an 
understanding of the elementary theory of algebra. For ex- 
ample, he should be able to solve the equation 

* y—^ — for a. 

'In the case of simnltanrous linear equations, he should be 
able to solve such a set of equations as 

ax+by = k, 
cx-\-d'y = l, 

in order to establish general formulas. But the instruction 
should include a somewhat wider range of cases, as for ex- 
ample: 



'ax-\-(a+b)y=ab, 

or 

ax-\-(a-b)y= -ab, 



ax+by = ab, 

x+(^i+iy^a. 

"The work in equations will include cases of fractional 
equations of reasonable difficulty; but, in general, cases will oe 
excluded in which long and unusual denominators appear and 
in which the common factor of the denominators, or the low- 
est common denominator, cannot be found by inspection. 

"Problems in linear equations, as in ratio, proportion, and 
variation, will whenever practicable be so framed as to ex- 
press conditions that the pupil will meet in his later studies." 

In the latter part of the first year's work two notable 
improvements have been made. 'The first relates to the simpli- 
fication of the work in surda, an inheritance fnmi the past that 
has lost much of its former significance. The report considers 
exponents and radicals un<ler the following head: 
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1, "The proof of the laws for positive integral exponentB, 

2, *»The reduction of radicals, couflued to trausformatiou 
of the following types : 

s/a^b^as/b, y 6"^ T b 

and to the evaluation of simple expressions involving the 
radical sign. 

a. "The miuuiing and use of fractional exponents, limited 
to the treatment of the radicals that occur under 2) above. 

4. "A process for finding the square root of a number, but 
uo process for finding the square root of a polynomial. 

"In all worlc involving radicals, such theorems as 

Vab-Va^/b ^^^^^ J' a Va assumed. Proofs of 

^ b^Vb 

these theorems should be given only in so far as they make 
clearer the reasonableness of the theorems; and the reproduc- 
tit)U of such proofs is explicitly excepted from the require- 
ments here formulated," 

The second notewortliy feature of the latter part of the first 
year is the introduction of simple numerical trigonometry. 
This is made possible by the elimination of a considerable 
amount of relatively useless material and by the selection of 
the minimum essentials of the subject. 

T^pon the range of this work the report recommends the 
following: 

**The use of the sine, cosine, and tangent in solving right 
triangles. 

"The use of f()ur ])lace tables of natural trigonometric func- 
tions is assumed, but the tt^acher may find it useful to in- 
clude some prelimiuary work with three-place tables. 
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'•Tho m.»o}?nition of the fact tlint the pupil should acquire 
facility in simple interpolation; in general, emphasis should 
be laiil on carryiuf? the computation to the limit of accuracy 
permitted by the table." 

With respect to geometry the Commission makes three note- 
worthy recommendations ; 

1. That the number of **book theorems" required on any 
examination shall be materially reduced; in fact, only eighty- 
nine theorems are inclu.lod in the syllabus for plane geometry, 
and of these only about a third are required for examination 
purposes. This allows plenty of time for the important sub- 
ject of ••originals,'^ a subject which has assumed an entirely 
new position of importance within the last quarter of a cen- 
tury. 

2. That a year's course involving both plane and solid 
geometry be allowed in place of the single course in plane 
geometry. This allows a pupil to secure a fair knowledge of 
both phases of the subject in a single year. This is nuidered 
possible by the reducticm to fifty-nine of the number of prop- 
ositions in plane geometry and to twenty-four as the number 
required for examination, with a similar reduction in solid 
geometry. 

3. That there be offered a certain amount of work in men- 
suration of a type more frequently met with in various lines 
of industry. The treatment of this work is modern in spirit 
and the work itself is outlined in the commission's report. 

In brief, the report shows a tendency to break away from 
too much formalism, to depend much more upon originals, to 
combine plane and solid geometry (if desired) in a single year, 
and to approach European standards in the field of practical 
mensuration. 

VII. THE PROGRESS OF ARITHMETIC 

Some idea of the progress of arithmetic, of the type used in 
the junior high school, in the period in question may be ob- 
tained by a comparison of the nature of the topics as set forth 
in some of the most prominent arithmetics of the close of the 
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nineteenth century with that of the present time. The follow- 
ing synoptic presentation of the case shows the nature of the 
changes that have taken place in this brief period :* 



Then 

Arithmetic of special and unusual 
oi'cupatloua. For example, 
uUluutloii 

etiuatloii of paynienta 

ai'bitnited exchftu>?e 

partnership Involving time 

true discount 

Kcnenil uv'»raf:e 

tax collectors' commissions 

marine Insurance 

partial payments 

measureiiient of hojisheads, 
granaries, and cisterns 
Obsolete processes. For example, 

greatest common divisor and 
least common multiple of 
large numbers 
Work with long and unusual 

fractious 
Arithmetic progression 
Geometric progression 
Culie root 
Prcbent worth : 

at simple interest 

at compound Interest 
Troy weight 

ExttMisive work in compound num- 
bers of uinisual types 
Grejrorian and Julian calendars 
Proportion as a means of solving 

commercial problems 
Ratio without appllcntiona 
No reviews exci»pt by going over 

the same work 
All ti»plcs of e(iual importance 



Now 

Arithmct'c of the dally life of the 
people. For instance, 
arithmetic of the home 
a simple bank account 
the check book 
arithmetic of the store 
organization of common cor- 
porations 
cost of production and overhead 

charges 
transportation 
the common industries 
farm problems of today 
Short methods. For example. 
In making change 
In checking bills 
in common multiplication 
r'ractioiis limited to those of 

ev' yday life 
Thrift and savings 

Safe tvpes of investment 
I^erceiitaire related more closely to 
decimals 

Decimals related more closely to 

r. S. money 
Graphs 

Compound numbers limited to a 
few really useful types of work 

Our duty to the government 

Government expenses : 

city, state, national : 
necessity for thrift 

Systematic reviews of prlnMples 
but with new problems 

Minimum essentials emphasized 



Not only have sum changes an these in the topics of arith- 
metic been made, l)ut even more noteworthy ones appear in 
the nature of the problems. The following list, taken from a 
popular textbook of a quarter of a century ago contains a fair 



♦This synopsis and certain other portions of this section have been 
taken fiom the author's essay on The ProgrcHS of Arithmetic in 
the iMHt Quarter of a Centnrih Boston, 192:i. 
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sampling of what can be found in most of the works of that 
period : 

1. Find the value of [84—7X6+ (3X5)— 3]-j-9. 

2. Divide 

19/42 of 28/33 of 11/14 of 7 1/9 by 23/35 of % of 16/23 of 
8/35 of 24 5/12. 

3. I bought 26 yards of carpet at $1 9/10 a yard, 3 cur- 
tains at f5 3/5 each, and 6 chairs at $1% each. What is my 
bill? (As if we ever used these common fractions of a dollar 
in this way!) 

4. A vessel sailed from Portland, Me., for New Orleans 
with a cargo of 1528,375 tons of ice. On the way 94.58 tons of 
it melted. How much ice reached New Orleans? (The weight 
of the cargo of ice is given to within 21b., which is rather close 
when we consider that it probably varied 1000 lb. whUe being 
stowed away.) 

5. Reduce to ounces 5T. lOcwt. 241b. 8oz. 

6. From 5 lb. 7 oz. take S lb. 10 oz. 5 drams, 1 scruple, 15 
grains. 

7. Find the compound interest on ?4921.50 for 4 yr. 9 mo. 
24 da. at 7%, using the table. 

8. What is the present worth of $3180.50 payable in 2 yr. 
3 mo. 21 da., when money is worth 5 1/2% ? 

9. A, B, and C formed a partnership. A put in §3000 for 
5 mo., and then increased it $1500 for 4 mo. more. B put in 
$9000 for 4 mo., and then, withdrawing half his capital con- 
tinned the remainder 3 mo. longer. C put in $5500 for 7 mo 
They gained $3630. What was each partner's share of the 
gain ? 

10. If 5 horses eat as much as 6 cattle, and 8 horses and 12 
cattle eat 12 tons of hay in 40 da., how much hay will be need- 
ed to keep 7 horses and 15 cattle 65 da? 

1 1. Three men bought a grindstone 20 inches in diameter. 
How much of the diameter must each grind off so as to share 
the stone equally, making no allowance for the eye? 
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12. A man bequeathed his property in such a way that his 
wife received ?7 for every $5 received by each of hia two sous 
and every §4 received by each of his three daughters. If hia 
estate was worth §250,000, what was the sum boiiueathed to 
each of the lieirs? 

13. Find the greatest common divisor of 462, 882, and 546. 

14. A farmer wishes to put 330 bushels of wheat and 576 
bushels of corn into the least number of bins possible of uni- 
form size, without mi.\itig the two kinds of grain, IIow many 
bushels must each bin hold? 

15. Find the least common multiple of 2520 and 2772 and 
also of 11 1/9, 14 2/7, and 33 1/3. 

16. Change 268fc on the duodecimal scale to the decimal 
scale. 

17. Multiply 3424 on the quinary scale by 234 on the same 
scale. 

18. Take 3/5 of 4 mi. from 7/8 of 3 mi. 18 rd. 3 yd. 2 ft, 

19. Divide 19 T. 17 cwt. 29 lb. 7 oz. by 4/5. 

20. Find the weight of an ivory ball 2 in. in diameter, the 
weight of ivory beting 1825 oz. a cubic foot. (It would be in- 
teresting to see ivory sold by the cubic foot.) 

21. A man walked 23 2/3 mi. the first day of a trip, 25 3/20 
mi. the second, 28 14/64 mi. the third, and 26 53/100 mi. the 
fourth. IIow far did he walk in all? 

22. Find the value of 8 3/7 + 5 4/9 + 9 2/3—3 8/21 — 
3 6/7. 

23. Find the value of 2:5/49X7 3/4X9/10. 

9/19 of 13 7/12 

24. Find the value of 

18/38 of 7 5/16 

25. , Keduce 6 mi. 37 rd. 4 yd. 3 ft. 6 in. to inches, and 5/7 of 
a rod to yards, iw\ and inches. 

26. Reduce 721327 inches to miles. (The number was not 
even written in periods of three figures.) 

27. Keduce 7 sq. mi. 17 A. 13 sq. ch. to square chains. 
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28. Reduce 9230 scruples to higher denominations. 

20. Reduce 7 hr 32 min. 49 sec. to seconds. 

30. Find the sum of 10 mi. 172 id. 2 yd. 2 ft. 9 in., 12 mi. 
172 rd. 4 yd. 11 in., 16 mi. 74 rd, 1 yd. 2 ft. 3 in., 19 mi. 198 rd. 
4 yd. 9 in., and 39 mi. 131 rd. 5 yd. 1 ft. 7 in. 

Whatever may be said of many of the problems set in our 
schools today, a reading of thn above list shows that there has 
been a decided advance in the quality of the material and in 
adcipting the exercises to the needs and interests of the pupils. 

As to the methods of presenting the subject of arithmetic or, 
indeed, of the other branches of mathematics, this report is 
not directly concerned. It is desirable, however, to call at- 
tention to one change that has become more and more evident 
in the last two or three decades, and that is our sympathy with 
childhood, — not our affection, probably not always our good 
judgment, but certainly our sympathy with the child in school. 
The severe discipline of two generations ago had begun to 
relax at the close of the nineteenth century, and at the present 
time it has become very much less pronounced in the better 
type of school. The pupil has come to live the child life more 
freely instead of trying to live the adult life that the world 
not long ago sought to impose upon hira. We have still a long 
way to go to reach the goal, and we run continued risk of so 
reducing the mental food supply as to make education a poor 
affair and one that requires so little effort as to have neither 
interest nor value. On the whole, however, the average ele- 
mentary pupil gets much more joy out of his school life than 
his parents did out of theirs, and his general range of know- 
ledge is rather better than theirs was at the same age. It is 
also probable that his powers of computation in those ordi- 
nary problems of life tliat he is capable of understanding do 
not suffer by the same comparison. In spite of the easy 
fashion to <leny this assertion, there seems no reason to think 
that it is not perfectly true. 

All this has been a distinct gain. It has not come from any 
of the "methods" that loomed up so large in the eyes of the 
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teachers of a generation ago, nor has it come to any great ex- 
tent from the results of psychological studies; it has come 
largely from the use of plain common sense in adapting 
arithmetic to this new view of educati(m,— that of letting the 
child live as natural a life as possible while in school, — and in 
adapting the work in arithmetic to his mental powers at each 
stage of his growth, 

Perhaps the most important change of all is seen in the 
purpose of teaching arithmetic. A (juartcr of a century ago 
it was felt that the subject should be hard in order to be val- 
uable, and it sometimes looked as if it did not make so much 
differei.ce to the school as to what a pupil studied so long as 
he hated it. The old idea that this was good for the mind and 
soul was not at that time fully discarded. There was also 
prevalent the idea that as many applications of arithmetic 
should be introduced as the time allowed, irrespective of 
whether they were within the mental horizon of the pupil or 
within the probable needs of his life after leaving school. This 
view has now bt»en changed; the purpose of teaching arithme- 
tic has come to be recognized as the acquisition of power to 
calculate within the limits of the needs of the average welb 
informed citizen. It has also codc to be recognized that the 
problem is primarily designed to show a need for comi)utation, 
by giving applications that add to the interest in calculation 
and by introducing the puzzle element of problem-solving, 
which may add further interest. A secondary purpose of the 
problem is the imparting of some knowledge of the economic 
conditions, that the pupil will And in daily life, this being 
presented to bim in a simple manner that will make it seem 
interesting and worth while. 

We should not fail, moreover, to recognize the value of the 
tests in arithmetic which have been devised during the past 
quarter of a century. These precede by some years the tests 
in algebra and geometry and have been much less open to 
legitimate criticism. They have accomplished much in the 
improvement of the work in arithmetic, in diagnosing 
pupils' difllculties, and in the measurement of their capacities. 
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It is roasonably certain that the newer teaU in the high aehool 
subjectB will, when purged of certain objectionable features, 
eapecially as to their work in traditional subject matter, ac- 
complish similarly beneficial results. 

VII, THE PROGRESS OP ALGEURA 

Encouraging as has been the progress of arithmetic in onr 
schools, the progress of algebra has been none the less note- 
worthy. Twenty-five years ago the subject was usually taught 
as if it were a purely mathematical discipline, unrelated to 
life except as life might enjoy the meaningless puzzle. Val- 
uable as the teacher might feel it to be, the majority of pupils 
looked upon it as a fairly interesting way of getting nowhere. 

If we wore to seek the most significant step taken in the 
improvement of the teaching of algebra in the last twenty-five 
years, it would probably be found in the clearer vision that wo 
have of the real purpose of the subject. To take our current 
educational phraseology, we have been concerned, and proper- 
ly so, with establishing our "objectives." The purpose a 
quarter of a century ago seems to have been to make math- 
ematicians; the purpose today is to make well-informed 
American citizens. A man or a woman is not well informed 
if he or she is ignorant of the general meaning of geography, 
of the simpler natural sciences, of a few masterpieces of oup 
language, of the significance of foreign tongues, of the qual- 
ities of good art (including music), of the social and economic 
needs of people, of the nature of government, of one's duties 
as a citizen, and of the significance of religion,— most of these 
being taught to best advantage in school. In the same way 
both the man and the woman needs to know something of the 
significance of mathematics. 

As a result of this view of the reason for teaching algebra, 
we have come to see that we should not expect everyone to 
solve two simultaneous quadratic equations, although out of 
an entire class there will be found a few who can do so. Nor 
should we expect to have all the pupils able to factor ax'i-ha' 
+c (a useless accomplishment for most people), even though 
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A conHidcrablo nuiubor will tuku plutiHuru in purformiuK HU(*h a 
tuHk and will thereby ucqulro some Hpoclul skill \\'\\W\\ thoy 
may find useful In later work. Tho pnrpoBo of teuchlnt; nli^e* 
bm is found in nono of thoHO dotuilH: It connlNtH in t'ivlnt; to 
ev(»ryono a Kcnerul idea of tho mean lug of al^'obru, toffothor 
with a few doflnlto and UHoful appllcatlouH >vhloh everyone it) 
likely to meet. If the Hubject in to be valuable, the learnlntj 
should be a pleaaare, and it may properly be expected that 
this pleasure will carry the pupil Into Hui'h uianlpulatlonH of 
ali^ebraic expreHsions an will fix th(^ habit of xxhUx^ aX^vbrw in 
the eases to which it can be applied.* 

This has led to a consideration of those topics of al}jel)ra 
that are of most worth to the averat^e citizen, and herein the 
chantje has been very marked. If, today, the concensus of 
opinion were to be taken amonj? projjresslve teachers it would 
probably result in the namlni; of the fornuila, the ^vixyilx^ the 
directed number, the linear e(iuation with one unknown, and 
(by way of application) numerical trigonometry as the five 
important topics to bo considered. Facility in al^'ebraic ma- 
nipulation, which played such an unduly important part n 
generation ago would be relegated to a relatively minor role 
at the present time. Painfully precise definitions and at- 
tempts at ultra scientific explanations are no lonjjer felt to be 
either necessary or desirable. 

One of the most popular texts of twenty-five years a^o had 
ei^ht pajjes of definitions and theory before a siufjle example 
was Kiven, and out of nearly 1000 exercises in the first 147 
pages only 111 were verbal problems and only two could lay 
claim to relating to any apparent huraan need. Another text 
of that period gave about 1800 exercises in the first 128 pajjes; 
of these only 109 were of the verbal variety, and only one had 
any apparent application to any condition that would arise 
in daily life. 

Any good modern text, howev(>r, would show the need for 
algebra on the first page ; would begin its real problems im- 

♦Kor an aiuplincation of this subjpct s(m» thi* autlw»r'H The rrottro-^a of 
Alyohra in thv- Ltiai Quarter of a f^mtury, Hostoiu ll)2.'5. 
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niediatoly ; aiul would give a hxi^o munbor of vcMbul atul 
written oxm!l80H nt oncv, with as many jjonuino applications 
as ri»as()nal)ly possible,— applications of a kind that pupils can 
undorstand and in which they will have a real intcrost. Some 
of onr modern books have more verbal problems than both 
of the other two already referred to, and nmuy times the uum» 
ber of j,aMHiine applications relatinj? to daily life. 

In neither of these two algebras of a quarter of a century 
a^i) (and they were amonjj the liest of their time) was thero 
a siny:le example showing the meaning of or the need for tho 
directed numlier, whereas in a good modern text the pupil will 
find dozens of them, not to mention numerous illustratiousi 
showing its value in our daily lives. 

These are only a few of the evidences of progress in the pur- 
pose of 8ch()(d algebra in the last quarter of a ccnturyi — a 
l)rogres8 which, without exaggeration, may be characterized 
as revolutionary. Probably no other subject found In the 
coiu'sc? of study in the average high school has undergone so 
marked a change. 

The earlier type of algebra was arranged on the same plan 
as the earlier type of arithmetic. On the theory that we 
must Kcientillcally define all terms before they can safely bo 
used, the book began with definitions — a plan which wonlu 
make It necessary to define "elephant" before visiting a me* 
nagerle. If the book gave any idea at first about the purpose 
of algebra, it was that it was a science in which letters wore 
useil in solving the most impractical sort of number puzzles. 

The bt)ok next proceeded to introduce strange* terms, such us 
monomial, binomial, residual (now discarded), polynomial, 
coeflicient, and exponent, — not as they were needed, but iu 
order to provide for their use at some time in the future. 

It then took up tlie four operations which had been develop- 
ed in arithmetic, but which have only a slight use in practical 
algebra, and spent some weeks of the pupil's time in mastering 
a technique that was of little value — at least in the beginning 
of the science. 

Having covered this gi'oiind for integral expressions, the 
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book then considered the question of fractious by giving work 
of a type that few stiideutH would ever need in subsequent 
mathematics. Linear cnjuations were then introduced; after 
which followed a large amount of work in incommensurable 
iiumlHU'H (involving such names as ^^hurds" and "radicals'*), 
and then q\iadratics, proportions, series, and other advanced 
topics. There were but few attempts to frame verbal prob- 
lems, oven of the fictitious type, and none to develop the real 
applications of the science. 

At the present time every leading writer of school algebras 
is making the attempt, with more or less success, to arrange 
the topics on a more rational basis. The sanely progressive 
books begin with the formula and show its meaning, its prac- 
tical use, and the method of deriving one formula from an- 
other. This being done, the most valuable part of pure algebra 
has been presented, and it is a part that, a quarter of a cen- 
tury ago, was practically ignored. The graph, the negative 
number, and the linear eqimtlon are then presented, the equa- 
tion having already been encountered in connection with the 
formula. Numerical trigonometry appears later in the course. 
As to the division of polynomials by polynomials, elaborate 
algebraic fractions, highe.st conmion factor and the lowest 
common multii)le, most of factoring, roots, most of the work 
in surds, linear equations with more than two unkowns, and 
simultaneous quadratics, — the relative value of all these has 
diminished greatly in the estimation of those who wish to sal- 
vage the parts of algebra that the pupil will really use in his 
later work. 

In the matter of algebraic problems there has also been a 
notable advance. Some idea of the types in current use 
a quarter of a century ago can be formed by considering a few 
of the best of the problems contained in a popular work of 
that period: 

A man, being asked if he had 100 head of cattle, replied that 
if he had twice as many as he then had and 4 more, iie would 
have 100. How many had he? 

If U were 5 yr. younger, A's age would be twice B's. The 
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sum of their ages is 20. How old is each ? 

A's capital was % of B's. If A's had been $500 lees, it 
^vould have boon of U's. What is the capital of each? 

Pavinjr a square court with stones at 40c a square yard will 
cost as much as inclosin<j it with a fence at $1 yer yard. What 
is the length of a side of the court? 

IJought 8 horses, a innnber of cows, and 100 sheep for 
$2500. The number of cows was equal numerically to 4 times 
the price of a sheep, and a sheep and a horse cost ?5 less than 
1/5 the cost of all the cows. Find the cost of a horse, and a 
sheep, and the number of cows, if a cow cost ?40. (As an 
example of English, in which a number is equal numerically, 
this is interesting.) 

It must not be thought that such problems are without value, 
that there are no good reasons for giving them, or that the 
older books are to be condemned for having a reasonable 
number of this type. Some of them have stood the test of 
time and have maintained their own throughout the centuries 
because pupils could easily visualize them and were interested 
in their solution, which is rarely the case with any of the 
multitude of real problemp of a tedinical nature in physics, 
in shop practice, in tlie biological sciences, or in the field of 
commerce. It is probable that we shall always find it best to 
draw upon certain types of puzzle problems as exercises in 
algel)ra, in arithmetic, and in various other branches, for the 
reason that nu^st technical problems are too difYicult to be un- 
derstood by the pupil when he is studying these subjects. To 
postpone algebra until such time as he could understand these 
applications would be to put off taking up something for which 
tli(? pupil is mentally ready until a time when he would deem it 
too childish to be of interest. Indeed, it may safely be said 
that we are probably not making enough use of the interest 
afforded by the puzzle element in any of our work in mathe- 
matics. 

All this, however, is no excuse for giving nothing but unreal 
problems in algebra, which was the situation at the beginning 
of the century. That we have made a gratifying advance is 



ERIC 



A Survey of Progress 



25 



geen from an examination of various leading textbooks of the 
present day, the genuine applications of algebra, particularly 
in the case of formulas and of other types of equations (as in 
the study of ratio), being much in evidence. 

It is, however, in the introduction of numerical trigonometry 
as a legitimate, interesting, simple, and valuabltv part of 
algebra that the most notable step in the last quarter of a 
century has been taken. It has long been recognized that 
trigonometry has much more practical importance in the world 
than most '^f the work given in the older type of algebras. 
The tradition that this subject must necessarily fi^llow de- 
monstrative geometry has no merit except its antiquity: the 
Kubject is easier than any of the topics in the second half of 
the old'time algebra, it is more interesting, and it admits of at- 
tractive outdoor work. It thus opens up a new Held of inter- 
est for the pupil — the field of indirect measurement, in which 
there are discovered the first steps in the measuring of the 
distance to the stars and in the understanding of some of the 
former secrets of the universe in which we live. It follows 
naturally after the study of proportion, and its inchuslou in 
algebra has now met with the approval of all leaders in the 
teaching of elementary mathematics. The initial work re- 
quires no knowledge of logarithms, a subject that may 
properly be left to a later course in algebra, simply because the 
time is hardly sufficient to allow for its introduction in the 
early stages of elementary algebra. 

The fact that this topic has been recommended by the Na- 
tion«nl Committee as part of elementary algebra, that it is 
required by the College Entrance Examination Board, that it 
is generally taught in close connection with algebra in other 
countries, that the plan has been generally approved by Amer- 
ican associations of teachers, and that it has been followed 
in various recent textbooks assures its status in our elemen- 
tary courses. 

Much has been written of the advance in appreciation of the 
function concept in recent years. This advance is, of course,^ 
particularly noticeable in algebra, and the topic of trigonom- 
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etry is the one in whii.h it is moat in evidence. It is also 
set'ii 111 the treatment of the formula and in the entire subject 
of variation as a part of ratio ami of fractions. It has of late 
come to be looked upon as a kind of unifying principle running 
through all parts of algebra, and as such, when not too con- 
sciously forced into the language of Rcieuc<>, has undoubted 
value. 

VIII. THE PROGRESS OF GEOMETRY 

As a scientifically organized part of mathematics geometry ia 
the oldest of its branches. For this reason it has had a longer 
period in which to perfect itself. It is therefore looked upon 
as less capable of reform or improvement than algebra anU 
arithmetic. 

The last quarter of a century has shown, however, that as a 
school subject it is capable of improvement in the game spirit 
if not to the same extent as these other branches. 

For one thing, the recent yeai's have clearly differentiated 
between intuitive and demonstrative geometry. While this 
has always been recognized in a small way, as in the treat- 
ment of simple mensuration in arithmetic, it was not until the 
Cambridge meeting of the International Mathematical Con- 
gress in 1912 that intuitive geometry was brought prominently 
before the educational section of that organization and began 
to be seriously considered by bodies of teachers throughout 
the world. Since then it has come, in this country, to occupy 
a worthy place in all our courses for the junior high schools. 
This place is properly in the seventh and eighth school years 
and to some e.vtent even earlier. The subject naturally pre- 
cedes demonstrative geometry, and our schools have come 
generally to recognize that it has but little sanction in the 
latter and more mature branch. 

Demonstrative geometry twenty-live years ago consisted of 
at least one year of plane geometry, following the course in 
algebra, and at least a half year in solid geometry. In most 
schools there was a good deal of memorizing of demonstrations 
and the original exercise still played an almost negligible part, 
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beini;, for many pupils, without eitlier pui'posi' or plensui-e. A 
fi'Vf teachers enlivened the work by applications of doubtful 
value, but on the whole it was generally looked upon as au 
intellectual jjrind. 

The progress since that time has been steady and encourag- 
injj. Its nature may be summarized briefly as follows: 

1. There has been a more deflnite recognition by the schools 
that the chief purpose of demonstrative geometry is to show 
the application of logic to the proof of mathematical state- 
ments. It therefore requires a maturity of mind hardly found 
before the tenth school year, although for purposes of infor- 
mation a little work in demonstration may properly be given 
to the abler jjupils in the preceding grade. 

2. Therefore the purpose of demonstrative geometry is not 
mensuration, this being sufficiently cared for in the work in 
intuitive geometry; its purpose is, in part, to demonstrate the 
truths already known intuitively. For this reason the work 
in the mensuration of the circle has little sanction in demon- 
strative geometry, the rules being already known from intuitive 
geometry and the demonstrations as given not being very 
satisfactory from the standpoint of logic. The subject is there- 
fore no longer required in college entrance examinations or 
for high school graduation. The same is true as to the men- 
suration of the rectangle, the rectangular solid, the cylinder, 
the sphere, and the cone. 

3. The number of demonstrated theorems, and especially 
of the corollaries, has been greatly reduced, the purpose being 
to retain only the basal propositions that are of most use in 
the demonstrations of the "originals." This has shifted the 
emphasis from the book proofs, which usually constituted all 
the geometry of a century ago and most of that of the last 
quarter of the nineteenth century, to the original exercises 
where it properly belongs. Recent textbooks have an amount 
of original work of a simpler character that was hardly im- 
agined a generation back. Indeed, the older geometries may 
be compared to an algebra that had all its examples fully 
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worked out, and no t'xercispH for the pupils. The purpose of 
"book propositions" in iieometry is largely that of worked-out 
examples in algebra,— to set a model for the pupil and to 
furnish a basis for his original work. 

4. The number of solved problems has been proportionately 
reduced quite as much as the number of demonstrated the- 
orems. The simpler constructions with ruler and compasses 
are given in intuitive geometry and their demonstration is not 
of much value as compared with the (lemonstrations of the 
theorems, leading as they do to only a small number of exer- 
cises and depending chiefly upon two or three simple theorems. 

5. The exercises have greatly increased in number, but they 
have decreased in difficulty. The increase is due, as already 
stated, to the shifting of emphasis from that which an author 
has thought out for the pupil to that which the pupil is to think 
out for himself. TYz decrease in difficulty has arisen from the 
fact that the ability of pupils can certainly not be said to have 
increased during the period in which the schools have tended 
to the education of everyone rather than to that of a selected 
body of pupils of high intellectual promise. The tendency to- 
ward some form of universal high-school education is probably 
for the happimss of the race and the strengthening of the state, 
80 that we shall have to accept, for many pupils, this lower 
standard. 

There has, however, been another reason,— the feeling that a 
large number of simple exercises trains the immature pupil 
better than a sm** number of difHcult ones. In our efforts to 
conform to this belief we are still in the experimental stage. 
The pupil of mathematical inclinations will prefer a more 
difficult type, and for him it will probably be better to pass 
rapidly over a few of the easy exercises and to come as soon a*, 
possible to those requiring more thought, 

6. The discussion and generalization of propositions now 
holds higher place than it did a score of years ago ; at least it is 
rather more in evidence in our courses of study and in our 
textbooks. 
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7. There is a strong movement on foot to cover the essential 
parts of ph^ne and solid {joomotry in a single year. This is 
often met by the assertion that it is impossible. This asser- 
tion, however, depends upon the meaning assigned to the ex- 
pression ^^essential parts." It would be feasible to frame a 
course in plane geometry that would re(iuire three years of 
hard work, but it would not lead to the most profitable use 
of the pupil's time. If we eliminate most of the construction 
problems, assume all the work in inequalities, eliminate all 
mention of incommensurables as applied to line segments and 
the circle, all the theory of proportion (treated of in algebra), 
the work in the mensuration of solids, and the I'ather purpose- 
less treatment of spherical triangles, we can readily frame a 
very satisfactory courvse for a single year. This can be done 
by making selections from any standard geometry. 

No mention has been made of the efforts toward developing 
courses in general mathematics. These refer rather to the 
method of presentation than to the improvement in subject 
matter. It may, however, be said that the recent development 
of the jimior high school affords a natural field for combining 
different parts of mathematics in a single course, and this has 
been recognized in all our modern textbooks on the subject. 
Numerical trigonometry, also, naturally blends with algebra, 
and this is recognized in the recent courses of study. Demon- 
strative geometry, however, offers a different problem. It can 
use the algrobraic equation in its proofs, although it can get 
on about as well without it; but neither algebra nor trigonom- 
etry makes use of the demonstrations of geometry in its work. 
Our successful courses in general mathematics, therefore, tend 
to segregate demonstrative geometry, and this, psychologically, 
will have to be the case in the future. Either demonstrative 
geometry must be considered largely by itself or else it will 
tend to drop out of the curriculum or, at the best, to remain as 
a feeble memory of the world's effort to show how truth is 
logically establishcMl in the mathematical sciences. 



ERIC 



30 



The First Yearbook 



IX. CONCLUSION 

The progress of mathematics in our schools in the last quar- 
ter of a century may, then, be summarized briefly as follows: 

1. Early attempts at improving the courses were greatly 
hampered by the force of tradition. 

2. The most potent of the later influences for betterment 
have beeu the work of the International Commission on the 
Teaching of Mathematics; that of the National Committee on 
5Iathematical Requirements; that of the College Entrance Ex- 
amination Board, which brought together the secondary 
schools and the colleges; the rise of the junior high schools; 
the work of the schools of education; tlu» improvements in 
textbooks; and the general Spirit of the Times. 

3. The results of these labors are seen in the setting forth 
with greater clearness the aims which should guide in the 
teaching of each branch of mathematics. This is one of the two 
greatest gains. It has led to the elimination of much obsolete 
or relatively valueless material in arithmetic and algebra, to 
the introduction of new topics in each, to the merging of the 
first course in numerical trigonometry with the work in ele- 
mentary algebra, to the elimination from geometry of matter 
of doubtful value, and to the general union of related parts of 
mathematics through such coordinating influences as that of 
the function concept and that of the social needs of our people. 

4. The second of the gains of greatest importance has been 
the recognition of the rights of children to see the purposes of 
their studies, to find that the subjects synchronize w^ith the 
development of their intellectual capacities, and to enjoy the 
work in mathematics as they should enjoy their work in other 
lines of intellectual activity. 

5. There has been a notable advance in the testing of pupils' 
abilities and achievements, hampered only by the fact that 
many of the tests in algebra have tended to perpetuate some 
of the most objectionable features of the science, — a difficulty 
that will, of course, tend to disappear under the combined 
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efforts of those with some mathematical vision and those who 
know the technique of testing. 

6. In no field of elementary or secondary education has 
advancement in the last twenty-five yoara hwn more marUcMl 
than in that of mathematics. If teachers feel discouraj^cd with 
the reactionary attitude of certain administrators or of boards 
of control in state or city, they may well take courage by 
considering the state of high school mathematics at the begin- 
ning of the century and comparing it with the state of the sub- 
ject at the present time. 
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ON THE FOUNDATIONS 
OF MATHEMATICS* 

By EtiAKiM Hastings Moore 

The American Mathematical Society gives its retiring 
president the privilege of speaking on whatever he may have 
at heart. Accordingly, this afternoon I propose to consider 
with you some matters of importance — indeed, perhaps of fun- 
damental importance — in the development of mathematics in 
this country; and it will duly appear in what non-technical 
sense I am speaking ^On the Foundations of Mathematics.' 

A VIKW 

Abstract Mathematics. — The notion within a given domain 
of defining the objects of consideration rather by a body of 
properties than by particular expressions or intuitions is as 
old as mathematics itself. And yet the central importance 
of the notion appeared only during the last century — in a 
host of researches on special theories and on the foundations 
of geometry and analysis. Thus has arisen the general point 
of view of what may be called abstract mathematics. One 
comes in touch with the literature very conveniently by the 
mediation of Peano's Revue des Mathematiques. The Italian 
school of Peano and the Formulaire Math4matique, published 
in connection with the Revue, are devoted to the codification 
in Peano's symbolic language of the principal mathematical 
theories, and to researches ou abstract mathematics. General 
interest in abstract mathematics was aroused by Hilbert's 
Gauss- Weber Festschrift of 1899: 'Ueber die Grundlagen der 
Geometric,' a memoir rich in results and suggestive in meth- 

•Presidential address delivered before The American Mathematical 

Society at its ninth annual meeting?. December 29, 1902. Reprinted 
hero from t^cience, N. S., Vol. XVII, pp. 401.410, March 13, 1903; 
punctuation and other matters of style are as in the original. 
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oda; I refer to the reviews by Sommer,* Poiucar6,t IIal8ted,t 
Hedrick§ and Veblen.j| 

We have as a basal science logic, and as depending upon it 
the special deductive sciences which involve undefined symbols 
and whose propositions are not all capable of proof. The 
symbols denote either classes of elements or relations amongst 
elements. In any such science one may choose in various ways 
the system of undefined symbols and the system of uudemon- 
strated or primitive propositions, or postulates. Every prop- 
osition follows from the postulates by a finite number of 
logical steps. A careful statement of the fundamental gen- 
eralities is given by Padoa in a paperU before the Paris 
Congress of Philosophy, 1900. 

Having in mind a definite system of undefined symbols and 
a definite system of postulates, we have first of all the notion 
of the compatibility of these postulates; that is, that it is im- 
possible to prove by a finite number of logical steps the simul- 
taneous validity of a statement and its contradictory state* 
ment; in the next place, the question of the independence of 
the postulate or the irreducibility of the system of postulates ; 
that is, that no postulate is provable from the remaining 
postulates. Padoa introduces the notion of the irreducibility 
of the system of undefined symbols. A system of undefined 
symbols is said to be reducible if for one of the symbols, X, 
it is possible to establish, as a logical consequence of the 
assumption of the validity of the postulates, a nominal or 
symbolic definition of the form A, where in the expression 
A there enter only the undefined symbols distinct from X 
For the purpose of practical application, it seems to be de- 
sirable to modify the definition so as to call the system of 
undefined symbols reducible if there is a nominal definition 

•Bull. Amer. Math, Soc. (2). vol. 6 (1900), p. 287. 
TBull Sciences MatMm., vol. 26 (1902), p. 249. 
XThe Open Court, September, 1902. 
iHulL Amer. Math, Soc. (2). vol. 0 (1902 j, p. 158. 
llThe Moniat, January, 1903. 

H'Easal d'une th6orie alg^brlque des nombres entlers. pr4cW6 d'une 
Introduction loffiqne a luio th^orle (i6(iuctlve ciuolconciue.* liiblio^ 
th^que du Congris International de Philosophic vol. 3, p. 309. 
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-V=A of one of tlioin X in terms of tlie othora such that in any 
interpretation of the science the postuhites retain their validity 
when in^5tead of the Initial interpretation of the symbol X 
there is phieed tlie interpretation of tlie symbol A of that 
symbol. If the system of symbols is reducible in the sense of 
the orijjinal definition it is in the sense of the new definition, 
but not necessarily conversely, as appears for instance from 
the following example, occurring in the foundations of 
geometry. 

nilbert uses the following undefined symbols: *point,* ilne,* 
'plane,' 'incidence' of point and line, 4nci lence' of point and 
plane, ^between,' and *congr\ient.' Now it is possible to give 
for the symbol *plane' a symbolic definition in terms of the 
other undefined symbols— for instance, a plane is a certain 
class of points (as Teano showed in 1892), or again, a plane ia 
a certain class of lines; while the notion incidence' of point 
and plane receives convenient definition. It is apparent from 
the fact that these definitions may be given in these two ways 
that ITilbert's system of undefined symbols is not in Padoa's 
sense irreducible, at least, in so far as the symbols 'plane,* 
incidence' of point and plane are concerned — while it is 
eqtmlly dear that these symbols are in the abstract geometry 
superfluous. 

In his dissertation on Euclidean geometry, Sir. Veblen, fol- 
lowing the example of Pasch and Peano, takes as undefined 
symbols 'point' and 'between,' or 'point' and 'segment.' In 
terms of these two symbols alone he expresses a set of inde- 
pendent fundamental postulates of Euclidean geometry, in the 
first place developing the projective geometry, and then as to 
congruence relating himself to the point of view of Klein in 
his *Erlangen Programm,' whereby the group of movements of 
Euclidean geometry enters as a certain subgroup of the group 
of collineations of projective geometry. Here arises an in- 
teresting question as to the sense in which the undefined sym- 
bol 'congruence' is superfluous in the Euclidean geometry 
based upon the symbols 'point,' 'between.' One sees at once 
that a definition of 'congruence' involves parametric points in 
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its expr(?Hslo!i, wliilu on tlio othor hand u doflnltion ot thu 
Hysti'm of all ^pianos/ that i«, of tho Konoral concept •phxae,' 
iiivolvcH no sucli paraniotrii! oloments. lUit, attain, just as 
thoro (.'Xist (llstlnrt (lolliiillons of ^'onuruiMiciV owlnn to a 
variation of tlio paramotrlo points, so thoru oxlst distinct 
di'llnitlons of iho jriMU'ral ronccpt *planis' as was indioatiul a 
moment Ono has tho feolinj^ that tho state* of alTalrs mast 
hv as follows: In any intorpi'otation of, say, llUbert's symbols, 
wlioMMn tho p')stulatos of lIllluM't are valid, ovm-y valid stat(>' 
miMit NVhich doi»s not involve the symbol *i»lano' in direet eon- 
neetiiMi with the yenoral lojiieal synil)ol (««) of symbolic defi- 
nition, nmniins valid when wo modify it in aceordaneo with 
either of the definitions of -plane' prevh)usly referred to. On 
thi* otlH»r hand, this state of atTairs does not hold for the sym- 
li(d Vonjrrnei. (•(».■ Tlu» i)roof of the former statement would 
seem to involve fundamental w>}j:leal niceties. 

The eotn]tatibility and the indepemUMice of the i)ostnlate8 
of a system of postulates of a special deductive science have 
been up to this time always made to depend upon tho self* 
consiKt(»ncy of some other deductive science; for instance, 
jjeometry ih^pends thus upon aiuilysis, or analysis upon fieom- 
etry. The fuudamt^ntal and still unsolved problem in this 
direction is that of the direct proof of the compatibility of the 
postulates of arithnu'tie, or of the real number system of 
analysis. (To the society this morninp: Dr, lluntinjjton ex- 
hibited two sets of indei)endent postulates for this real nund)er 
system.) This is the second of the twenty three problems 
listed by llilbert in his address before tho Paris Mathematical 
Congress of 1900. 

The Italian writ^ers on abstract mathematics for the most 
Dart make use of PeaTH)'8 symbolism. One may be tempted to 
feel that this symbolism is not an essential part of their work. 
J* is only rijiht to state, however, that the symbolism is not 
difficult to learn, and that there is testimony to the effect that 
the symbolism is acnnUly of \iiviii value to the investigator 
in renn)vin}j: from attention the concrete connotations of the 
ordinary terms of jjeneral and mathematical languajje. Hut 
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of course the esseutittl diflRculties rtre not to be obviated by the 
use of any symbolism, however delicate. 

Indeed the question arises whether the abstract mathema- 
ticians in nmkinij precise the metes and boun^^ of logic and 
the special deductive sciences are not losing sight of the 
evolutionary character of all life-processes, whether in the in* 
(livulnal or in the race. Certainly the logicians do not con- 
sider their science as something now llxed. All science, logic 
and mathematics included, is a function of the epoch — all 
science, in its ideals as well as in its achievements. Thus with 
Ililbert let a special deductive or mathematical science be based 
upon a finite number of symbols related by a finite number 
of compatible postulates, every proposition of the science being 
deducible by a finite number of logical steps from the postu- 
lates. The content of this conception is far from absolute. 
It involves what presuppositions as to general logic? What is 
a finite number? In what sense is r postulate — for example, 
that any two distinct points determiiie a line — a single postu- 
late? What are the permissible logical steps of deduction? 
Would the usual syllogistic steps of formal logic suffice? 
Would they suffice even with the aid of the principle of math- 
ematical induction, in which Poincar6 finds* the essential syn- 
thetic clement of mathematical argumentation the basis of that 
generality without which there would be no science? In what 
sense is mathematical induction a single logical step of de- 
duction? 

One has then the feeling that the carrying out in an absolute 
sense of the program of the abstract mathematicians will be 
found impossible. At the same time, one recognizes the im- 
portance attaching to the effort to do precisely this thing. 
The recjuirement of rigor tends toward essential simplicity of 
procedure, as Ililbert has insisted in his Paris address, and 
the remark applies to this question of mathematical logic and 
its abstract expression. 

Pure and Applied Afathematics. — In the ultimate analysis 



♦*Sur \a nature du ralsonnempnt mathdmatlque/ Revue de Uita- 
physique et de Morale, vol. 2 (1894), pp. 371-384. 
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for any epoch, we have general logic, the mathematical Bci- 
€ncea,t that is, all Ri)ecial formally and abstractly deductive 
self'Cousistent sciences, and the natural sciences, which are 
inductive t d informally deduotive. While this classification 
may be satisfactory as an ideal one, it fails to recognize the 
fact that in mathematical research one by no means confines 
himself to processes which are mathematical according to thiB 
definition; and if this is true with respect to the research of 
professional mathematicians, how much more is it ti'ue with 
respect to the study, which should throughout be conducted in 
the spirit of research, on the part of students of mathematics 
in the elementary schools and colleges and universities I re- 
fer to the articles* of Poincar6 on the role of intuition and 
logic in mathematical research and education. 

It is apparent that this ideal classification can be made by 
the devotee of science only whei? he has reached a considerable 
degree of scientific maturity, that perhaps it would fail to 
appeal to non-mathematical experts, and that it does not ac- 
cord with the definitions given by practical work in mathe- 
maticians. Indeed, the attitude of practical mathematicians 
toward this whole subject of abstract mathematics, and es- 
pecially the symbolic form of abstract mathematics, is not un- 
like that of the practical physicist toward the whole subject 
of theoretic mathematics, and in turn not unlike that of the 
practical engineer toward the whole subject of theoretical 
physics and mathematics. Furthermore, every one under- 
stands that many of the most important advances of pure 
mathematics have arisen in connection with investigations 
originating in the domain of natural phenomena. 

Practically then it would seem desirable ?!or the interests of 
science in general that there should be a strong body of men 

tOf ' 'hich none is at present known to exist. 

♦'La loRique et Tintultion dans la science math^matique et dans Ten- 
RelKuement/ IjEnseignement Math^matique, vol. 1 (1899), pp. 157- 
102. 'Du role de rintnition et de la loKlqne en math^matlquea/ 
Compte Rendu du Deuxif^me Congri^s International dea MatM- 
ntaticienji, ParU (1900), 1902. pp. 115-130. 'Sur lea rapports de 
Tanalyse pure et de la physique math^matique,* Conference, Zuricl&i 
1897; Acta MathematUa, vol. 21, p. 2:i8. 
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thorou^Mily possessed of the sclentillc method in both its in- 
ductive and its deductivo foi'uis. We are confronted with the 
questions; What is science? What is the scientillc mothod? 
What are the rehitions between the mathematical and the 
natural scientillc processes of thouglit? As to these questions, 
I refer to articles and addresses of Poincarc*.* IJoltzmannf 
and Burkhardt,:|: and to 3Iach*s ^Science of ^leclumics' and 
Pearson's '(iraninuir of Science.' 

Without elaboration of metaphysical or psychological de- 
tails, it is sufticient to rt*fer to the thouj^ht that the individual, 
as confronted with the world of phenomena in his effort to 
obtain control over this world, is jiradually f<)rced to appreci- 
ate a knowledge of the usual coexistences and secpiences of 
phenomena, and that science nvises r-^ th(» body of forniulaa 
servinj? to epitomize or summarize conveniently tluise usual 
coexistences and seqiu^nces. These formulas are of the nature 
of more or less exact descriptions of phenomena; they are not 
of the nature of explanations. Of all the relations entering 
into the formulas of science, the fundamental mathematical 
notions of numuer and measure and form were among* the earli- 
est, and pure mathematics in its ordinary acceptation may be 
understood to be the systematic development of the properties 
of these notions, in accordance with conditions prescribed by 
physical phenomena. Arithmetic and geometry, closely united 
in mensuration and trigonometry, early reached a high degree 
of advancement. But after the development of the generaliz- 
ing literal notation of algebra, and largely in response to the 
insistent demands of mechanics, astronomy and physics, the 
seventeenth ceni.ary, binding together arithmetic and geometry 
infinitely more closely, created analytic gecmietry and the in- 

•In addition to those already cltod: *()u the Foundations of Geom- 
etry/ The MoniHt, vol. f). October, 1S08, pp. 1-43. *Sar los prlnolpes 
(It! la m(^fanlqm\* llihUoiMqne dn Confjn^s Inter?iational de Philoa- 
ophie, vi)l .'5, pp. 407-404. 

t*Ueb(>r die Miahodeu iler thcovrtlschon Physlk/ Dyck's Katalog mathe- 
mniiHvhvr und mnthrmathch-physikalischer ModcUe, Apparate und 
lnstrumrnt<\ pp. ^H-OS. Mnnlrb. 1H92. 

t*Mathianatischo« uiid Xaturwls^^ouschaftllcheB Donken/ J ahreabericht 
der IhutMrhi.yi .l/af/i.-Vcr.. vol. 11 (11)02). pp. 40-57. 
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flnitusinml calculus, those mij,'hty methods ot research whose 
application to all hranchea of the theoretical and practical 
physical sciences so fuiulameiitally characterizes the civiliza- 
tion of to day. 

The eighteenth century was devoted to the development of 
the powers of these new instruments in all directions. While 
this development continued during the nineteenth century, the 
dominant note of the nineteenth century was that of critical 
reorganization of the foundations of pure mathematics, so 
that, for instance, the majestic edifice of analysis was seen to 
rest upon the arithmetic of positive integers alone. This re- 
organization and the consequent course of development of pure 
mathematics were independent of the question of the applica* 
tion of mathematics to the sister sciences. There has thus 
arisen a chasm between pure mathematics and applied math* 
ematics. There have not been lacking, however, influenced 
making toward the bridging of this chasm; one thinks espe- 
cially of the whole influence of Klein in Germany and of the 
Ecole Polytechnic in France. As a basis of union of the pure 
mathematicians and the applied mathematicians, Klein has 
throughout emphasized the importance of a clear understand- 
ing of the relations between those two parts of mathematics 
which are conveniently called ^mathematics of precision' and 
^mathematics of approximation,' and I refer especially to his 
latest work of this character, ^Anwendung der Differential 
und Tntegral-Rechnung auf Geometric: Eine Revision der Prin- 
cipien' (Gfittingen, summer semester, 1901, Teubner, 1902). 
This course of lectures is designed to present particular appli- 
cations of the general notions of Klein, and furthermore, it is 
in continuation of the discussion between Pringsheim and 
Klein and others, as to the desirable character of lectures on 
mathematics in the universities of Germany. 

Elementary Mathematics, — This separation between pure 
mathematics and applied mathematics is grievous even in the 
domain of elementary mathematics. In witness, in the first 
place: The workers physics, chemistry and engineering need 
more practical mathematics; and numerous textbooks, in par- 
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ticular, on calculus, have recently been written from the point 
of view of these allied subjects. I refer to the works by Nernst 
and Schoenflies,* Lorent7.,t Perry,* and Mell()r,§ and to a book 
on the very elements of mathematics now" in preparation by 
Oliver Lodge. 

In the second place, I dare say you are all familiar with the 
surprisingly vigorous and effective agitation with respect *o 
the teaching of elementary mathematics which is at present 
in progress in England, largely under the direction of John 
Perry, professor of mechanics and mathematics of the Royal 
College of Science, London, and chairman of the Board of 
Examiners of the Board of Education in the subjects of en- 
gineering, including practical plane and solid gcon^etry, applied 
mechanics, practic I mathematics, in addition to more 
technical subjects, and in this capacity in charge of the edu- 
cation of some hundred thousand apprentices in English night 
schools. The section on Education of the British Association 
had its first session at the Glasgow meeting, 1901, and the 
session was devoted to the consideration, in connection with 
the section on Mathematics and Physics, of the question of the 
pedagogy of mathematics, and Perry opened the di. cussion by 
a paper on *The Teaching of Mathematics.' A strong com- 
mittee under the chairmanship of Professor Forsyth, of Cam- 
bridge, was appointed ^to report upon improvements that might 
be effected in the teaching of mathematics, in the first instance, 
in the teachi/'g of elementary mathematics, and upon such 
means as they think likely to effect such improvements.' The 
paper of Perry, with the discussion of the subject at Glasgow, 

•Nernst und Schoenflles, 'EiiifUhrung in die matheniatische Behand- 
Inng (ler XaturwiHKensclmfteu* (Munich and IxnpHlc, 189;5) ; the 
basis of Young and Linebarger'R *Element8 of Differential and In- 
tegral Calculus,* New York. 1000. 

tlioreut^, *LehrbUf:h der Differential- und Integralrechnung/ Leipslo, 

tPerry. *(.-alculus for Enginoera' (socond edition, London, R. Arnold. 

1S07) ; German translation by Fricke (Teubner, 1902). Cf. also 

the citations given later on. 
jMell^r, •Higher Mathematics for Students of Chemistry and Phyeica, 

with special reference to Practical Work/ Longmans, Green & Co., 

11K)2. pp. xxl+n43. 
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and additions including the report of the committee as present- 
ed to the British Association at its Belfast meeting, Septem- 
ber, 1902, are collected in a small volume, ^Discussion on the 
Teaching of Mathematics/ edited by Professor Perry (Mac- 
millan, second edition, 1902).* 

One should consult the books of Perry, ^Practical Matho- 
matic8,'t 'Applied Mechanics,'* 'Calculus for Engineers'? and 
'England's Neglect of Science,'|| and his address* on *The Edu- 
cation of Engineers' — and furthermore the flies from 1809 on 
of the English journals, Nature, School World, Journal of 
Education and Mathematical Gazette. 

One important purpose of the English agitation is to relieve 
the English secondary school teacliers from the burden of a too 
precise examination system, imposed by the great examining 
bodies ; in particular, to relieve them from the need of retain- 
ing Euclid as the sole authority in geometry, at any rate with 
respect to the sequence of propositions. Similar efforts made 
in England about thirty years ago were unsuccessful. Ap- 
parently the forces operating 8irce that time have just now 
broken forth into successfuU activity; for the report of the 
British Associfition committee was distinctly favorable, in a 
conservative sense, to the idea of reform, and already note- 
worthy initial changes have been made in the regulations for 
the secondary examinations by the examination syndicates of 
the universities of Oxford, Cambridfje, and London. 

The reader will find the literature of this English movement 
very interesting and suggestive. For instance, in a letter to 
Nature (vol. 65, p. 484, March 27, 1902) Perry mildly apologia- 
es for having to do with the movement whose immediate renulta 

»Cf. also lioport on the Tearhitig: of Elemontary Mathptnatlos IsRoed 
by the Mathematical AsRociatioii,' G. Bell & Sons, liondon, 1902. 

tPublished for the Board of Education by Eyre and »SpottlBWOode, 
London. 1890. 

try. Van Xosirand Co.. New York. 1S08. 

8 Second edition, London. E. Arnold. 1S07. 

iiT. risher Unwin. London. 190(K 

♦Id opening the discnssion of the sections on Enprineerlnjr and on 
Education at the Belfast. 1002, meetinjr of the British Association; 
publiHhed in Science, November 14, 1902. 
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are likely to be merely slight reforms, instead of thorough- 
going reforms called for iu his pronouncements and justified 
by his marked success during over twenty years as a teacher 
of practical mathematics. lie asserts that the orthodox logi- 
cal seciuence in mathematics is not the only possible one; that, 
on the contrary, a more logical sequence than the orthodox 
one (because one more possible of comprehension by students) 
is based upon the notions underlying the infinitesimal calculus 
taken as axioms; for instance, that a map may be drawn to 
Hcalo; the notions underlying the many uses of S(iuared paper; 
that decimals may be dealt with as ordinary numbers. He as- 
serts as essential that the boy should be familiar (by way of 
experiment, illustration, measurement, and by every possible 
means) with the ideas to which he applies his logic; and more- 
over that he should be thoroughly intereated in the subject 
studied; and he closes with this peroration: 

"'Great God! Td rather be 
A pagan, suckled in a creed outworn/ 

I would rather be utterly ignorant of all the wonderful liter- 
ature and science of the last twenty-four centuries, even of the 
wonderful achievements of the last fifty years, than not to have 
the sense that our whole system of so called education is aa 
degrading to literature and philosophy r.s it is ta English boys 
and men." 

As a pure mathematician, I hold as the most important sug- 
gestion of the English movement the suggestion of Perry's, 
just cited, that by emphasizing steadily the practical sides of 
mathematics, that is, arithmetic computations, mechanical 
drawing and graphical methods generally, in continuous re- 
lation with problems of physics and chemistry and engineering, 
it would be possible to give very young students a great body 
of the essential notions of trigonometry, analytic geometry, 
and the calculus. This is accomplished, on the one hand, by 
the increase of attention and comprehension obtained by con- 
necting the abstract mathematics with subjects which are 
naturally of interest to the boy, so that, for instance, all the 
results obt^iined by theoretic process are capable of check by 
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laboratory process, and, on tlie other hand, a diminiition of 
emphasis on the systematic and formal sides of the instruction 
in mathematics. Undoubtedly many nuitheriaticians will feel 
that til is decrease of emphasis will result in much, if not ir- 
reparable, injury to the interests of mathematics. But I am 
inclined to think that the mathematician with the catholic 
attitude of an adherent of science, in general (and at any rate 
with respect to the problems of the pedagogy of elementary 
mathematics there would seem to be no other rational atti- 
tude) will see that the boy will be learning to make practical 
use in his scientific investigations— to be sure, in a naive and • 
elementary way— of the finest mathematical tools which the 
centuries have forged; that under skilfiil guidance he will 
learn to be interested not merely in the achievements of the 
tools, but in the thecy of the tools themselves, and that thus 
he will ultimately have a feeling towards his mathematics ex- 
tremely different from that which is now met with only too 
frequently— a feeling that mathematics is indeed itself a fun- 
damental reality of the domain of thought, and not merely a 
matter of symbols and arbitrary rules and conventions. 

The American Mathematical Society, —The American Math- 
ematical Society has, naturally, interested itself chiefly in pro- 
moting the interests of research in mathematics. It has, how- 
ever, recognized that those interests are closely bound up with 
the interests of education in mathematics. I refer in partic- 
uUir to the valuable work done by the committee appointed, 
with the authorization of the Coimcil, by the Chicago section 
of the society, to represent mathematics in connection with 
Dr. Nightingale's committee of 1899 of the National Edu- 
cational Ansociation in the formulation of standard curricula 
for high schools and academies, and to the fact that two 
committees are now at work, one appointed in December, 1901, 
by the Chicago Section, to formulate the desirable conditions 
for the granting, by institutions of the Mississippi valley, of 
the degree of Master of Arts for work in mathematics, and the 
other appointed by the society at its last summer meeting to 
cooperate with similar committees of the National Education- 
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al Asaociation and of the Society tor the rroiuotioa of Engi- 
neering Kdiicatioii, in formuhitiug standard defluitions of 
requirements iu mathematical subjects for admission to coHeges 
and technological schools; and furthermore I refer to the fact 
that (although not formally) the society has made a valuable 
contribution to the interests of secondary education in that the 
College Entrance Examination Board has as its secretary the 
principal founder of the society. I have accordingly felt at 
liberty to bring to the attention of the society these matters 
of pedagogy of elementary mathematics, and I do so with the 
firm conviction that it would be possible for the society, by 
giving still more attention to these matters, to further most 
efifecively the highest interests of mathematics in this country. 

A VISICW 

An hivitation. — The pure mathematicians are invited to 
determine how mathematics is regarded by the world at large, 
including their colleges of other science departments and the 
students of elementary mathematics, and to ask themselves 
whether by modification of method and attitude they may not 
win for it the very high position in general esteem and appreci- 
ative interest which it assuredly deserves. 

This general invitation and the preceding summary view 
invoke this vision of the future of elementary mathematics in 
this country. 

The Pedagogy of Elementary Mathematics.— W^. survey the 
pedagogy of elementary mathematics in the primary schools, 
in the secondary schools and in the junior colleges (the lower 
collegiate years.) It is, however, understood that there is a 
movement for the enlargement cf the strong secondary schools, 
by the addition of the two years of junior college work and by 
the absorption of the last two or three grades of the primary 
schools, into institutions more of the type of the Gorman 
gymnasia and the French lyc6e;* in favor of this movement 

♦As to the mathomatlcH of those institutions, one may rousult the hook 
on *The Teaching of Mathemntica in tht* Hi^rher School of Prussia' 
(New York. Longmans. Green & Co.. 1900) hy Professor Younp 
and the aitfcle (nulletin Amer. Math. ISoc. (2), vol. fi, p. 225) hy 
Profesfior I'lerpont. 
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there are strong arguments, and among them this, that in such 
institutions, especially if closely related to strong colleges or 
universities, the mathematical reforms may the more easily be 
carried out. 

The fundamental problem is that of the unification of pure 
and applied mathematics. If we recognize the branching im- 
plied by the very terms ^pure,' ^applied,' we have to do with a 
special case of the correlation of different subjecta of the cur- 
ri(?ulum, a central probUm in the domain of pedagogy from the 
time of Ilerbart on. In this case, however, the fundamental 
solution is to be found rather by way of indirection— by ar- 
ranging the curriculum so that throughout the domain of 
elementary mathematics the branching be not recognized. 

The Primary Schooh.~\Vo\\\d it not he possible for the 
children in the grades to be trained in power of observation 
and experiment and reflt^ction and deduction so that always 
their mathematics should be directly connected with matters 
of thoroughly concrete character? The response is immediate 
that this is being done to-day in the kindergartens and in the 
better elementary schools. I understand that serious difficul- 
ties Lrise with children of from nine to twelve years of age, 
who are no longer contented with the simple, concrete methods 
of earlier years and who, nevertheless, are unable to appreciate 
the more abstract methods of the later years. These difficul- 
ties, some say, are to be met by allowing the mathematics to 
enter only implicitly in connection with the other subjects of 
the curriculum. But rather the material and methods of the 
mathematics should be enriched and vitalized. In particular, 
the grade teachers must make wiser use of the foundations fur- 
nished by the kindergarten. The drawing and the paper fold- 
ing must lead on directly to systematic study of intuitional 
geometry,* including Xho. construction of models and tlu* ele- 
ments of mechanical drawing, with simple exercises in geo- 

•Hore I refer to the very stifrfrt\<<tive paper of Betichnrn Branford. en- 
titled •Moasun»nH»iit and Simple Survoyiujr. An Experiment in the 
Tearhinjj of P^lementary Geometry' to a smaU class of becinnera 
of about ten years of a^e (Journal of Educntinn, Lrondon. the first 
part appearing in the number for August, 1899.) 
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motricul reasoning'. The jjeometry must be closoly eouiiected 
with the numerical and literal arithmetic. The cross-grooved 
tables of the kindergarten furnish an especially important type 
of connection, viz,, a conventional graphical depiction of any 
phenomenon in which one magnitude depends upon another. 
These tables and the similar cross-section blackboards and 
paper must enter largely into all the mathematics of the 
grades. The children are to be taught to represent, according 
to the usual conventions, various familiar and interesting 
phenomena and to study the properties of the phenomena in 
the pictures: to know, for example, what concrete meaning 
attaches to the fact that a graph curve at a certain point is 
going down or going up or is horizontal. Thus the problems 
of percentage— interest, etc.— have their depiction in straight 
or broken line graphs. 

The Secondary Schools. — Pending the reform of the primary 
schools, the secondary schools must advance independently. 
In these schools at present, according to one type of arrange- 
ment, we find algebra in the first year, plane geometry in the 
second, physics in the third, and the more difficult parts of 
algebra and solid geometry, with review of all the mathematics 
in the fourth. 

Engineers* tell us that in the schools algebra is taught in 
one water tight compartment, geometry in another, and physics 

♦Why is it that one of the sanest and best-informed soientiflo men 
HyinR. a man not himself an ensineer, can charw mathematicians 
with killing off every onRineerinR school on which they can lay 
hands? Why do cnjrineers so stronuly urse that the mathematical 
courses in en;rineerinK schools be Riven by practical engineers? 

And why can a rcvii*wer of \Some Kecent Books of Mechanics* 
write with truth: **The students* previous training in algebra, 
geometry, triirononictry. analytic geonn^try and calculus as it is 
genorally taught has been ne<'essarily quite formal. These mighty 
algorithms of formal mathematics must be learned so that they can 
be appliul with rendlrtess and precision. But with mechanics 
comes the application of these algorithms, and formal* do-by-rote 
methods, thoutrh often possible, yield no results of permanent value. 
How to elicit and cultivate thought is now of primary importance'*? 
(K. B. WHkou, liuUctin Atncr. Math. ^*oc.. October, 1902.) But is 
it conceivable tliat in any part of the education of the student the 
probl(»m of eliciting and cultivating thought should not be of 
primary importance V 
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in another, and that the student learns to appreciate (if ever) 
only very late the absolutely dose connection between these 
ditferont subjects, and then, if he credits the fraternity of 
teachers with knowing the closeness of this relation, he blames 
them most heartily for their unaccountably stupid way of 
teaching him. If we contrast this state of affairs with the 
state of afl'aira in the Holid four years' course in Latin, I think 
we are forced to the conclusion that the organization of in- 
fitnictiun in Latin is much more perfect than that of the in- 
struction in mathematics. 

The following question arises: Would it not he possible to 
organize the algebra, geometry and physics of the secondary 
school into a thoroughly coherent four years' course, compar- 
able in strength and closeness of structure with the four years' 
course in Latir? (Here under physics I include astronomy, 
and the more nathematical and physical parts of physiog- 
raphy.) It would seem desirable that, just as the systemati'* 
development of theoretical mathematics is deferred to a later 
iM>riod, likewise much of theoretical physics might well be 
deferred. Let the physics also be made thoroughly practical. 
At any rate, so far as the instruction of boys is concerned, the 
course should certainly have its character largely determined 
by t' ') conditions which would be imposed by engineers. What 
kind of two or three years^ course in mathematics and physics 
would a thoroughly trained engineer give to boys in the sec- 
ondary school? Let this body of material postulated by the 
engineer serve as the basis of the four years' course. Let the 
instruction in the course, however, be given by men who have 
received expert training in mathmatics and physics as well 
as in engineering and let the instruction be so organized that 
with the development of the hoy, in appreciation of the prac- 
tical relations, rIuUI come simultaneously his development in 
the direction of theoretical physica and theoretical mathe- 
maticR. 

Terry is quite right in insisting that it is scientifically legit- 
imate in the pedagogy of elementary mathematics to take a 
large body of basal principles instead of a small body and to 
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build the edifice upon the larger body for the earlier years, 
reservinj? for the later years the philosophic criticism of the 
basis itself and the reduction of the basal system. 

To consider the subject of geometry in all briefness: with 
the understanding that proper emphasis is laid upon all the 
concrete sides of the subject, and that furthermore from the 
beginning exercises in informal deduction* are introduced in- 
creaaingly frequently, when it comes to the beginning of the 
more formal deductive geometry why should not the students 
be directed each for himself to set forth a body of geometric 
fundamental principles, on which he would proceed to erect 
his geometric edifice? This method would be thoroughly prac 
tical and at the same time thoroughly scientific. The various 
students would have different systems of axioms, and the dis- 
cu.s8ions thus arising naturally would make clearer in the 
minds of all precisely what are the functions of the axioms in 
the theory of geometry. The students would omit very many 
of the axioms, which to them would go without saying. The 
teacher would do well not to undertake to make the system of 
axioms thoroughly complete in the abstract sense. "SufHcieut 
unto the day is the precision thereof." The student would very 
probably wish to take for granted all the ordinary properties 
of measurement and of motion, and would be ready at once 
to accept the geometrical implications of coordinate geometry. 
He could then be brought with extreme ease to the consider 
ation of fundamental notions of the calculus as treated con- 
cretely, and he would find those notions delightfully real and 
powerful, whether in the domain of mathematics or of physics 
or of chemistry. 

V 

To be sure, as Study has well insisted, for a thorough com- 
prehension of even the elementary parts of Kuclidean geometry 
the non-Euclidean geometries are absolutely essential. Uut 

♦In nil nrtlclo shortly to apiwir in tho Edurationnl ReHeic, on 'The 
I s.vrholou'ical nnd the Logical in the Tcachinp: of Geomptrv' 
I rofcsKor John Dcwi-y. fnllin>,' nttontion to tho evohUionnry char- 
acter of thp othinition of an individual, insists that thoro should 
1)0 no alinipt tninsition from tho introductory, intuitional geometry 
to the systematic, demonHtrative geometry. 
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the teacher is tetti'hiriK the Hubjiu t for the bunollt of the 8tu- 
dents, tttul it must be admitted that bey;imier8 in the shidy of 
demonstrative geometry oan not appreciate the very delicate 
considerations involved in the thoroughly abstract science. 
Indeed, one may conjecture that, had it not been for the 
brilliant success of Kudid in \\\h effort to organize into a 
formally deductive system the geometric treasures of his times, 
the advent of the reign of science in the modern sense might 
not have been so long deferred. Shall we then hold that in 
the schools the teaching of demonstrative geometry should be 
reformed in such a vay as to take account of all the wonder- 
ful discoveries which have been made — many even recently — 
in the domain of abstract geometry? And should similar re- 
forms be made in the treatment of arithmetic and algebra? 
To make reforms of this kind, would it not be to repeat more 
gloriously the error of those followers of Kuclid who fixed his 
^Elements' as r «xtbook for elementary instruction in geo- 
metry for ovei \\o thousand years? Every one agrees that 
professional mathematicians should certainly take account of 
these great devc lopments in the technical foundations of math- 
ematics, and that ample provision should be made for instruc- 
tion in these matters ; and on reflection, evorj' one agrees furth- 
er that this provision should be reserved for the later collegiate 
and university years, 

The Laboratory Method.— Thin program of reform calls for 
the development of a thoroughgoing laboratory system of in- 
struction in mathematics and physics, a principal purpose be- 
ing as far as possible to develop on the part of every student 
the true spirit of research, and an appreciation, practical as 
well as theoretic, of the fundamental methods of science. 

In connection with what has already bc^n said, the general 
suggestions I now add will, T hope, be found of use when one 
enters upon the questions of detail involved in the organization 
of the course, 

As the world of phenomena receives attention by the individ- 
ual, the phenomena are described both graphically and in 
terms of number and measure; the number and measure re- 



ERIC 



50 



Tho First Yearbook 



latlons of the phcuiomena enter finulamontally into tho ^raph- 
ioal (lepktion, und f\irthermore the graphical depiction of the 
phenomena HeiHT.; powerfully to illuminate the relations of 
number and measure. This is the fundamental scientific point 
of view. Here under the term graphical depiction I include 
representation by models. 

To provide for the needs of laboratory instruction, there 
should be regularly assigned to the subject two periods, count- 
ing as one period in the curriculum. 

As to the possibility of effecting this unification of mathe- 
matics and physics in the secondary schools, objection will be 
made by some teachers that it is impossible to do well more 
than one thing at a time. This pedagogic principle of con- 
centration is undoubtedly 8(mnd. One must, however, learn 
how to apply it wisely. For instance, in the physical labor- 
atory it is undesirable to introduce experiments which teach 
the use of the calipers or of the vernier or of the slide rule. 
Instead of such uninteresting experiments of limited purpose, 
the students should be directed to extremely interesting prob- 
lems which involve the use of these instruments, and thus be 
led to learn to use the instruments as a matter of course, and 
not as a matter of difficulty. Just so the smaller elements of 
mathematical routine can be made to attach themselves to 
laboratory problems, arousing and retaining the interest of the 
students. Again, everything exists in its relations to other 
things, and in teaching the one thing the teacher must illumin- 
ate these relations. 

Every result of importance should be obtained by at least 
two distinct methods, and every result of especial importance 
by two essentially distinct methods. This is possible in math- 
ematics and the physical sciences, and thus the student is made 
thoroughly independent of all authority. 

All results should be checked, if only qualitatively or if only 
*to the first significant figure.' In setting problems in prac- 
tical matliematics (arithmetical computation or geometrical 
construction) the teacher should indicate the amount or per- 
centage of error permitted in the final result. If this amount 
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of percentage in chosen conveniently in the different examples, 
the student will be led to the general notion of closer and 
closer approximation to a perfectly definite result, and thus in 
a practical way to the fundamental notions of the theory of 
limits and of irrational mmibers. Thus, for instance, uni- 
formity of convergence can be taught beautifully in connection 
with the concrete notion of area under a monotonic curve be- 
tween two ordinates, by a figure due to Newton, while the in- 
terest will be still greater if in the diagram area stands for 
work done by an engine. 

The teacher should lead up to an important theorem 
gradually in such a way that the precise meaning of the 
statement in question, and further, the practical, I e., com- 
putational or graphical or experimental — truth of the theorem 
is fully appreciated; and, furthermore, the importance of the 
theorem is understood, and, indeed, the desire for the formal 
proof of the proposition is awakened, before the formal proof 
itself is developed. Indeed, in most cases, much of the proof 
should be secured by the research work of the students them- 
selves. 

Some hold that absolutely individual instruction is the 
ideal, and a laboratory method has sometimes been u ed for 
the purpose of attaining this ideal. The laboratory method 
has as one of its elements of great value the flexibility which 
permits students to be handled as individuals or in groups. 
Tho instructor utilizes all the experience and insight of the 
whole body of students. He arranges it so that the students 
consider that they are studying the subject itself, and not 
the words, either printed or oral, of any authority on the 
subject. And in this study they should be in the closest 
cooperation with one another and with their instructor, who 
is in a desirable sense one of them and their leader. Instruc- 
tors may fear that the brighter students will suffer if en- 
couraged to spend time in cooperation with those not so 
bright. r>ut experience shows that just as every teacher 
learns by tcac-hing, so even the brightest students will find 
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themselves much the gainers for this cooperation with their 
colleagues. 

In agreement with Perry, it would seem possible that the 
student might be brought into vital relation with the 
fundamental elements of trigonometry, analytic geometry 
and the calculus, on conditio!) that the whole treatment in its 
origin is and in its development remains closely associated 
with thoroughly concrete phenomena. With the momentum 
of such practical education in the methods of research in tho 
secondary school, the college students would be ready to 
proceed rapidly and deeply in any direction in which their 
personal interests might lead them. In particular, for 
instance, one might expect to And effective interest on the 
part of college students in the most formal abstract mathe- 
matics. 

¥i)Y all students who are intending to take a full secondary 
school course in preparation for colleges or technological 
schools, I am convinced that the laboratory method of in- 
struction in mathematics and physics, which has been briefly 
suggested, is the best method of instruction— for students iu 
general, and for students expecting to specialize in pure 
mathematics, in pure physics, in mathematical physics or 
astronomy, or in any branch of engineering. 

Evolution, not lievolntion.—ln contemplating this reform 
of secondary school instruction W(^ must be careful to re- 
member that it is to be accomplished as an evolution from 
the present system, and not as a revolution of that system. 
Even under the present organization of the curriculum the 
touchers will find that much imi.rovement can be made by 
closer cooperation one with another; by the introduction, so 
far as p()ssil)le, of the laboratory two-period plan; and in 
any event by the introduction of laboratory methods; lab- 
oratory reconl books, cross-sectiou paper, computational and 
graphical methods in general, including the use of colored 
inks and chalks; the cooperation of students; and by laying 
empliasis upon the comprehension of propositions rather than 
upon the exhibition of comprehension. 
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The Junior Colleges. — Just as secondary schools should 
begin to reform without waiting for the improvement of the 
primary schools, so the elementary collegiate courses should 
be modified at once without waiting for the reform of the 
secondary schools. And naturally, in the initial period of 
reform, the education in each higher domain will involve 
many elements which later on will be transferred to a lower 
domain. 

Further, by the introduction into the junior colleges of the 
laboratory •method of instruction it will be possible fw the 
colleges and universities to take up a duty which for the 
most part has been neglected in this country. For, although 
we have normal schools and other training schools for those 
who expect to teach in the grades, little attention has as yet 
been given to the training of those who will become secondary 
school teachers. The better secondary schools of to-day are 
securing the services of college graduates who have devoted 
special attention to the subjects which they intend to teach, 
and as time goes on the positions in these school.^ will as a rule 
be filled (as in France and Germany) by these who have 
supplemented their college course by several years of univer- 
sity work. Here these college and university graduates pro- 
ceed at once to their work in the secondary schook». Now in 
the laboratory courses of the junior college, let those students 
of the senior college and graduate school who are to go into 
the teaching career be given training in the pedagogy of mathe- 
matics according to the laboratory system ; for such a student 
the laboratory would be a laboratory in the pedagogy of matluv 
matics; that is, he would be a colleague-assistant of the in- 
structor. By this arrangement, the laboratory instruction of 
the collegOH would be strengthened at the same time that well 
equipped teachers would be prepared for work in the secondary 
schools. 

The Freedom of the Secondary Schools.~The secondary 
schools are everywhere preparing students for colleges and 
technological schools, and whether the requirements of those 
institutions are expressed by way of examination of students 
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or by way of the conditions for the accrediting of schools or 
teachers, the requirements must be met by the secondary 
schools. The stronger secondary school teachers too i.ften 
find themselves shackled by the specific recjuirements imposed 
by local or college authorities. Teaching must become more 
of a profession. And this implies not only that the teacher 
must be better trained for his career, but also in his career 
he be given with greater freedom greater responsibility* To this 
end closer relations should be established between the teachers 
of the colleges and those of the secondary schools; standing 
provisions should he made for conferencefi as to improvement 
of the secondary school curricula and in the collegiate ad- 
mission re<iuirement8 ; and the leading secondary school 
teachers should be steadily encouraged to devise and try out 
plans looking in any way toward improvement. 

Thus the proposed four Tears' laboratory course in mathe- 
matics and physics will come into ejclstence by way of evolu- 
tion. In a large secondary school, the strongest teachers, find- 
ing the project desirable and feasible, will establish such a 
course alongside the present series of disconnected courses — 
and as time goes on their success will in the first place stimu- 
late their colleagues to radical improvements of method under 
the present organization and finally to a complete reorganiza- 
tion of the courses in mathematics and physics. 

The American Mathematical Society, — Do you not feel with 
me that the American Mathematical Society, as the organic 
rc»presentative of the highest interests of mathematics in this 
country, should be directly related with the movement of re- 
form? And, to this end, that the society, enlarging its membcr- 
ship l)y the introduction of a large body of the strongest 
teachers of mathematics in the secondary schools, should give 
continuous attention to the question of improvement of educa- 
tion in mathematics, in institutions of all grades? That there 
is need for the careful consideration of such questions by the 
united body of experts, there is no doubt whatever, whether 
or not the general suggestions which we have been considering 
this afternoon turn out to be desirable and practicable. In 
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cahe the question of pedagogy does come to be an active one, tlie 
society might readily hold its meetings in two divisiouc -a 
division of research and a divison of pedagogy. 

Furthermore, there is evident need of a national organiza- 
tion having its center of gravity in the whole body of science 
instructors in the secondary schools; and those of us in- 
terested in these questions will naturally relate ourselves also 
to this organization. It is possible that the nev.iy formed 
Central Association of Physics Teachers may be thv Tiucleus 
of suck xn organization. 

CONCLUSION 

The successful execution of the reforms proposed would 
seem to be of fundamental importance to the development of 
mathematics in this country. I urge that individuals and 
organizations proceed to the consideration of the general 
question of reform with all the related questions of detail. 
Undoubtedly in many parts of the country improvements in 
organization and methods of instruction in mathematics have 
been made these last years. All persons who are, or may 
become, actively interested in this movement of reform should 
in some way unite themselves, in order that the plans and the 
experience, whether of success or failure, of one may be im- 
mediately made available in the guidance of his colleagues. 

I may refer to the centers of activity with which I am 
acquainted. Miss Edith Long, in charge of the DepfyUimfnt 
of Mathematics in the Lincoln (Neb.) High School, reports 
upon the experience of several years in the correlation of 
algebra, geometry and physics, in the October, 1902, number of 
the Educational Review. In the Lewis Institute of Chicago, 
Professor P. B. Woodworth, of the Department of Electrical 
Engineering, has organized courses in engineering principles 
and electrical engineering in which are developed the funda- 
mentals of practical mathematics. The general question came 
up at the first meeting* (Chicago, November, 1902) of the 

♦Suhspqiient to the moptinjr of organization In tho flprlnjr of 1902. Mr. 
(•has. II. Smith of the Hyde Turk Iliph School, Chi(?affo. Is president 
of tho Association. Reports of the moetinprs are given in School 
Science (Raven* »vood. Chloago.) 
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Central AsBociation of Physics Teachers, and it is to be 
expected that this association will enlarge its functions in 
such a way as to include teachers of mathematics and of all 
sciences, and that the questioa will be considered in its various 
bearings by the enlarged association. At this meeting iu* 
formal reports were made from the Bradley Polytechnic Insti* 
tute of Peoria, the Armour Institute oi Technology of Chicago, 
and the University of Chicago. The question is evoking 
much interest in the neighborhood of Chicago. 

I might explain how I came to be attracted to this question 
of pedagogy of elementary mathematics. I wish, however, 
merely to express my gratitude to many mathematical and 
scientific friends, in r articular, to my Chicago colleagues, Mr. 
A. C. Lunn and Professor C. R. Mann, for their cooperation 
with me in the consideration of these matters, and further to 
express the hope that we may secure the active cooperation of 
many colleagues in the domains of science and of administra- ' 
tion, so that the first carefully chosen steps of a really im- 
portant advance movement may be taken in the near future, 

I close by repeating the questions which have been engaging 
our attention this afternoon. 

In the development of the individual in his relations to the 
world, there is no initial separation of science into constituent 
parts, while there is ultimately a branching into the many 
distinct sciences. The troublesome problem of the closer 
relation of pure mathematics to its applications: can 
it not be solved by indirection, in that through the 
whole course of elementary mathematics, including the intro- 
duction to the calculus, there be recognized in the organisuition 
of the curriculum no distinction between the various branches 
of pure mathematics, and likewise no distinction between pure 
mathematics an J its principal applications? Further, from 
the standpoint of pure mathematics: will not the twentieth 
century find it possiLle to j;ive to young students during their 
impressionable years, in thoroughly concrete and captivating 
form, the wonderful now notions of the seventeenth century? 

By way of suggestion these questions have been answered 
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in the affirmative, on condition that there be established a thor- 
oughgoing laboratory system of instruction in primary schools, 
secondary schools and junior colleges — a laboratory system 
involving a synthesis and development of the best pedagogic 
methods at present in use in mathematics and the physical 
sciences. 



SUGGESTIONS FOR THE SOLUTION OF 
AN IMPORTANT PROBLEM THAT 
HAS ARISEN IN THE LAST 
QUARTER OF A CENTURY* 

By Raleigh Schorling 

INTRODUCTION 

It is hoped that the general theme of this pro};ram will prove 
interesting and profitable but it is not likely that we can ac- 
curately judge the significance of the various movements that 
have grown out of the last twenty-five years, We are probably 
too close to the picture to see it in its true perspective. It is, 
nevertheless, interesting to speculate as to what the future 
student of history will write about our times, 

Progress comes through people. I believe that no true 
appraisal of the last twenty-five years can be written with- 
out associating the contributions with the personalities 
responsible for them, 

We can only guess what will be the list of names which 
will persist, But it is fairly safe to guess that the name of 
Professor E, H. Moore will be first. Not quite twenty-five 
years ago he delivered the address, reprinted in this volume, 
r;hich profoundly stimulated progressive thinking on the 
teaching of high school mathematics, I often find it most 
interesting to read this address and to note the many issues 
clearly sounded there which still challenge our best efforts. 
We have not yet achieved the goals set up for us in that 
brilliant vision. May I mention just a few valuable 
things that seem to me to have come to us from Profossor 

•At the annual meeting held In Cincinnati, CAo, (1925) tho National 
Council of Mathematics Teachers passed a motion directing the 
president to deJirer an address at the next meeting. 
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Moore*8 address. Directly it stimulated tlie teaching of 
intuitive, or experimental geometry in this country. Tt 
sturteil a vigorous reaction to the formalism found in the 
algebra of Wentworth. It placed emphasis upon the inter- 
relations which a thoughtful teacher can build between the 
topics chosen from various branches, arithmetic, algebra, 
geometry, and trigonometry. 

At this time it seems reasonably safe to add a few more 
names. To Professor George Jlyers belong.s the credit for 
initiating and directing the pioneer eftort to formulate tho 
inter relations of the various branches for the use of the class- 
room teachers. The English writer, Nunn, is little known by 
American teachers but I predict his place also as being secure. 
In his writings he exhibits a marvelous insight as to how 
children master the introductory concepts of mathematics. 
About ten years ago American texts for children began to show 
the influence of Nunr More recently he has affected the 
pedagogical writings of some Ameri(!an authors. Nor can there 
be any question about John Dewey. lie has probably changed 
the teaching of mathematics and all the other school subjects 
more than any other living man. To him we owe such guiding 
principles as >ve now accept. Tt was Dewey who started us 
teaching children instead of school subjects, and it was Dewey 
who said "Education is not preparation for life but is Life." 
To the psychological group we are indebted for the system- 
atization and formulation of certain general laws of learning 
80 as to be genuinely helpful to the teachers of special subjects. 
As a result writers have keener insight into the manner in 
which children learn and are able to state problems closer to 
the pupil's point of view. This contribution is valuable in this 
day when our secondary schools are crowded with pupils who 
have little background and experience and less ability for 
mathematical training. The contribution of J. W. Young to 
the work of the National Committee on Mathematical Re- 
quirements will sun^ly gain him a place on the list of out- 
stantling contributors of this quarter of a century. As a mem- 
ber of that committee I testify to the value of his services. 
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His gift lay, so it seemed to me, in his rare ability to take 
home with him the conflicting views of others and in a few 
weeks return these formulated so skillfully as to be acceptable 
to all, — and that without compromise or sacrifice of the fun- 
damental principles. Often people differ only in terminology 
rather than in purposes. It was most fortunate for the 
teachers of mathematics in our secondary schools that a man 
of Professor Young's standing and ability was willing to sac- 
riro K(»veral yoars of his life in devotion to our problems. To 
David Eugene Smith we are indebted for creating a mine of 
information in the history of mathematics that surely someone 
will sooner or later make available to our girls and boys. 
There must be many who hope as I do that Professor Smith 
will make this his own crowning achievement. It would be 
futile to extend this list of distinguished contributors to what- 
ever progress has been achieved in these twenty-five years. As 
I have already implied, no one should take the preceding pre- 
dictions too seriously as this brief list is given merely by way 
of illustration. 

By action taken at the last annual meeting at Cincinnati, 
I, as retiring president, am obligated to deliver this address. 
Since no subject was assigned, I chose the general thonie of 
the yearbook with an emphasis on what seems to be a crucial 
problem. This problem has arisen from the changing con- 
ditions which have crowded over three million girls and boys, 
one in every three of high school age, into the schools. 
The Problem: Hoto to Improve the Quality of Scholarship. 

The most significant factor in the present situation I be- 
lieve to be our realization of the very low mastery achieved 
in the secondary schools, — in both the junior and senior high 
school grades. For years we have heard sharp criticism 
coming from the business world, indictments by college 
teachers of mathematics, and resentment expressed by admin- 
istrators at the high number of pupil failures but it remained 
for a by-product of the testing movement really to open our 
eyes. It is now possible to turn to many elements drawn from 
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numerous tests which have been given to thousands of children 
in many communities. For evidence on this point consider 
first the following table drawn from a more extensive one 
recently completed by the writer. The complete Inventory* 
Test consisting of 125 elements was submitted to many chil- 
dren. The table given includes some of the elements in the 
Inventory Test and also llie percentage of correct resi)onses 
for 3,260 beginning seventh grade pupils. The table should 
be interpreted as follows : 

Of the 3,2f)0 pupils tested, approximately 85.}{ per cent re* 
sponded correctly to the situation Write 3 per c^^nt as a 
decimal." Looking at task number 84, we see less than 
half the pupils (more accurately 47.57c) were able to write 
0*125 as a common fraction. 

MASTKRY IN ARITHMETIC 



Percent-^Ko of Co> 
Teat ElehienU rect Hesponsee 

70. Write 3% aa a decimal. Ans 70. 85.3 

71. Write 63^% as a docimal. Ana 71. 64.4 

72. Write .4 as per cent. Ans 72. 35.8 

73. Write .025 as per cent. Ana 73. 37.2 

74. Write H as a decimal. Ans 74. 66.6 

75. Write 8 as a decimal. Ans 75. 71.4 

76. Write as a decimal. Ans 76. 74.8 

77. Write H as per cent. Ans 77. 73.5 

78. Write }4 as per cent. Aas . 74.1 

79. Write }4 as per cent. Ans 70.1 

80. Write H as a decimal. Ans oJ. 62.9 

81. Write A as a decimal. Ans 81. 55.4 

82. Write t^? as a decimal. Ans 82. 35.6 

83. Write .25 as a common fraction. Ans 83. 81.3 

84. Write .125 as a common fraction. Ans 84. 47.5 

85. Write .06K as a common fraction. Ans 85. 27.2 

88. What is 3 7o of 200? Ans 86. 59.7 

87. The ratio of 1 to 2 is equal to the ratio of 5 to 87. 33.0 

88. The interest on $200 for 3 years at 4% is $ 88. 60.8 

89. Fred Stone found that 5 percent of 200 is 10. What 

number is the percentage? Ans 89. 19.3 

90. Fred Stone found that 5 per cent of 200 is 10. What 

number is the base? Ans 90. 48.0 

91. Theodore Poosevelt was born October 27, 1S58, and died 

January 0, IV 19. His age was years, 

months, days 91. 29.7 



•For a more extensive disou55Rion see "A Tentative List of Objectives in 
the Teaching of Junior Ilijrh School Mathematics, with Investiga- 
tions for the Detrrmining of Tlieir Validity." George Wahr, Tub. 
Ii.»<her, Ann Arbor. Mii*h. 
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The next table may give the reader a clearer picture of what 
was included in our Inventory Test for there the tasks are 
choHon from different sections of the test. As in the preced* 
inu table the figures in the column at the right indicate the 
percentage of correct responses from 32G0 pupils. 

Note that in task number 76 less than 75 per cent were able 
to write as a decimal. Only about two out of every 
five p\ipil.H were able to respond correctly to the question 

oTiiiGii iti:ms of the invkxtoky tkst* 

51. U)i)k ?vt T) A 4 - 20. Whii'h number is culled tlu* product?.. (7S 4) 

42. Write in figuro.s: rifty-nine ami three hundredths (7B.1) 

r>. One iiixWou ociuiils how umny pints'; (75.0) 

70. Write ?4 uh a docinml (74.8) 

77. Write lias per cent (73.5) 

50. Fifty per cent of a number is the same as what part of that 

niunluir? , (71.4) 

74. Write Vr, as a decimal (00.6) 

S8. The interest on 8200 for 3 years at 4% is $ (00.8) 

7. One sciuure foot uquulH how many square inches? (00.3) 

90. Draw a figure to show that you know the meaning of the word 

reclan^lo (59.8) 

80. What is of 200? (59.7) 

18. April has dnys; November has day.s; July ha.H 

days? ■ (55.0) 

65. What must you do to find % of ^? Do you add? If not, what 

nuist you do? (54.9) 

58. % means (51.4) 

32. If you liave the product of two numbers, how can you find the 

other number? (44.5) 

117. He ab](j to ifiontify a check when a check is shown (43.4) 

99. Dniw a figure to show the meaning of '*right angle.'' (43.0) 

30. Wliat is tlio average of 4, 6, 8 and 10? (42.7) 

29. Moving the decimal point one place to the left the 

munber by 10 (42.1) 

40. Does 4S90 -^ 10 equal 4.890, or 48.96, or 489.6, or 4896? Draw 

u circle around the right number (35.5) 

^'Whut iH the avera{^'e of 4, 6, 8, and 10?" The preceding table 
iH of special interest because 146 experienced teachers, when 
askcMl to check the items of the complete test which they frilt 



•For diuuraniH and illustrations see copy of the Sohorliug-Clark-Hugg 
Inventory Test, Gazette Press, Yoakers, New iTork. 
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sure pupils in the boginnitiR of the sevonth jjrado should know 
with nearly 100 per cent accuracy, chose ainoii}? other items 
those appearing in that table. 

The elements of the Inventor) Test >vore chosen ou the 
following bases: (1) Appearance in roursos of study. (2) The 
judgments of twenty-nine writers of arithnu*tics. jroreover, it 
is important to remember that this test was practically an 
untimed test. 

A few of the questions have subtleties, or were stated in 
unfamiliar forms, but on the whole the taslcs were simple for 
seventh {jrade children. Week after woel< and year after year 
some of these tasks are given systematic drill to 11 x certain 
skills. It is said society spends f/om one-fourth to one-fifth of 
the money devoted to the intermediate grades in the teaching 
of arithmetic. So we may ask whether anything learm d to the 
point where less than sixty per cent of the children respond 
accurately while the material is fresh in uiind is worth very 
much to society. 

THE SUMMARY TABLE 
The Table which follows represents a summary of the re- 
SUMMARY TABLK 

oo-iobTT "7"? T~ r 8~ 

80- 90 12 

70- 80 14 

60- 70 10 

60- 60 14 

40- 50 22 

30- 40 14 

20-* 30 14 

10-20 12 

0- 10 5 

12.5 



suits of the Inventory Test. The table should be interpreted us 
follows: There were only ei};ht tasks in the Inventviry Test that 
as mnny as 00% of the pnpils tested could do. There were 
twelve exercises that received from 80% to 90% correct re- 
sponses. There were Ave tasks so diflQcult that less than 10% 
of the pupils succeeded in each. 
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Are We Satisfied with Low Standards f 

Many European visitors to our schools, though they may be 
enthusiastic about many excellent cliaracturistica, are vigor- 
ous in their indictment expressed in such phrases as: ^^You 
footer half liuiruing'' ; "You are satisfied with low standards*'; 
**Yuu do not fix habits*'; and, *'There is no question that you 
can ask your children that any considerable number of them 
will know." It is not clear what is meant by "half learning.'* 
Perhaps it means that half of the children learn all the things 
that we try to teach them, or that half of the things are 
learned by all the children. The table suggests that neither 
happens. A few of th' items in the test are learned by nearly 
all the children, a few elements are mastered by only a few 
children^ and a large number of tasks (the mode) falls be- 
tween iO% to 50% mastery. In fact, the Inventory Test re- 
sulted in something very close to a normal distribution. By 
way of summary, it may be stated that the total number of 
tasks getting 50% correct responses is 58 out of 125 — less 
than talf the test If by half learning is meant that each and 
e\ory one of half the number of outcomes is mastered by less 
thaL half the pupils, there is evidence that the criticism is 
none too harsh. In fact, we do not achieve anything like half 
learning in this sense. We are driven to admit that pupils 
lack mastery of the essentials of arithmetic. 
Does the Same Condition of Low Achievement Hold in Ninth 
Grade Algebra f 

On this point we can speak quite definitely for Thorndike 
has reported a similar study on the strength of algebraic con* 
ne?tiona.* He reports on twenty-eight tasks. His table in- 
cludes records secured from ten schools though the number 
of pupils tested is not given. The table on the next page shows 
the results secured on six of the tasks by Ihe four lowes* 
schools. The percentages given are those for correct reaponserf. 

It is true that some of the required tasks might be oviti 
cized as imludiug subtleties that are not ordinarily touched 



•"The Paychology of Algebra/* Chapter XH. 
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hy drill. Thus tlu» {irningenuMit in ICxiM'ciso 4 adds to tliu 
diftifulty. A dij-cu'tiun or a t-hallcMi.uo uf sumo soi't ronld well 
havo hvvn addtMl to ICxercist? 1), T(»at*lu»rs do not j^ivo nnicli 
I/racdn* on sin-li ('(inaiinns as nro ri»prt»s(»ut(Ml in lOxcM'cise lil!, 
anil tin* >!alcni( nr ic»r K\cri*isi» 27 coidd ])roI)ahly 1k» iuiprowd. 
IndtHMl. it is likely tliai Thorndiko oscmI iIh»m« snhticiics to 
deiiiunstrate to tuaidjers the niH?d for more varied drill. On 

MASTiniV OF AUlKIUiA 



>!t)ili:Ic*.| fr.>Tn TIiorn«lilvi!'« Taljlo 



( 4) From .Ki-h — *Jc sublmc-t 

( 7) 7.1X2<U>'i 

( U) S ~o (d4-2) 

(17) If a = 2 aiul 1) what di)es 

oa — 2:il) ecjunl? 
(20) I5-7\\ -l what duos \V 

equal? 

^ =a— 2 what dnvH V eciual? 
4 




iVrci'iitniM* <if ( *nrm t 



41 



20 

42 
2tj 



.So 
74 

a? 

49 
51 
26 



the whole, it must be admitted that these exercises are very 
simple when contrasted with the complex manipulations re- 
quire(^ by a standard ninth grade algebra course. Thorndike 
concludes, *'It does not fieeni an exaggeration to say that 
on the whole these students of algebra ha<1 mastery of noth- 
ing whatsoever. There was literally nothing in the ti^at that 
they could do with anything like 100% efficiency." This is a 
severe statement of the results secured from high school 
people who are tuidertaking their second year of algebra. 

The results secured hy Ilotx/s test furnish additional evi- 
dence. The following table consists of elements selected from 
the table which a[)pears in Tlmrndike. Here also tlie tablt 
has been modified to include percentage of correct responses. 
The pupils tested had studied algebra for nine months. 

The particular elements selected are very much easier than 
the exercises ordinarily expected of ninth grade algebra atu- 
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dents at the end of the year. Here, as in the Thorndike re- 
sults, we find a very low degree of mastery. The situation re- 

RESULTS ON THE IIOTZ TKST 
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vealed by the Inventory Test for arithmetic is probably worse 
in ninth {?ru(ie algebra, for pupils get little practice on the 
algebraic skills in out-of-school activities. The results of 
Thorndike, Hotz, Childs, and Monroe, all support the belief. 
By way of wSumniary, we may quote Thorndike, "Complicate the 
situation slightly and the pupils fail." 

There is a wealth of evidence from surveys that could be 
used at this point. Courtis found that the answers of grade 
seven on his test 7 were about 57% accurate. Support also 
could be drawn from the measurements made by students in 
psychology who have used arithmetic exercises as testa of fa» 
tigue, of individual differences, etc. For the summary of the 
evidence the reader may turn to Thorndike, "The Psychology 
of Arithmetic," page lO^i. Consider finally the results recently 
secured on the Woody-McCall Form 3. This test was widely 
administered in the state of Michigan.* The results iu the 
following table are for May, 1924, and include the results 
from forty cities. The cities were divided into three pupil 
groups. Group I includes cities having 5,000 or fewer in- 
habitants; CJroup ir includes cities having 5,001 to 
10,000 inhabitants; and (Iroup III includes cities having over 
10,000 inhabitants. On the first problem: 2+4=, 114 pupils 



♦Tho test IS not inolurled. It is assumed that anyone reading this study 
up to this point is familiar with the Woody-McCall Test. 
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out of 1026 pupils failed. The same number of pni)ila could 
not respond correctly to 6X2=-. Nearly 200 pupils failed to 
answer 5X1—. I^-et us consider next a few questions only a 
little mure complicated. On test 17, namely, ;U — l^*, nearly 
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Pupils 

406 369 851 1020 

30 out of every 100, or 472 out of 1020 pupils failed to respond 
correctly. More than this number failed on test -6: r)9:>9XSi>=. 
On ex(?r('iso lil, namtOy, 7/8-f~0==, we liiul iH>;irly li out of 
every 4, or a total of 1252 pupils out of 1026, failing to write 
tlu^ c()rr(^cf answer. 

These results are recent and they represent a wide sample 
of the state. Wooily helieves that tht*si» luw results nre in 
no way due to insutTlciency of time, — most pni)ils finish in ten 
minutes thouj^h tlie tost allow ^wenty. rnrtlierniore, he be- 
lieves that these results are slif;htly hi{xlu>r than those gener- 
ally secured from the many cities contributing to the develop- 
ment uf the Woody standards. 



♦Tliiy table was furnished tov tho writer by I*rofessor Clifford Woody. 
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This eonclude.a our evidence. Since our study was first un« 
dertaken Thonulike has reported much evidence on this issue. 
The results of the two studies are in entire agreement, as 
may be seen hy a reading of Chapter V in Thomdike's "The 
Psychoh)gy of Arithmetic." The general trend of his argu- 
ment appears in the following: **It is clear that numerical 
work as inaccurate as this has little or no commercial or in- 
dustrial value. If elerks got only six answers out of ten right, 
as in the Courtis tests, one would need to have at least four 
clerks make each computation and would even then have 
to check nuniy of their discrepencies by the work of still other 
clerks, if he wanted his accounts to show less than one error 
per hundred accounting units of the Courtis size. It is also 
clear that the habits of . . . absolute accuracy, and satis- 
faction in tr\ith, a result which arithmetic is supposed to 
further, must be largely mythical in pupils who get right 
answers I'roiu only tliree to nine tinu»s out of ten!" 

The PiUiHing Mark in Secondary Schools. 

In a recent conference it was developed that the school 
officials commonly re[)()rt the passing mark as being, 70, 75, 
80, or even So por cent. In the light of evidenee luu'e sub- 
mittcMl it must be clear that so high a ])assing mark is a mi/th, 
A passing mark of 7o or eV(Mi one so low as GO per cent could 
not possibly be supported by test results now in existence. It 
is interesting to speculate what kind of a test one would need 
to give in order that a considerable number of pupils would be 
able to res]K)iul corrcM'tly to 7.") ])er cent of the test eleuKuits. 
Th(» tasks would m»ed to be very, v(>ry simple and of the types 
which receive considerable drill In the home, in the corner 
drug store, in the groeery store, on the play ground aiul in 
numerous other life situatious. Returning once more to our 
Inventory Test there are only eight it(»ms which receive OO*;?* 
correct responses or bettor, and these items are the simple 
tasks: *'One dozen equals how many things? One pound equals 
how many ounces? One hour equals bow numy minutes? One 
minute equals how many seconds? If you have two numbers, 
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how can jou Hud their sum? What is 12^3? and, Mako draw- 
ings showing that you Icnow the moaning of the words 'circle' 
and 'square'." At least four of these items are learned by a 
considerable number of children before they enter the first 
grade. 

It does not seem that 80% mastery is an unreaHonably high 
standard to expect on items that the school has definitely in- 
cluded in its program, but if we are willing to accept 80% as 
otir standard, we get only twelve additional tasks done at this 
level. These are: "One yard equals how many inches? One 
bushel eijuals how many pecks? If yon have two numbers, 
how can you find their product? If you have two numbers, 
how can j-ou find their difference? If you know the cost of 
a certain number of pencils, how can you find the cost of one 
of tliem? What is the difference between eight and five? Look 
at this: 16-^-8 =2, which number is called the quotient? Look 
at this; 9 + 7 = 16. Which number is called the sura? Write 
3% as a decimal. Write 0.25 as a common fraction. Make 
a drawing to show you know the meaning of the word, 
'triangle'." The reader will agree that all these are simple 
tasks. Slany children learn at least three of these before en- 
tering the first grade and it is possible that a considerable 
number learn all but two of these before completing the third 
grade. 

We have chosen our evidence from one of the most definite 
of school subjects and we have selected tasks that are common- 
ly found as objectives in courses of study. What do we 
achieve in the less well defined subjects if our attainment is so 
low in a well standardized field? It is not likely that ques- 
tions in the social studies excepting possibly one concerning 
the discovery of America, could be asked of three thousand 
beginning seventh grade pupils with anything hut low returns. 

It is not clear how teachers arrive at the high passing 
miirk. Possibly we give a mark from 80 to 100 for ''oral 
recitations." another equally high mark for general cooper- 
ative spirit or discipline, then weight these marks so that out 
of tlii.s computation a comfortable passing mark of 80 per cent 
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omerge«. Instead of a i)as«inR mark of 75% or 80%, it is 
the writer's conviction that the real passing mark of onr 
American secondary schools at the present is somewhere be- 
tween 40 per cent and 50 per cent. 

A Need for Action. 

The lesson to be learned from these llgures is that there is no 
time to be lost. The crucial question before ua, the teachers in 
the secondary schools, is how to improve the quality of f^ohuUir- 
shij). We can easily explain the situation by saying that the 
population of the secondary schools has increased rapidly. 
Undoubtedly we have not been able to meet the situation with 
teachers adequately prepared. We may say also that, since we 
are getting a larger sampling in our high schools from society, 
the chances are that the gen(>ral level of ability lias been 
sharply lowered. We may add, moreover, that the pupils are 
no longer of the same type as were those in our high schools in 
the nineties. Many come from 'Mlrst generation homes." They 
do not even speak our language. Every school subj(*ct now lias 
unusual difilculties with the vocabulary of the subject. We 
live in days in which concentration on purely scholastic 
matters is infinitely more difficult. Throbbing life all about 
young people pulls the attention away from scholastic activi- 
ti(\s. Although all this may be true it yet remains that wis the 
class room teacli(>rs, must take prompt action lu^fore the |)ul)lic 
generally recognizes just what is happening. Confusion may 
n^snlt if society concludes that it is not getting a just return 
for its hug(> investment in secondary schof)ls. 

Even if we slif>uhl un<Iertake remedial measures now there 
is no guarantee that the changes i)ropose(l will be given 
enough (im(%— a fair chance to prove their worth. For ex- 
ami)l(s the writer knows professors of mathematics in college 
deparlments wlu) are bit1(*rly critical f)f the mastery shown by 
the product that conies to them from the high schools. They 
promptly put the blame upon general matlu^niatics, upon cor- 
related matli(»niatics, or ui)on the program of the National 
ryonimittee. The fact is that of all of the students who now 
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fjome to colleges and univorsitiea very few have studied general 
mathonuitics or correlated mathematics, and certainly the stu* 
dents could not yet have been harmed hy the program of the 
National Committee on Mathematical Requirements. These 
men have listened to the discussion of the newer things, or they 
have read about them in educational journals, and they con- 
elude that the very poor material with which they deal in 
directly due to tlicse recent proposals. Whereas the clear fact 
is that this material is almost altogether the product of "good 
old fashioned materials and methods.'' S5o fur us the writer 
knows there is only one college or university that may be con* 
eiderod an exception, and the troubles of that institution seem 
to be due to atrcopting credits in "scrambled" plane geometry. 
If high gratle iim\ in th(» university are impatient in giving the 
newer courses time to prove their worth, — a real chance, how 
patient may we expect the general public to be with our short- 
comings? 

A Program for Improvement. 

At least six measures can safely be taken to improve the 
quality of our scholarship. (1) We need to formulate a basic 
philosophy for the guidance of our work. We dare no longer 
drift on an uncharted sea. We need guiding principles to help 
us in the soli^ction o^" nuiterials, in the choice of methods, and in 
the plac(»ment of emphases. (2) We nee*l to formulate in a 
specific way the outcomes that we desire and the degnn? of 
mastery for which we strive. If we want our pupils to know a 
certain principle or a specific formula, the superintendent, the 
principal, the teacher and the pupils must all be aware of that 
objective. It is futile to expect to secure results in mathe- 
matics by the "shotgun" method. It is clear from our test 
results that the mastery of any task, unlesr^j so simple that it 
needs no formal instruction, is not a by product. We must 
strive for it definitely. (8) In selecting our specific objectives 
we need to place emphasis on those elements of the curriculum 
for which a positive case can now be made by the use of one or 
mow ohjccfire studies of the use of matlumiatics. Our work 
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in curriculum l)uil(liuj; at bost will be ron^ii cnuujih. There is 
no excuse for n(»«;U»etluj; the elements that do have support on 
the basis ol* soi'ial need. A c(uirse of study based on the sum- 
mary of twenly niue objective studi(>s which have more or less 
beariuj; (»u what should be taui^'ht in junior liigh school j;rades 
will be subniitleil, (i) ^^'e need to euii)loy certain well- 
accepted princii)les from the i)syi*hol().uy of drill. Obvious- 
ly the ordinary alji(>bra is w(»aU in its api)licution of the 
psyclu)l()};y of drill, this in spite of the fact that the Held of 
educational psycholojiy seems to have made its most valuable 
contribution of r(?cent years at this point. A list of principles 
for drill purposes which the writer lias found helpful in his 
own daily class room work will presently be presented. (5) 
We need to construct our t(>achin}r materials und(>i' precisely 
controlled ami ti'sted .jonditions. Most text boohs are still be- 
ing written by persons quite removed from tlie activities of the 
pupils for whom they are Intended, published without exper- 
imental use, and sold for a number of years, until an 
avalanche of criticism compels revision. The nivisioTi results 
in chaufjes, the need for which would have been obvious had 
the text been tried out in a limited, carefully controlled man- 
ner. It is astonishing to see that some writers are only now 
discoverin}; the need for timed practice exercises in algebra, 
apparently ignorant of the fact that such materi lis growing 
out of detailed studies of children's responses have been avail- 
able for years in a few progresive books. (0) We need a basic, 
introductory course (general mathematics) in grades seven 
and eight and for certain groups in the ninth grade. 

The preceding remedial measures will now be discussed 
in some detail. 



\ tentative list of guiding principles have been proposed 
elsewhere*^ and need not be repeated here. However, the read- 



•»Seo A Ti'iitativ(» List of Objoctlvos In tho Teaching of .luninr High 
Schciol MatluMiHitlcs — With Investigations for tho DiJternilninj; of 
Tht ir Validity, (icrirgo Wahr, rubUshcr. Ann Arbor. Mii'h. 
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er should have these in niiiul as we proceed to the ru?xt step. 
II. SPECIFIC OBJECTIVES 

The next remedial measure suggested is the formulation 
of a list of specific objectives. 

Tliore was notliing indefinite about the work of the algebra 
teacher in the nineties. But there is danger that the newer 
education in spite of its many good points will drift into the 
vague, as may be seen by a study of content of the first seven 
series of books written for the junior high school. The 
material included in these books is suggested in the following 
table. 



TEXT 


SrCVENTH 




EIGHTH 




NINTH 




lat half 
year 


2nd half 
year 


Ut half 
year 


2na half 
year 


1st half 
year 


2n(i half 
year 


A. 


Aritb. 


Int. 
Geom, 


Alsebra 


Arith. 


Algebra 
and Trig. 


Plane 
Geometry 


B. 


Arith. 


Geometry 


Arith. 


Cieneral 
Math. 


Algebra 


Algebra 


C. 


Gpnpral 
.N}ath. 


General 
Math. 


CJeneral 
Math. 


Arith. 


Algebra 


Algebra 
ami Trig. 


D. 


Arith. 


Arith. 


General 
Math. 


General 
.Math. 


Algebra 


Plane 
Geometry 


K. 


Math. 


(leneral 
Math. 


Algebra 


Algebra 


Arith. 


Arith, 


F. 


Arith. 


Arith. 


Int. 
Geom. 


Cieneral 
Math. 


Ci en oral 
Math, 


CJen. Math, 
ami Trig, 


G. 


General 
Math. 


(i en oral 
Math. 


General 
Math. 


Cteneral 
Math. 


Algebra 


Plane 
Cieometry 



This table reveals an astonishing degree of variation. It 
would seem difficult for a parent to predict what large field 
of mathematics his child will be expected to study. Election 
in mathematics might mean arithmetic, geometry, algebra^ or 
general mathematics. This is even true of the last half of the 
ninth grade. Three of the books otter plane geometry, one, 
arithmetic only, one, general mathematics iiu-luding a unit of 
trigonometry, anil two otfer algebra, each including a unit of 
trigonoujetry. Is there any wonder that school executives, 
supervisors, committees working on courses of study, to say 
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nothing of the beginning teachers, are confused by the wholly 
different offerings presented? We have here evidence of dia* 
tinctly different hypotheses concerning the organization of ma- 
terials for tlieae grades. 

Not only do we need a list which will reveal the specific 
concepts we wish to develop, the special skills we desire to fix, 
the definite items of information we want to impart, the par- 
ticular attitudes we expect our pupils to have, but we need also 
to be able to give at least one reasonably good answer for our 
choice of each element. It Is a fair question for the pupil, 
parent, or tax payer to ask, "Why do you teach tliese particuUiT' 
things?'' To bring this about for his own teaching, the writer 
has recently completed a study which eventuates in a long list 
of specific objectives. For three hundred five elements he 
is able to give at least three answers to the question ^*Why 
teach this item?'* For one hundred forty-nine other items 
he is able to give at least one or more. The procedure was as 
follows : 

L The formulation of a brief list of guiding principles 

implying a philovsopliy of secondary education. 
II, The selection of specific objectives on the basis of the 
following five criteria: 

a. A summary of the elements for which some kind of a 
positive case can now be made by employing one or 
more objective studies dealing with the social use of 
mathematics. 

b. Practice as determined by an inventory of a selected 
set of courses of studies : 

!♦ For seventh and eighth grades: 

Guiler's Thesis. 
2. For nintli grade: A study by the author. 

c. The outline of topics as niwn on pages 21 to- 27 in the 
report of the National Committee on Mathematical 
Requirements. 

d» An inventoi'y of tlie contents of the lii'st seven soru's 
of mathematics texts written for the junior high 
school grades. 
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i\ The decisions of a highly Holected jury of tlvo edu- 
viXtovA esp(»oially interi^stod in the junior hi^h seliool, 
and live lead(»rs ia the teai'liiug of high Hchool 
inaThomatics. 

III. The refinement of tlie elements selected and their grade 
placement by means of an extenaive classroom trial un- 
der test and report conditions. 
Obviously there is not space here to present the exten»ive 

tables of this study,* 

III. A (HJUKSK OF STUDY IJASKD ON 
OBJECTIVE STUDIES 

The third remedial measure suggested is to examine cmij- 
f ully our social needs as we build the list of specific objectives. 
Presumably no intelligent person would nowadays construct a 
course of study without asking such questions as 

What mathematics do people; e.g., tlie grocery clerks, the 
pharmacists, foremen in shops, etc., need in common life? 
What mathematics do high school girls and boys need a« 
they go about their courses in industrial arts, mechanical 
drawing, fine arts, general science, physics, chemistry, and 
the like? 

What mathematics do girls and boys need to interpret the 
newspapers and magazines that they are supposed to read? 
What mathematics do the people need who go to college 
and study the mathematical sciences and the social 
sciences? 

But the probability is that we shall have many lists which 
will ignore completely all available studios of a scientific 
character. Already we have two extensive lists that represent 
nothing more than opinion, — their author's and the assent of 
a group of teach(»rs (as if we did not have numerous courses 
of study made in precisely this fashion though fortunately 
lacking the educational "patter''). 

♦For the complete Ust see "A Tentative Li5*t of Objoctives in the Teach- 
ing of Junior High Soliool Mnthematlca. with Invostipationn for the 
Detorminiufi: of Their VaUdity/' George Wahr, rublisher, Ann 
Arbor, Mich. 
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There are about thirty studies available which have more or 
less bearing on the selection of materials in mathematics for 
our Hocoiidary schools. Most of these have a greater significance 
for the mathemntics of the junior high school than for that of 
the sonior high school. The writer has recently summarized 
twenty nine studies grouped as follows: 

(1) Analyses of pupil activities,— one study, Chase. 

(2) Studies of the uses of Mathematics in general read- 
ing, six studies, Adams, Schorliug (-i), and Thorn- 
dike. 

(3) Studies of the social and business activities of 
adults, nine studies, Charters, Chase, Mitchell (4), 
Wilson, Wise, and Woody. 

(4) Investigations of the academic uses of mathematics 
by high school and college students in subjects other 
than mathematics ; six studies, Callaway, Rugg and 
Clark (2), The National Committee, Thorndike, and 
Williams. 

(u) Questionnaire studies, seven,— those by Jcssup and 
Coffman, Wilson, Camerer, Moore (3), and Woody. 
We may now ask the question "What mathematics would we 
teach if we taught only those elements for which some kind of 
a positive case can be made?'' 

In the following table these items are listed, together with 
names in parentheses which indicate the references where 
possibly the strongest evidence may be found : 

A Courfto of Stud}/ lianed on Objective Studies. 
1. IIlRh skill In tho al)lllty to estimate answers for checklnir result! 
BOCTired by automatic mechanical devices In the business world. 
(Woody) 

5. Bt^adlnt; larpe numbers, probably to billions. (Adams) 
Knowledjri' of common units of foreljjn money— the English pound, 
the French franc, and the like. (Adams) 

4, FamlliarUy wltli a large vni-lety of deuomlnate numbers. (Adams, 
ScborlliiK. WiUlnms. Woody) v-auauio, 

6. Xi'amlliarlty with " long list of units of measure, probaldy more 
extensive i>ven than found in our school texts. (Adams, Schorllng) 

B. The rational use of slguiflcant figures. (Nat. Com.*) 

•Kereafter Nat. Com. will refer to the National Committee on Mathe- 
mAtical Ilequirtimcntii. 
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7. Nmnorlcnl computntlon with npproxlmnto data. (Nnt Com.) 

8. The mennintf and use of the elementary eoucopts of 8taUatic0« 
(Nut. Com.) 

9. Compulntloii with short-cut methodx. (Nnt, Com.) 

10. Tnkliiff .Hqimro mot nf Hrltlum»tl(' mimliiM'.«<. (ThorndlluO 

11. fml(M'.<tuiuIln!: tin- wsv nf iiuHliMnl.-al dovhos-^wtdixhluiu', mons- 
urin;:. (•ompntln^r, and tlu> like. (WoimI.v) 

12. 81vlll in tlu* r.^tonsivo u.'^p of tnldes — bonds, l^t^»^^'<^ P'Tcentage 
scdullon. screen, diseount, printers, and ihe llk(», (Woody) 

13. Fand'larlty with tlie uielrle sysnm. (Nat. Ctuu. Sehorllng, 
Wocirty ) 

14. Graphical roprmMitatlon of statistical data: (Nnt. Cmw,) 

(a) Unr, lint*, and circle graphs to reproent ratio nnd dependence. 
(Nat. Com.) 

(b) Uendlnff ;<raphs showing relnibui of one variable to another. 
(Thorndlke) 

(c) C'rltlca! faculty in reudUitr and In evnlnatluff grnphs. (Thorn- 
dike) 

(d) IMesfntatlon of laws by mathiuoatical uraphs. (Nat. Com., 
Thorndlke) 

16. The readlnjr of ffeometrlo figures by mpaus of lotters desimatinc 
points. (GaUawuy) 

10. Kand.Iarlty with nnnuM-ons peonictrir terms, a list probablv far 
more extrnfllve than found In the mensuration of arithmetic. *(Gnl- 
laway. SchorlInK) 

17. Understaadln^r of nn extonslve list of treometrlc ronreptJ*. most of 
Which can probably be tan^ht to children by simple intuitive and 
e.tperUncnlHl mcth(xls. (Schorllnu) 

l.S. The us(» of simple ueomctrlc constructions : (Oallaway ) 

(a) Drawing a line srjruicut of a trivcn Icairth. 

(b) Drawbiff a line parallel to a «l\*en line. 

(e) Prawiuff a line pcrp-udlcnlar to a driven line. 

(d) Drawing a circle or an arc of a circle havlnjc Klven the center 
and the radius. 

19. Command of the fundamentals when applied to Intpffers: 

(a) For addition the followbijr su^jrestious seem important: 

1. Addends of four dlKita. (Charters) 

2. Sl.v addends nnd not more than Hvo places. (Woody) 

3. Five addends with five dii^lts. (Moore) 

(b) For .subtra<'tlou not more than four places in the minuend. 
(Woody) 

(c) For multiplication we find: 

1. The multiplicand five digits, and the multiplier four digits. 
(Moore) 

2. The multiplicand twelve or lo.<is with multiplier three 
places or less. (Charters, Woody) 

(d) Divlalon : 

1. The dividend five diglta, and the divisor four digits. 
(Moore) 
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2. ThfiH* place numlKn's in tUvitlenU are most coiniiion. 
(Woody) 

20. Hiah skill in aiiplying tho fnndamontnls to common fractions with 
(lonnniiimtors. 2. 3. 4. 5, il S, 10, 12. 16. 32. This list, brivt as it is, 
nMows f(ir a "s^iffty factor'*— tt !a cnnsiilerably longer than the one 
s\i;:5:oPt»'d by Tborndike and much more extensive than that of the 
Nntlnual Cunnnlttcc on Miitheiuatlcal lltMiuircnients. (Schorlln^, 
Wllsim. Wise) 

21. To ^ruide us in applying ftmdamentals to mixed niimhers the tol» 
lowing are sij^nlflcant: 

(a) Mixed dicinial by mixed decimal (16 cases). (Williams) 
{[)) Multlplylnu two frnctlnns. ((iallaway) 

(c) Multiplk»atiim hy a fractional, Integral, or mixed number of 
dozens. (Mitchell) 

(d) Inreffer by decimal. (Williams) 

(e) MiXi'd decimal divided by mixed decimal. (Williams) 

(f) Addition of any number of twcirthn to lntej;erfl and mixed 
numbers. (Mit.licll) 

(ff) Reducing mixed numbers to in proper fractions. ((Hallaway) 

(h) Almost any decimal up to four places. (Williams) 

(i) Oomla frc»iiiently marked In (decimal system. (Woody) 

(J) Multiplying five digit number with three decimal places by 
five digit number with two decimal places. (Williams) 

22. Ability to u.-u* simple business forms: family esixmse accounts, 
(•he(•k^^. ^)ill». notes, deposit slip. (Camerer, Mdore) 

23. Kno\vle(:>\. ■ tlic use of discount, Interest, opening bank account, 
ete. (Cnmcr •. Moore) 

24. Knowledire saving and loaning money. m(>rtgages, building and 
loan, iihuy^i iuvounts. thrift boi.ils a:ul real estate Investments, 
tuxes. a:id levit ( Wllso*' ' 

25. Ac<iuaintance with Insura* e, taxation, and thrift. (Jessup and 
Cuffmau) 

26. Al)iiity to interpret i>ereentaA:5 In a great variety of ways. (Adams) 

27. Ability to find per cent of a given number. (Williams) 

28. Ability to interpret ratio in a great variety of ways. (Adams, Nat 

Com. ) 

29. Ability to use proportion. (Nat. (^om., VTilliams) 

30. Ability to use the simple macblnery of algebra: 

(a) Use axioms. (Nat. Com., Thordlke) 

(b) Kead symbols. 

(e) Know the nieiinlu^' v»f the omission of the times siixii. 

(d) Know the meaning of the omission of one as a coefficient 

(e) "Lotting — = the number of — (Thorndike) 

31. Ability to translate a verbal statement. Into symbolic. (Gallaway) 
:V2. Ability to deal with a wangle pKrenthesls. (Thonuliko) 
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83. Ability to deal with a simple fractional exponent and transforma- 
tion of the type <!a = aV3. (Thorndlke) 

34. Knowledge of positive integral exponents, (Thorndike) 

35. The ability to interpret negative r .mbers. (Nat. Com., Thorndike) 
36« The evaluation of simple algebraic expressions. (Nat. Com.» Rugg 

and Clark) 

87. The ability to apply fundamentals to simple algebraic tt'rmf^. as for 
example, multiplication of two binomials. (Rnjrg and Clark) 

38. The ability to apply fundamentals to simple fractious. (Rugg and 
Clark) 

ao. The ability to dear a proportion of fractions — irnmt skill in the use 
of the proportion form of (M]uatlon. (Thorndike)* 

40. The ability to form correct proportions. (Rugg and Clark, Thorn- 
dike) 

41. The ability to do the simplest cases of factoring, (Rugg and Clark* 
Thorndike) 

42. Understanding of the linear function. Y r= mx + b. (Nat. Com.) 

43. Ability to use iviuatlons of the tlrst degree and one unknown. 
(Rupg and Clark) 

44. Ability to use sf nuiltaneous linear e<iuations in two unV .owns. 
(Nat. Com.» Williams) 

45. Ability to use frnutioual etiuations. (William?) 

46. The ability to use quadrutic ajuations in one unknown. (Nat. 
Com.) 

47. The ability to obtain L. C. M. by inspection In the case of a frac- 
t\n\u\\ LMiuation with simple nunieiical (ItMunniiiators. (Uugg and 
Clark) 

48. Ability in the use of the formula: 
(n) Abilily to nvul simple fttrnnilns. 

(b) Ability ti^ solve simple fornmlns. 

(c) Ability to evaliuite siiui)!e forninlas. 

(d) Ability to construct >iniple fcn'niuhis. 

(e) Ability to elmn;:e the subject of a formula. 

(f) Ability to substitnto in a formula. (N:it. Com., Tiiorndike) 

49. Suuie skill in the solution of verbal prohlcnn. Those dealing with: 

(a) Pro^ifirtion. such as niixtun».s. (Thorndike) 

(b) Ruyin.i: nnd selling Koods. (Wilson) 
(e) Labor nnd wa?:es. (Wilson) 

(d) Interest. (Wilson) 

(e) UiMit. (Wilson) 

( f ) Insurance. ( Wilson) 



•CfMitrncHcts other evidonee but the writer is convinced that Thorndike 
i.s correct. 



so 
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(jj) MeasiuvnuMit of capacity. (Wilson) 

(h) Ksrimatcs of Imlhlln;: iiiatovlals. (Wilson) 

TiO. Ability to use lojcaritl uai in coniinitatloii. (Nat. Com.) 

51. Aiaiity to iisi» siac. < tie. ami taimi»nt in tlie solution of simple 
rn.iacius of the right triiia^le. (Nat. Cora., Hugg and Clark) 

Thr Inmleqmtcy - ' 'ny Hinglv Ohjvvtivc Study. 

It oufrht to W uniKHvsaarv to point out that any one of the 
sO'calltHl 8cii»nt;tic stndie.^ now available cannot serve as the 
l)asia for the selection of subject matter. Hut it is not in- 
frequent that nnich publicity is jjjiven to a »iu^\o study hold- 
inj; out the liope that onr curriculum problems are being 
s(jlved by it alone. In the summer of VJ'2i the newspapers 
of onr Nation s capitol, at the time of a jireat teachers' con- 
vention. fi:ave much publicity to one of tlu* so called scientific 
studies in a way that was i>robably very dec(»ptive to the public. 

Let us examine two studies to illustrate this inadequacy. 
Consider first the most recent study by Adams in which he 
tried to discover the mathematical uses in general reading. 
He finds very little trace of ali^ebra, ijeometry, or trif^onometry. 

In discussiufT the last item IJobbitt* concludes that therefore 
it is unwise to teach the simple materials of {geometry and 
al}j:ebra in the junior hi^Mi school years as is adv<icated by 
certain leaders. How mucli W(»ij:lit should be jriven to this 
a<lvice is sui^i^ested in the iu»xt study. 

The Frequency of Mathernntical Tcrnu% Espeeially Geometric 
Tcnnii i) Rradintf .]faterials. 

All mathematical terms appearing on certain pages of some 
magazinest were tabulated. The following table indicates the 
items in order of frenuency. The figure following each item 
shows the number of times the term was found. A word was 
tabulated only when used in a geometric sense. 

♦Sro EIcnuMitary School Journal. October 1024. 

tTho nniKaxincs wnv (1) Popular Mechanics ovory Issue appearing In 
1021. cxi'i'pt tin* Soi'tt'Uilicr niunbcr: (2) INipnlar Sciiuuv <'voi*y l>isue 
appearing in 1021 except the tVhnmry, October, and November Issues. 



Improving the Quality of Scholarship 



81 



end 


507 


contact 


24 


point of contact 


6 


Inngth 


285 


Kerltis 


22 


sector 


C 


Bide 


245 


extend 


20 


deflection 


5 


center 


203 


capacity 


20 


division 


5 


lines 


201 


triangle 


20 


extension 


fi 


surfaces 


185 


radius 


ly 


graduation 


5 


position 


181 


span 


Vd 


inverted 


5 


point 


1G6 


opposite Bide 


VJ 


Inclination 


"i 


cylinders 


149 


shaft 


18 


leg 


5 


space 


130 


located 


18 


perpendicular 


T) 


diameter 


128 


straight 


16 


polygon 




base 


116 


semi-circle 


15 


quadrant 


5 


edge 


113 


tapered 


15 


rectangular 


5 


sections 


112 


range 


L5 


analysis 


4 


angle 


109 


location 


14 


axis 


4 


width 


105 


degrees 


14 


curvature 


4 


heights 


103 


solid 


14 


cub'cal 




square 


101 


segments 




perspective 


4 


measures 


91 


succession 


14 


in'ojfctlnp: 


4 


distance 


90 


directed 


13 


rectangles 


4 


plane 


80 


laterally 


v.] 


reflecting 


4 


vertical 


74 


lomritude 


13 


semicircular 


4 


thickness 


73 


altitude 


12 


variation 


4 


ratio 


62 


centrifugal 


12 


vertically 


4 


proportion 


62 


Interior 


12 


;uljacent 


J 


revolved 


57 


cylindrical 


11 


apex 


A 


depth 


56 


pitch 


11 


approximate 


.\ 


project 


54 


volume 


11 


coincide 


3 


horizontal 


49 


cycles 


10 


coincdent 


3 


curved 


46 


grade 


JO 


constant 


3 


level 


44 


ring 


JO 


integral 


•t 
ij 


facefi 


43 


triangular 


10 


conclusions 


3 


circular 


41 


olinement 


9 


concave 


3 


area 


40 


alternating 


9 


concentric 


3 


opposite 


38 


angular 


9 


eqni-dlptant 


3 


central 


38 


equivalent 


9 


longitudinally 


3 


similar 


36 


focus 


9 


longitudinal 


3 


parallel 




latitude 


9 


mile 


3 


circle 


35 


pyramid 


D 


multiple 


3 


direction 


35 


linear 


S 


v^prally 


3 


arcs 


32 


oi)po5lte end 


S 


terminates 


o 

I* 


divided 


32 


rotating 


— s 


angle of Inclination 


o 


equal 


31 


slope 


8 


coordlmites 


o 


circumference 


31 


con'cal 


1 


cross section 


2 


cone 


30 


elevating 


7 


caliber 


2 


Inclined 


29 


forms 


7 


diagonally 




alternate 


28 


convex 


6 


differences 


2 


dimensions 


28 


deviation 


6 


directional 


2 


rotates 


27 


flevate 


6 


diagonal 


2 


corresponding 


27 


feet 


6 


definitions 


2 


scale 


27 


hexagonal 


6 


elliptic 


2 


arms 


2»t 


Incline 


6 


ellipses 


2 


right angle 


20 


intervals 




encircle 


2 


pivot 


26 


middle 


6 


equal parts 


2 
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extremity 


2 acute angle 


I logarithmic 


graduate 


2 breadth 


l lengthening 


graph 


2 cubic foot 


1 magnitude 


hemispheres 


? coiu'entratlon 


1 mid-way 


hypothesis 


*^ cyclnidal 


1 mid-position 


Internally 


*^ corresponding sides 


1 oblique 


Intersection 


2 couvL»r|jCod 


1 octatron 


limits 


2 compass 


1 opposite directions 


long 


chord 


1 prisms 


maximum 


*^ clockwise 


1 proposition 


mininium 


2 cylhid'.M- 


1 parallelism 


meter 


2 dep^ 'u 3 on 


1 pentagon 


mid-point 


2 d'asram 


1 perimeter 


polar 


2 disproportionate 


1 pi 


projection 


2 eipiilateral 


1 plotted 


reverse side 


2 triangle 


1 radiation 


result 


2 eloiijiated 


1 reflection 


ring of surface 


2 erected 


1 refle(»tive 


rotation 


2 t»(iiuitorial 


1 rotatable 


spherical 


2 elevation 


1 square root 


spindle 


2 exterior 


1 sej:nient of a circle 


successive 


2 external 


1 sequence 


slanted 


2 elliiJticnl 


1 straight side 


segnictital 


2 fntuidation 


1 terminals 


square inch 


2 pHimetry 


1 transversally 


taut 


2 hemispherical 


1 trajectory 


transversal 


2 hypdtox.tise 


1 traversing 


unit of measure 


2 heptatrnii 


1 tanjrent 


vertical 


?. hexa;:nn 


1 traversal 


position 


2 involute 


1 triangulatlon 


wide 


2 identical 


1 T-sqnare 


anti-clockw'so 


1 infinity 


1 une(iiial 


ax'al 


1 intersect 


1 whole 


approximation 


1 isost'eles triangle 


1 zero 


allitudiiious 


1 lengthwise 


1 zone 



Conrlmions: 

1. It la important to note the larjier number of goomotric 
terms. In all there are 211 t(>rms {leonietric in nature. This 
statement is of great inipcn'tance in the light of Adams* investi- 
gation. In his study of the use of mathematics in general 
reading, Adams inelmled only newspapers of tlie pop\ilar kind. 
Our study suggests that if you vary the material, keeping 
W(»ll within tlie range of what a considerable number of high 
school fieople read, a large number of geometric terms will be 
obtained. 

'2. The material in the preceding table probably has consid- 
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erable stability. Wlu approximately throe-tlfths of tlie mini- 
ber of pages had been tabulated, the twenty highest items were 



TuK Twenty Uighest Items When Aiu'uoximatei.y 3/5 of the 
Material is Tauvlati:!) 



End 


ai)0 


Center 


Sk\ 


Width 


nr. 


Planietor 


63 


Ijength 


150 


Surface 


S{\ 


distance 


40 




(i3 


SUIe 


137 


Point 


85 


Square 


4{) 


Si»('tion 


00 


Position 


111 




73 


An^le 
Thu'kness 


4(i 


(\vUniler 


57 


Lines 


90 


Base 


GS 


43 


Space 


50 



ranked in order, as is shown in Table A. When. all the material 
had been tabulated, the twenty highest items were again 
ranked, as is showni in Table B. It will be observed that only 
one item (thickness) is rv?placed by a new item (measures) 
when all the material is read. 

TABLE B 



The Twenty Highest Items When All Matkuial is C'oNsuH-:ui:n 



Kiui 


')[)7 








PJS 


\N hith 


11)5 


LeuRlh 


2S.-) 


Position 


179 


Base 


116 


HeiRht 


103 


Sidi* 


•J4o 


Point 


166 


Kiigo 


113 


Square 


UO 


( Vntcr 


L>o:i 


Cylinder 


14i) 


Section 


112 


Measure* 


\n 


Line 




Dinnunor 




An^lo 


109 


l)i-<t;\niv 


no 



It should not be inferred that the material constituted 
a random sampling of the material of this type that young 
people read. In fact, the terms "zero," **is()seeh^s triangles/' 
and "perimeter" all were found on the very last page read. 
No thoughtful person can observe the familiar tenns appearing 
only once in o\ir table without recognizing that the study needs 
to be extended before it is of much use as a guide. This 
fact does not reduce the importance of this study to zero. 
It is entirely adequate to show the limitation of Adams' selec- 
tion of material. Moreover, it suggests the faUncy of liobbitt's 
conclusion in the discussion of the study by Adams implying 
that high school pupils in their reading do not need to know 
geometric concepts.* 

♦Klcuieniary School Journal. Oi t<iber 1024. 
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>'cxt, let us examine what is probably the best known of 
tho studirs, namely Wilson's collection of problems. Wilson 
assi iies that he has a random sampling. He found not a 
single trace of stocks or bonds. At the time that he made 
this study, accordinj; to governnietit reports there were over 
4.400,000 stocUIiolders of corporations. It has not been pos- 
sihh» to rind an estimate of the number of bond holders, but 
it must have been very great, for municipal bonds, township 
pike bonds, and the like, had been in common use long before 
Wilsmfs study was nuule. There is here then, clear evidence 
that he did not have a complete picture of mathematical needs, 
but for the sake of arg\iment let us make the false assump- 
tion that people did not in common life possess stocks and 
bonds at the time he collected his problems. Before Wilson 
aualy:<ed his problems and printed his conclusions the Govern- 
ment was making a nation-wide diive to get all people to in- 
vest in Liberty Bonds. MatheniBtics must not only meet 
present needs, but it must teach those fundamental principles 
that Nvill make it pos,Hible to anticipate future needs. 

A third factor is one suggested by Thorndike. The question, 
"What uses do people make of mathcmaties?'* is not the (»nly 
issue. It is perhaps even more important to inquire: "What 
use could they make with great economy and profit?'' 

From these illustrations it is (pate clear no simrle study 
can serve as a sole basis for choice <»f materials. Nevertheless 
the writer believes that the preceding summary of all the 
objective studies now available consMtute a very valuable side 
light on our problem and which we liare not neglect if we wish 
to proceed intelligently in the choice of materials of instruc- 
tion. 

IV. TIIK rsY(MH)LO(iY OF DltlLL IX MATIIF.M ATU\S 

The National Committee on Slatheraatical Kequiremenls 
with the assistance of nearly a hundred mathematical organ- 
izatitnia undertook a national eampjMgn to decrease the amount 
of manipulation of symbols and to increase the amount of 
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purposeful work with verbal problem materials. This program 
with few exceptions met with hearty approval in scores of 
mathematics meetinjjs. In fact it is difllcult to tind anyone 
who does not approve uf the Committee's effort in theory,— 
but ppnctiro is another matter, ilauy teachers traditionally 
tnilned aiid accustomed for many years to teaching' coursi>s in- 
volvin-,' probably eij^hty per cent of nu>anin},'less mauipnlatiou 
miss the complicated factoring problems, the "apartnu>nt 
hou.se" fractions, and the "nestH" of pareiitiu'ses, as wi-ll as 
other old friends. They beg for more drill materials when 
they undertake to carry out the program siiggesteii by the 
National Committee. We do not need more drill materials of 
the traditional type but more drill of the right kind. The data 
presented in an earlier section constitute clear evidence that 
what we have in the traditional courses does not function to 
any considerable extent, and it is not likely that we could got 
appreciable increase of skill by increasing the amount of drill. 
A physician having given an overdose of the wrong uuHlicine 
would probably not decide to increase the amount. 

While our traditional texts have placed much omphasia 
upon drill they have not to any considerable extent used the 
available guides for making drill materials effivtivc. I'erhaps 
the roason is that the accepted principles are nowhere listed 
in fonvcnieut form for the class room teacher. The busy 
teacher in reading his psychology is wearied by the necessity 
of going over sacks full of chaff which contain only a few 
handfuls of grain. The writer finds in the followin-'list the 
principles which have been of i)ractical help to him iu the or- 
ganization and administration of drill materials. 

1. Drill to be effective must be individual. 

\NV must stop drilling the few at the expense of the many 
and permit pupils to progress according to their varying 
skill - and abilities. In ordinary practice we still teach a 
grL of children as if all were at one level,— as a class. The 
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furt of CDurso is that \ve ai'e ilailinj^ with 25, 30 or 35 Individ* 
Kul^i. We wouUl not poriuit u dentist, a physician or u Burj;(H>n 
to ihuil with chililron in inuss fashion. Wo know the mental 
diflVi'enct»s to he very great and to represent very different 
m*eds. Because of our necessity we hear much about the 
Dalton plan or some modillcation of it. We seem to have two 
groups, the llrst wlio cling foiully to the unmodilled traditional 
grouj) procedures. It is said that in such chisses there are 
many failures or that many pupils .^re passed on to the next 
course with very low mastery. This in<lictment seems plau- 
sible for the teacher does not really know what is happening 
when he makes no analysis of his work and desils only with 
surface matters. In the other extreme there is a small group 
who advocate abandoning all recitations and making every 
I)art of instruction individual in character. Possibly there is 
truth in both contentions. One might argue that concepts, 
meanings, and attitudes can best be achieved with the mo- 
mentum of a sociali/AHl or group recitation, but that the skills 
are In^st ta\ight on an imlividmil basis. Colvin estimated that 
the American secondary school wastes about one-half of its 
time. Is not this waste largely due to the senseless effort 
to hx the skills by group recitations? 

•J. In f/cnrrul there should he tnuvh practice for a feio Mkills 
rathfr than a little drill an each of many thiufjs. 
TIte objective evidence on the mastery of our pupils implies 
a need for decreasing the number of things to be expected of 
chihlren. Can the teacher of physics honestly claim to teach 
all the elements that are designated important in our scImoI 
texts? Many of the text books in the social studies are 
writtiMi at a deail level and to most teachers one item is as 
important as the next one. In arithmetic we spend much time 
in adding, subtracting, multiplying, and dividing the uncom- 
mon fractiims to the neglect of those fractions .vhich do occur 
frequently. It would be wh^^lo^^ome if high school teachers 
were to strive to teach fewer things but to teach them better. 
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3. A drill exercise muat he specific. 

It is oommou i)ractico for teachers day after day to place 
miscellaneous exercises before the pupils. The teacher docs 
not know which i)upils need the drill nor does he know what 
jiarticular bonds are strengthened by such exercises. If we 
wish pupils to learn how to i)lace a decimal point, then it is 
possible for us to organize a stories of problems in which the 
one element to be learned is placinj^ the decimal point cor- 
rectly. If we desire to give our pupils greater skill in learn- 
ing to add halves, (juarters, and eighths, then it is possible 
for us to set up a training series in which every i)upil and the 
teacher will know that this is the specific thing to be prac- 
ticed and siniihirly for every other bond that needs to be formed 
in nmthematics. There is of course no implication here that 
we do not need miscellaneous lessons for recall and test 
purposes. 

4. .1 drill cxcrciAc mu.^t provide a scoring technique so that 
thr pupil maj/ iratrh his dnily growth. 

One of life's greatest challenges, or int(»rests, is jrhirrcmcnt. 
(Jolf and tiMinis wox Id for most of \is be very stupid ganu»s if 
We had to play them without keei)iiig scores. Teachers have 
always emphasized, perhaps too much, the idt^a of competition. 
W(» try to make each pupil excel others in the same group. 
For many pupils heredity and experience have nia<lo it ini- 
possibh* to do niueh in the way of exceeding others in the 
gHMip. Hnt every p\ipil in a class room can excel bis previous 
r(M»()i-tl iind tliis is proi)jil)ly as good a learning challenge as 
exists in a class nioni. It is to be hoped that this neglected 
means of iuotivati<ni will be more largely ulilized in tliC future, 
il. .1 drill f\rrrri.^r Mh(nild br stdndardizcd. 

T1h» pupil slmuld linv(» at least a rough notion of the task. 
It is lielt)rul lo the pu})il to know what percentage of the pupils 
of his age or grade suceecd in doing the tasks :n' at what 
l(»v(»l the wcu'k is in bi» done. .Moreover the t(»a(*hcr nt^eds this 
information for grade plac(»ment of exoreises. It is ini»ffieient 
for the seventh grade teacher to teach materials as if the 
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sixtli grade toachor had never touched it. Supervisors insist 
that at timen one can not tell by the material or method 
whotlier a dans is a sixth grade, seventh jjrade, or an eijjhth 
grade. A city system should be able to state that it expects 
the excidlent ])upils in tl) sixth grade to be able to do a par- 
ticular task at this level of difficulty. Q'he implication is that 
the series of tasks shall be carefully chosen and shall have 
been given under ])recise conditions to many pupils, — in brief, 
it should he standardized. 

6. Drill material x^hould he so constructed as to make possible 
the diagnosis of individual diHabilities. 
Each pupil must have the opportunity to concentrate upon 
those processes which present peculiar difficulty to him. 
Tliere is little drill material now available which enables 
teachers to do diagnostic work in any practical helpful way. 
The crux of the whole matter is the present machinery of 
tost materials. Whether we continue to teach classes or go 
entirely to some individual basis we obviously need test mate- 
rials that are more easily administered. The preparation of 
most teachers makes a simple organization imperative. It 
is believed that it is practical and feasible to construct a series 
of timed tests for a single grade with a single time unit (or 
multiple time units to be explained presently) for all drill 
units, l^robably the optimum time for complete, concentrated 
work is close to three or four minutes in the seventh and 
eighth grades, and may be as much as eight or ten minutes for 
th(» more mature pupils in the algebra of the ninth year. 
Certainly the time for concentrated drill in the seventh and 
eif^bth grade arithmetic is not as long as 20 minutes, a figure 
supgesttul by a prominent ])sychologist. liy this device once 
the testing begins all pupils take the test on the first unit 
of instruction. The ])U])ils succeeding on the first trial pro- 
ceed to the next test on tlio following day. By Thanksgiving 
time it is conceivable that JIary Brown may be working on the 
seventeenth test and John Doe on the second. All that the 
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tcju'luM' (Iocs is to start the whole yroup on a timud tost and 
to sio[) th(»ni cit the i»ml of the piu'iod. 

It* a |)ui)il faiks to pass a pai'linilar test oii a partlcuhir 
uuit uT work in a reasoinil)U» nnnib(»r of trials, it is obvious 
llial he luHuls speeuil attiMitioii. If he nnikes normal progress, 
as for example passinji; a ti-sl after a lialf-d(r/i*n trials at home 
ami three or four oflleial trials nmler the teaeluu'\s timing', ho 
may he allowed to pi ee(Hl without wastinii: anv of the 
teaeh(»r's time or (Miergy. This nuu'hinery is further improved 
by test booklets in j)laee of the cominonly used eai'ds. Tiulor 
the eai'd system teaeliers start enthusiasih'.\lly in the fall to 
nnuiipulato the practice cards and to keep the eomi)lex records 
but soon lose out in the nuiss of routine and thereafter con- 
fusion r(M{;n8, A test booklet with all record forms ami norms 
under one cover to be kept on the teacher's desk, one for each 
pupil, or, better still, in the hands of the pupil, seems to 
promise {greater efllciency, 

7, In the early atagc t in the fixing of a bond, progress should 
be relatively deliberate. 

In the early steps we should teach for power rather than 
skill. Another way of saying tliis is that the pupil should be 
provided with rich exj)erience or nunieroua and Yivi<l illustra- 
tions before much drill is administered. This ia probably one 
of the principles in the psychology of drill most neglected in 
the teaching of mathematics. Algebra has often been severely 
criticized as placing extreme eni|)hayis upon the manipulations 
of symbolism which have little meaning to the pupil. Teachera 
of freshmen courses in the university find that pupils can 
factor and simplify complex fractions with considerable skill 
in spite of little understanding. Probably the cause of this 
unfortunate condition is that high school teachera drill on 
processes lK»fore children understand. We attempt to ctit 
across lots in learning when the road to clear coniepts may 
be rough and circuitous. Tho teacher having been over the 
road often assumes that what is dear in his mind is easy to 
grasp by the pupil, lie leaves *'gaps" in the learning process 
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when ho shouhl const met intervening steps by richer pupil 
experience. The aevelopment of the newer courses for the 
seventh and eij^hth j;railes in which a wider use is made of 
sense experience us a basis for the ideas of the algebra of the 
ninth year represents an effort to apply this important 
principle. 

8. Drill should he organized so as to prevent the use of 
'-crutches/' 

The writer has observed one of the most brilliant teachers 
in the research field of mathematics take time day after day 
in his university ci-^.sses to solve quadratic equations by 
*Toniph»tinf: the stiuare.^' When asked why he stopped his 
deveh)pment fij,Min and a^ain to take this roundabout method, 
he replied that he had never received drill in the use of the 
formula method during his high school days. He knew the 
formula method well enough but to use his words, "'It wasn't 
handy'' for him. A few sumnu^rs ago the writer in tlie midst 
of a demonstration le.^son at TeacherH' College discovered a 
bnv who could not' pass the multiplication test with ele- 
ments similar to the following: 465 

87 



In taking this test the pupil said, 

-7 X 5. - 5 X 7 is :\ry, 7 X *1— fl X 7 is 42, 7 x 4 — 4 x 7 is J8, etc." 
In the intermediate grades he had learned to *'twirl the stick'' 
so as to grasp it by the easier en<l. The result was that it 
took him longer to do a multiplicatif)n problem than most 
boys of his mental age and grade. This same boy had a second 
cruti'h. — ([uite common, nanu^ly. to write at the side, the figure 
which is to be carrie<l in the next step. In long problems he 
had many figures written at the side and frequently chose 
from this group the wrong tigure to be carried. The thought- 
ful teacher of matlieniatii's will be constantly on his guard 
not to establish mental connections thnt will interfere with 
later progn»ss. 
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U. Sot alt hondu should bv yiven practice until hif/h i<kill 
is obtained, 

IVrhapH this principal should he stated as a corollary of 
The i)remliiit:. A j^ood illustration is to be found in the 
method of tiwhin}? the solution of the quadratic equation. 
The instructor fre(]uently uses four methods — the fjraphic, 
factorin^^ completing the sijuarc, and the formula, If a 
teach(»r has twenty ho\u\s for practice, how should he distrib* 
ute his time? Wouhl it be wise to t:ive five hours practice 
on eacli methoil? Would it be wise to drill until the pui)ils 
hav(» skill in the use of each method? Test results suggest 
that what hap])ens under these conditions is that pupils 
achiev(» nuist(»ry of none. If pujiils are to use the formula 
nu'thoil. it will be wise to give just enough experience with 
the (»ther methods for understandiui: and to place the enii)hasis 
for high skill on the formuhi method. Teaching a process by 
two methods does not imply that pu])ils will have higher skill 
in dcnling with that process. 

10. The ijoal of a drill varrcisc miu'it hr a reasonable one. 
This principle seems to d(*mand a ecunplote reorganization 
of our didll materials for the matheinatii's of the seeonilary 
school. It will be ailmitted that everything else being equal 
an excrcisi* be(M)mes more inttM-estinj; when a sjiecitic goal is 
set brlun* the pupil. ''Can yon do forty problems in eight 
minutes?'' is a greater chalhMim* than **('an von do fortv 
I)r(i.jbMus?'* A goal involving spi^c^d and aci'uracy based on 
norms enrefnllv sei'ured i^* sound nuitivntu)n but the diflicultv 
lus in that our pupils iu)t so classiruul as to make it a 
fair proji'wit to (^xjuH't tlu* same j)(M't'tirmaiU'(* of all <'hil- 
drcii inicle? standardi'/.ed conditions. With the hope of solv- 
ing this lu'aciical ])roij.:Mn. tin* writ(U* in cooperation with 
otht-rs has Imhmi exprrimcMi! «ng to standardize instru(*tional 
maiei'ial on **.r. .//, and c levels." A single test follows: 
*'(ioaI JN. .1 (Completion Test 
•*Supply th(^ lUKsing t(^rms so tliat the expressions will 
jierfeet sijuare trinomials, and give the binomials of which 
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thv.Hv trinomials aro tbo squares. lu every case write the mfixx 
which aceointKiiiies the misHin|{ term. Do sure to note the nl^n 
in |)ar(>nthesis when it in given." 
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X()t(» tliat a pupil cati j)aHa this tost at the z lev(»l l)y doing 
probh^ins, or lie may persist after pasaiujj the t(»st 
a. 1(1 aclu(»v(» a y marl; or even the x jioal. It is obvious that 
the (liffcrcntiatru hoiA^a can not ho iu:\(](^ without getting the 
rooonis of wluit pupils of varyinjj abilities and at difforout 
Irvols do with tli(> particular (»xor(Mses ('on(*(M'Tu>d. lI(>tH'(\ the 
ostablislinuMit of those norms nutans an enormous amoui t of 



w(»rk, tinus and (»!H»r{r>*, but a mwssity whU-li toarhers of 
tnatliomaticN and pDsssibly thono of other Hubjiu'ts now w^ux 
to face. 

11. lUaUT practice makes perfect 

It is I common Kayinj; tliat '^prartico niakos porf(H't,'* a 
ptatcmont far from true. Many of us p[ot considerable prac- 
tice in handwritinf; but wo arc not exceptionally (»xccr..*nt 
lemncn. A bo^inninfj; golfer grasped his club with hands 
^ crossed. Xo aiuonnt ()f practice yichled threat skill under 
those conditions. The comp(»tent athletic coach knows that 
he ninst be constantly on his guard a^jainst practice which 
sets MP interferintr bonds. As (\)lvin has so aptly said, 
'*\Vrr*ng practice is worse than no practice." 

12. KrrorH should be corrected before habits become fixed. 
This principle may possibly be u corollary of the prccedinj,' 

law but it is one tliat needs to be emphasized. l*robably in 
mathematics we violate its iraplication most seriously with 
reference to written work, iMipils are given exorcises to do 
which are not keyed and hence not self-scca'ing. The busy 
teacher llnds it a physical impossibility to correct and re- 
turn the papers before the situation has grown '*cohL" Hence 
the i)upil is given an enormous amount of pnictice on in- 
correct forms and the worst of it is that the pupil does not 
know whicli response is right or which one is wrong. The 
time to i-atch an error is at the moment that it first occurs. 

13. Everything else being equal, a skill that is fixed in its 
natural settiug ibill need less repetition. 

The three important factors that determine the strength 
of a connection are (1) the enMtional setting in which it is 
formeci, (2) repetition, and (3) recency. The thoughtful 
teacher knows that he dare not found his case on repetition 
and recency alr)ne. The problems of mathematics must be 
motivated and the most effective motivatitn is to take a 
problem in its real setting or create class rov)m conditions to 
simulate the actual situation. Ft is then that le.irning s 
most enioicnt. It may need to be recalled at this point that 
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ill uur Inventory T(>«t tlio itonis which sUonvimI hijjh iiiUHtory 
an» prcois'ly thnso which rmMV(»(l practice in I ho out-of-Hchool ^ 
life of x\w pupils. There are those who my that the miUho- 
mat ICS wlii(»li repri ^uMits life's uses need he ^iven very little 
practlci* hecause pupils will later readily learn these tasks. In- 
decil, Meriani j^oes so far as to say ''The way to teach arithmetic 
is not to teach it/'* Ky that we assume that he means (1) 
we teach many useless thinjis which the student forgets and 
hence this part is a wast(» of time and (2) the arithmetic 
which the student will need in life is very simple and learned 
more en'ectivi^ly a\ the time he meets th(» problems* Tliei'e ifi 
evideiu-e to support this position. The ease with which adult 
iinniijirants who hav(> not come throuj^h our instruction in the 
schools U'ljust themselves to the soclal economic phases of 
arithmetic sujxj^ests that wv may be wastint? much time. At 
any rate, practice a skill in its miturul settia{i and fewer 
repetitions will he needed to tlx it. 

In v>sttihlishi)\(f a akill trjf to avoid the ataye of diminish 
inff rfhn/i.v. 

Th(» school has oftiui }.?iv(>n practice on material not re- 
quired by the dcunands of lift*. We have tauj^ht children to 
spell woi^ds that they !u»ver use. We arc now in a most 
stupid f<ishit>n, and on t\ tnttional scale, usin^ drill nuiterials 
in ariihmetie in the seventh and eighth j^radi* which are 
limiteil to praetiee with wlude luirnbers. While this mat(»rial 
niiiy bt* highly jirotitabb* in the earlier p'rades, it C(»rtaluly is 
senseless t(» eoiilliie seventh aTid eighth grade ehildi^en to drill 
with w hnh» nuinb(»r.^ alone wli'»n tliey ol)viously need drill with 
till* fiviiuently oceutring counnoTi frai'tions, ih'eiinals, per 
er»nts. etc. \\v are, !non-ovi>r, t(»aehing the various ])rocesses 
of aritbnietie with ])raeliei» materials which \)\\{ emjjhasis on 
speed and a^'curMcv^ bul nr» on(» really knows speed and 
the ai'fUiMcy denianiled in uses out of school, 'lo attem])t to 
drill i)up!ls licyond the desii*al)li» limils of a skill is surely 
a wasti*. \\v have eh»ar illnsir Mtions in pujuls fi*ying to learn 

*Si-f "U<'<'ru'Miii/.al li»n <>f .MMlhi'in?r i<'S in SiM'nmlury ScIuhjIs/' \)\\. li.'lT lUJl. 
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n foroiKii laiijjiiuKo wIumi tlioy liuve very little liiiKulHtIc 
ability, or In pupils with little jjift who wusto preciDUs hours In 
praetioliijj m?isU\ Wo also have a dear oxample of the f^taj^G 
of (liminishiujj returuH in the ease of the pupil who has failed 
a course in plane jzeometry several tinies. Pupils who liavo 
reaehed their limit on a sehool task should eertainly be per% 
mitted to 8ul)stit\ite soniethinjj else in its plaee. 

15. Srhool Ujo fthnuhl hr sttn/vd ho that uU tlvsirnhlv activities 
tcill haw plnisurahle outcomes and all undesirable ae* 
tivitivH tvill vvvntuatc in unplvasant results. • 

Thorndike has emphasized the eflleaey of satisfaction in* 
ORJahlishinjj a habit in his statement of the Law of KlTeet 
Certainly this is one of the jjreat laws of learnlnj;* We thid 
it exemplified in the training of animals. Habits may be Ilxed 
in an animal in one of two ways; (I) by the fjivini; of a 
reward, or (2) ')j oreatinj; an unpleasant eonditior. The 
(iireet form whieh the applieation of this principle may take 
in the elass room is tlie aasoeiation o(\'iUvcess with learninj?, 
There is no greater eliallenfje or stimnlns to learning?. The 
pupil must know at every stape of his learniuf? how weli he is 
Huceeeding. In spite of this elementary truth we have eare- 
fully kept answer hooks awiiy from our pupils in malhe- 
maties, Answers furnishetl on verbal problems where pupils 
are tempted to woi'k l)aekwar*l from the answers amy be very 
injurious l)ut psyi-holo^w points clearly to the necessity of sup- 
plyint; answers to pupils when praeticinj; materials for skill 
16, In fixing a habit a pupil must be given an attitude in 
which he becomes a studmt of his oion growth. 

An invMstijjator much inu*vstcd in spellinf? recently visited 
a certain scln)ol. He talked on spellinjj tt) the pupils at as- 
aenihly, in their home rooms, and in the recitation rooms. 
StandnnliztMl tests W(»re giviMi to pupils, pnrents, and t(Nich(M's. 
Kvery])ody was falkinjj sjudlinj? for *'si)elli!i^' was in the air.'' 
Thi^ pupils bccanu^ I'spocially intcrestiMl in tlu^r own improve- 
ment. Tb(»y mMd(» charts of ihcir ^f^o^vth. The out- 
come wa8 an astonishing amount of improvement in spelling 



ill a wvy s^diM \mi\ Tlu» (^xpluniilioii probably ru*s in tlio 
iiilcpfsi Nvliirli tli'c iiulividiiiil i)iipil tciok in bis own **^M«o\vth 
I'ui'vt*." A man may Iinvi» a liMnporary shinii) whvn lu^ijjins 
to analy;M' \\\< iiiAl' ^anu* luit lu» is tlicrrarUM' a bopi^fol playi»r, 
Th(» prim';])U' also lias a lu'ai'iiiy on l'Iu»atin^^ In a ])r(M(»(l- 
in.'; vTftinn. il N\as arinuiMl tliat ans\vi»i's siioulil b(» fornislird 
ihc pupils ill di'ill niattM'inls. Tlio im'Xpi»rii«n('(Ml tcai'licr may 
say iliai this U»ai|s lo ilishom'siy, p\i]iils will vhv\\\\ Thv fact 
is iliai pupils ilo not clM^at tlu^mseOvcs, A Ilnu oM man, tbo 
soul of lionop, in \\\v iMrly days of liis ^olf pnu'ticc \\\w\\ 
bis ball li'aW rolUul into a particularly unlavorablu pusitioii 
was obsci'vi'd to kick il slyly into u more favorable position. 
It was later notiMl tbat hi? had neji;leeted to eiMint tbe **^')ot 
stroke" ii; bis total seAri*. Could it be said that tbis |^a*and 
old niati was a liar and a cheat? Surely not, for as soon as 
be becanu* interested in tbe growth of his own ^aniu, — in bis 
daily improvement, be could be trusted lo keej) an accurate 
score. In like nnunu»r ])ui)il8 at their tusks may be ndiod 
upon to us(» answers honestly as soon as they have become 
students of their own growth, 

17. llnhitH must he formed in the psychological order. 

There undoubtedly is a host order of the elements that are 
emphasized in any drill exercise. If wo are about to teach the 
multiplication tul»les to a class, should wo teach them in this 
onh'r; 'Js, Us, 4's, o's. ()\s, 7's, etc., or in this order: 2*s, H's, 
l()*s. 4*s. H's, 0*H, etc., .)r precisely what order should w^Ktrsh? 
Tlu)rndike has emphasizi»d that the psycholof^ical ot^der of" 
teacliin^ the nuiltiplication tables is not to teach thoin at all 
as tabfrs. Accordiuf^ly, \vv need to drill on the multi|/lication 
facts without particular reference to formal arranj^ei^lent. 

In all pr<d)ability tbe reader learned^iis fac^fliiR types in - 
tlie folUiwin}: ordiw: tbe difference oX-^wo-flquares, the square 
of the sum. the sfpiarf* of the difference, next the type ^r^-t a.r+l 
ami fimilly the type ax"+hx+(\ Conv»nitional algebras 
usually tak(» up one type after anoth(»r in this order and j,ive 
much i)ractice (o .ix that particular kind of factoring ability. 
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It turuH out that the more deairable order is juat tho revorso 
orilur. If a teacher jjivos extMH'Isoa in tho multiplloatiokii of 
tNvo binomials so aa to jjive a cloar notion of thi» alfjebraio 
rxprosslon a*r2-|-?>j'4-c ^^^d thon proooods at once to factor 
this type first, all the other cases mentioned are merely **easy 
specials'* of this ftcncral case. The experimental evidence 
points definitely to the fact that the reverse order is the better 
psydiDloyically. 

It ^'ill take much time and effort lo discover which orders 
are the bettor, but the iniprovenu?nt in the teaching of math- 
ematics in the inmediate future will very likely lie at this 
point. 

18. Practice should he distributed in diminishing amounts 
and at increasing intervals. 

The importance of repetition has already been su{?tJcsted, 
The trouble has been vhat text books teach a topic once and 
for all. There is seldom adequate or wise provision for recall 
The common method is to teach a process by an enormous 
amo\mt of formal drill material presented in one "chunk," 
Occ.isionally a text will have a small review section, usually 
in the appendix where it is seldom found. The abandoned 
"cycle method" of teaching arithmetic had much of sound 
learnitij): in it. We need to come back a^aln and ajjain to a 
principle if we are to gain mastery. Experimental evidence 
also points definitely to the need of increasinj; the length of 
the intervals between successive recalls. 
lU. Thr more interesting aspects that enter into a skill should 
be taught earlij. 

We have grievously siniu^d in this matter in our ttuicliing 
of m';itlu»niatics. Competent teach(?rs are alnu)st unanimously 
testifying to the greater ititercst which pupils hiwo in the 
ne\v(M' ('C)urs(»H for graiit^s stni^u and (Mght because tlu^ include 
Hueli niattcrs as the simpiv» pi'inciplea of geometry, graphs, 
Ktittislics. trigonometry, etc., and bt»st of all these toi)ics open 
\ip a Wealth of new applications. W(» no longer m»cd to any 
to a sevcntli grade boy when he conu\s with u problem which 



98 



The FlrH Yearbook 



challonKes hini for the first time, **You will have to wait until 
the eU»vunth I'rade (four years hence) and then we will study 
your problem," - The new material that in t?oin{? into the 
seventh and el}»bth j{vadea is replacing topics which arO 
more abstract and less interesting, 

20.* The U\^H (lijjicult elements ^should he f/ivcn before the 
move diffict.lt. 

Our algebra of the ninth grade has been unnecessarily 
difficult. It deals almost wholly with the manipulation of 
8ymbolism and includes a minimum amount of material deal* 
ing with personal relations, with manipul\tion of things, w*ith 
motion, with gathering of data, and generalization, We have 
been trying by brute for^e to put the thinking of our young 
people at the very top of the ladder, of difficulty without giving 
them a chance .to climb the inlr vening steps through concrete 
experiences, We have beea trying to teach them, to jump to 
the t( p of the ladder instead of letting them climb. There is, 
moreover, great obscurity in determining what constitutes 
difficulty. For example, the early test makers discovered that 
pupils did not know the zero combinations and they concluded 
promptly that addition problems like 4+0 or multiplication 
exercises like 3X0, are difficult. There are prominent writers 
^^•ho have not yet discovered the fallacy. It is true that chil- 
dren miss these but it is because little practice is given and 
not on account of the difficulty. A class can be taught the 
correct rcspomse to 4 + 0 much more readily than the correct 
one to 7 X 0. Whon we consider the difficulty of the elements 
in algebra we are even more at sea. Nevertheless significant 
changes can now be made on the basis of this principle. There 
can bo no question but that the throe or four weeks' unit of 
trigonometry now being taught in the eighth or ninth grade 
is less difficult than tlie factoring cases which it helps to 
displace. There can be no doubt that when ])upila are p:»r- 

♦TLo apiilication of thoHo principles will proatly modify our prnctii'o 
inat^'i'ial. l-'or nn illustiation of tho tiowt^r typo soo' *'riistni('tl()iHil 
Ti'sts in AlKobvn. Adjusted for TupilH of Vnryiiip: Ahilities.'* Schor- 
ling-^Clark— Lindtdl. (ieorge Wuhi\ Tuhlisher, Ana Arbor. Mich, 
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mitled to (lUcovor expc^rlmontally that tho sum of the angles 
of a trhmi^lo !s ISO do^rooH ami thiMi ohli^aul to write (lus 
fact alirebruieally hy tho fonnulu .r-j- »y4 .:'=-180 that they 
are dc^aliiifj with material that is n^latively .simple boeause 
it Involves haudlinu things, measuring;, eoUei'tiug data in a 
tahle, drawinj,' condusions, and tvansh\tinji the eonelUslons 
ulypbraically. Tlu»si> thinkinj? ])ro(»essi>.s involve types of learn- 
ing far simpler and more eoncrete than the solntion of a (jnad- 
ratie e(jnatu)n or the simplifying of a complex fraction. Ileneo 
praetice in these matters shonld be gl\en at an early stage. 

This eonrludes the discubsion of drill. While the list may 
not be complete, it ia hoped that enough has bee i aiven to 
^illustrate to the beginning teacher and to tho teacher of the 
newer courses the priviciples of drill which need emphasis ill 
order that the work muy not become vague and indellnite. 

V. GEyEKAL MATUEMATICS 

Two opposing points of view. 

There are undoubtedly numerous educational theories. Al- 
most every secondary school man has his own speoial philoa* 
ophy, Nevertheless there are at this time two fairly well do- 
fined opposing points of view. The differences are suggested 
in the following columns: 

The Older Point of View The Newer Point of View 

1. Essoiitlnlly coihsorvative. In tin* main, progressive. 

2. 'IVat-h for RkilK Tomh for power. 

3. Ini'ludinj: nuu*h driU." Wider use of Konse experience. 

4. Apprnjifh to a new concept Approuch *Ui r. new concept 
tlironj^h the detinitlcin. tliron^h varied iUnstnitlon. 

5. TrnrliiiK' to the deductive T(»ndln:4 to t'^e inductive method. 

method. 

0. I^'onnal lanKUiiKf. T*?nvrnniro *'penred'* to Ihe level of 

children. 

7. Hclicvlnir tliat injithematics, lUdicvin;: that discipline is a 
(Jri'ck. and Latin hav(> uniiiue fnnctinn of the teac*hi'r : for 
mental disciplinary values. (»xm!: ,ile, a ctnirse in industrial 

arts widl tanjrlit hy a j^r^at per- 
sonality may have more disciplin- 
ary vahic tha.i a coarse of geom- 
etry that in poorly Uiu^ht. 



100 



The First Yearbook 



8. Strlvlnj: for completonpss in Atn^niptlnpr to show the rolatl )n- 
the (li»V(»lojmuMit of ii single ship lu'tNSTHu tUo (Uffoi'i^nt Krou^^B 
t \)[v or subject. of nmtprla.B, \ 

9. luphnsia on tbo louii-nl, Knipluisis on tho psydiologicttL 
10. ••Take it or leave It*' nttltuUo. liislstum*u on motivation, 

General mathematics has without quostion been the chief 
contril)Ution of the newer f)oint of view. 

As ia often the cas^ in educational debates it may well be 
thai the truth lies somewhere between these two extreme 
positions. It' is the writer's opinion that it is possible to set 
up a program which will enable us as teachers to use the 
valuable outcomes of each poirii of view. This profjram has 
been previously presented in the five steps under the heading 
''remedial measures.'*' There remains for us only to disouss 
the llfth remedial stop, namely the teaching of jjeneral mathe- 
matics in grades seven and eight and in the ninth grade to 
these special groups; (1) those who for one reason or another 
are likely to have difficulty with mathematics; (2) those who 
are likely to drop out before graduating from high school. 

Twenty-five years ago there were, so far as is known, 
no students studying cotirses in general mathematics. Today 
the pupiU enrolled in courses in general mathematics 
are numbered by the hundred thousands. It must there- 
fore be admitted, even by those who are still skeptical, 
that the rapid growth of general matliematics con- 
stitutes one of the striking changes of our times. 

What is general mathematics f 

Crnvrnl mathematics is an introductory, basin, exploratory 
course in which the simple and sirjnificant principles of arith^ 
mctio, alrjchra, geometry, intuitive geometry, statistics, and 
numerical trigonometry arc taught so as to emphasize their 
natural and numerous inter relations. There has been ftf)me 
confusion of trTmlnolo^y. Few pef)i)le. f(ir (\\ample. wnulfl 
\(>nture to draw a (listiiiction between general mathematics 
and eorn^lated niatheniaties. However, ihwo are expont^nts 
of the g(»ner il mathematira movement who insist that ihevo are 
at lt»ast two important diflVrenees. First, that general mathe- 
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maticfl is not a dosirablo aulmtitute for demonstrutive .geom- 
etry, and second, that the value of general nuithematiea de* 
penda upon what is correlated and how it is correlated, rather 
than upon the fact that somethln}? hiia someluw been cor- 
related. It: is arj^ued, moreover, that the movement started by 
ProfesHors Sloore and Myers put far too much emphasis upon 
C(^Jliwlati()n for the salvc of correlation. General mathematica 
has used the correlation idea, — th:* emphasis upon inter-rela- 
tions. But its chief objective has been whollij diffefent from 
that of correlated mathematics. The aim of {general mathe- 
matics is close to that exppf?ssed in the document "Cardinal 
Principles of Se(»ondary Education.'* The movement, started 
about ten years ago, represented an effort to {^et a course in the 
ninth year which would more nearly meet the needs of pupils, 
l)articularly those of low ability and poor backj^round and 
those who would leave school before {graduating. There was no 
intention to set up thrcp or four years of college preparatory 
courses. The emphasis was on the notion of a basic explo- 
ratory course. For evidence the reader mny turn to the preface 
of the earliest books .written on general mathematics.' At that 
time it was not possible to teach such a course in the seventh 
and eighth grades to any considerable extent because second- 
ary school people didn't control the seventh and eighth grades. 
With the rapid growth a\ the jnnio.' high school movement 
the opportunity to give such a )\isic course now lies in the 
ficvonth and eighth grades. 

The aims of a tjenrral course in mathematiea. 

If one glances through the literature of general mathematics 
it is not(Hl tliat tli(» f()lli)wing outcouu^s were exf)ecte(l as the 
results of organizing such courses: (1) on the side of subject 
mailer, (a) control (jf the J^iniple niul inijiortant parts of ab 
gebra aiul geonu'try, {hi an introduction to trigonometry and 
statistics probably jide(|niit<^ for common needs, (c) greater 
facility in the use of fi'actions f cnninion aiul detMUial) and 
f)f ijcrccnlage rehitiuns, (d) training in tlu* use of a tiumlxT of 
**optionaP' topics, c. g., logarithms, the slide rule and tables; 
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(2) the consldorablo roduction oT tlio numbor of first yoar 
failures; increaso in the number of i)ui)iKs tukintr a sub- 
ftenfuMit e())irs(? in \)\i\uv ij^mnnvivy with interest ami prollt; 
(1) more intelligent election of later eourses in malhematieH; 
(5) nH)n* adeijuate preparation tor the inatlienuUieal needs of 
other sclu)ol subjcrts. iutlustrial arts» household aris, phy«ies, 
ohcniistry, and the like: (tj) a beginnintj: on the piU't of the 
Student in the te('hnii|ue of in> estitJ:ation (many parts of the 
material are orpmized in laboratcjry form) ; (tS) ^M'eatcr power 
in problem solviujj throuj?h tlie use of nu)re methods of uttaek 
(correlation is used as a means and not as an end); (9) u 
clearer nut ion of the relationship of >-arioua matheniatieal 
methods without a forced correlalioa (there is no attempt to 
correlate plane j?eometry with materuil from other fields); 
(10) u better understundin}^ of alj^ebra as far as it goes (this ia 
probably well within the limits of ordinary life needs) ; (11) an 
appreciation and understanding^ of the importance of the idea 
of relationship (function concept) and; (12) greater enjoy- 
ment in the study of mathematics. 

Condition^ fuvorintf the yroicth of grnvral mathematuis. 

Among the factors requiring the extension of general mathe- 
matics courses are the following: 

(1) The population of our high schools has in the 
last quarter of a century been multiplied by more 
than ten whereas the population of our nation has not 
doubled. This increase in school population has given 
us a wider sam])ling of the general public and hence has in 
all probability lower(?d the level of ability. Certainly it has 
given \is pupils with less background to do the conventional 
Cf)nrscs successfully. The language difficulties which the 
teacher confronts in instructing the children of recent im- 
migrants.--- a problem met in many high schools, — is alone 
very great, 

(-) The dujuImt of children who shoubl take one-year 
courses in mat hematics is >-ery birg(». Tlu^re ai e cities 
of cousidernblo sizi* in Michigan in which eighty per cent of 
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tlio cliiMron Ktill drop out of Bchool before ontorin}? flonior 
hijjh school. The imithomatical nrntoriala that should bo 
emphasized aro computation and thu simple principles in al- 
gobm and {jootnctrj' which they will need in general vending, 
in the Mhops, and in the commercial pursuits. <, 

(Ji) The invest Ijration cnnducted by the National Cou^ir^ltteo 
on Mathematical Ke(iuircnient.. and reported on pa^e 4b in the 
**Reorjianization of Mnvh<nuatica in Secondary Kducatiou'* Indl* 
cateH clearly that whut the collejje man or ^voman noeda tov 
knov are precisely thosr elementary principles whioh u half 
do'^en series of jutiior hiph school text books are striving to 
teach with great emphasis. In t\\o report of the Committee 
we rend, *'It is interesting to note h »v closely the modificationa' 
suggested by this inquiry fon coUeire jieedsl correspond to the 
modifications in secondary s( hool mathematics foreshadowed 
by the study of needs of the liigh school pupil irrespuctive of 
his possible future college nttendance," and later we read, 
*'Thut they should bo in such close accord wxih the desires of 
college teachers in the fields of physical and social scienoea aa 
to entrance rev]uirements is striking." A caution may not bo 
out of place at this point. Test results, as well as common 
sense, tell us that pupilfcj forget mathematics and all other 
things very rapidly. Tf a pupil take^ a course in general 
mathematics (or algebra in the ninth grade) and no mathe- 
matic? in uU the years that intervene between thii and the time 
of collegu entrance, he must not be expected to know much 
mathernatics. Several practices now exist ty solve this prob- 
lem, (a) The competent pupils are sorted out at the begin- 
iiing of the ninth school year and given algebra in the ninth 
year to be followed later by geometry and mor? algebra, (b) 
The pupils who, after taking a year of general mathematics, 
desire to enter college are enrolled in second semester algebra 
nnd from that point or. travel the usujil route, (c) Pupils may 
take their matlK^niatics co.irscs in the later years of their '-^ 
high school worl;. Tliis puts their prej)aratjon in mathematics 
nearer to their coHego entrance. The last is but little found 
in practice becau.se mary pui)ils needing the course would be 
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loaving Kchool bofore tlioy had a chance to tuko the eourso. 

(4) The? rapid growth of the junior hijjh school movement 
has «ivuu toachois a jjroatcr opportunity to teach worth while 
courses in the seventh ami eighth grades, To be miti there 
is no reason wliy tlie same ccnirse could not be ^iyan by a 
competent, {oadior in the seventh and eighth grudi-s of the 
conventional idenicnlary sch')ol. lJut the fact is that educa- 
tors are more anxious lo initiate solid, substantial work in 
these grades unco tluy have accepted the machinery of the 
junior high school. 

(5) The lar^M» number of failures together with tho 
very low mast^ny on the part of pupils who pass the 
courses, makes it necessary that wo organise the materials in 
the form in whicl) they are most readily learned. General 
mathematics utilises a wider range of sensory experience. 
Everything else heing equal, a problem accompanied by a 
graphic picture is more easily understood and appreciated 
by a greater numhiT of pupils. Can **easy*' mathematics be 
worth while? Tiie psychologist vsays that a subject can not 
be made too easy.' Surely the teacher who* by keener insight 
into the nature of mental life succeeds in making mathematics 
clear and vivid is to be preferred to the teacher who by the 
lack of psychological insight presents the same subject matter 
in a way that makes it difHicult for pupils. There is evidence 
that a large number of pupils in our high schools do not have 
the ability neccvssary to pass the formal algebra course, — at 
any rate not witbout some preparatory course along the lines 
of general mathfUiatii's. 

(fi) (Jeneral rnatluMnati(*s facilitates motivation. Because 
th(» h)gicnl ordi^r has hi^en rt^placcd by the i)sycliological 
order, in which the pupil learns the important i)rincipl(»s 
of algebra and g'^nrtu-try along with his arithnuMic much 
rarlirr, tin* (jpj)()rtunity for ric^her ap[)lication is pr(»s(»nt 
thri)iighout the junior high school years. If a pnpil Ix^conuvs 
interested in a prf)l)leTn in another siOinol subject or in his 
out of school c\pericnr(\ he neeil not \)o re(]uired to wait three 
or four years l)ef(;re lie can understand its solution. Hince 
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tho materials are drawn from sovpral different fields, the il- 
lustrations are more varied. Ilenee tlh* general coursua aro * 
said to be more interesting for most pupils, 

ConcluHiont 

This discussion lins recognized the improv^cmcnt of the 
quality of Hrholanihii^ as the most important problem arising 
out of the last quarter of a century. Two points of view 
concerning the teaching of mathematics have been presented, 
These two positions appear to be widely separated. It haa 
been argued that each side has something of vahkt in it for 
us that we dare not neglect. In fact a program has here been 
proposed which would utilize the cliief values from each group. 
The suggestions for improvin^r the tpmlity of scholarship that 
have l)een discussed in some detail are: 

1. The form\ilation of a basic philosophy (from the newer 
education). 

2. The listing of specific objectives (from the older 
education). 

3. The placing of emphasis on objective studies in the 
clu)i('e of objectives (from the newer education). 

4. The careful use of the psychology of drill (from the 
older ed\:cation). 

5. The teaching of general mathematics in grades seven 
and eiglit and for a limited group in tho ninth school 
your whon ])upila have not had th(>se materials in grades 
.veven and eight (from the newer education). 

Why do we always need to choose between the "old'^ and 
tho ^^new"? The ohl is never dead and the new never alto- 
gether new. The leaves of a tree fall to the ground, wither 
and fade only to live more vividly in the new. Not the old or 
the new, but the old and the new. 



IMPROVEMENT OF TESTS 
IN MATHEMATICS . 

By W. D. Reeve 

INTKODUCTION 

It will be admitted that the testing movement is wholly the 
product of the hist twenty-five y(»arH. 1 fence, there is. 
a place in this Yearbook for a section of which the aim ia 
to present a brief review of the various types of tests in 
mathematics that have been iis(?d in this country during the 
past generation, to discuss the advantages and disadvantages 
of each, to point out the progress that has been made in such 
tests, and especially to recommend a better use of tests for tho 
future. Tlie discussit)n is concerned fur the most pa.t with 
tests of algebraic abilities. 

It is only within the last generation that any attempt has 
been made to bring about genuine reform in the method of 
measuring the effectiveness of instruction in secondary schools. 
The main burden of the section \. ill be to recommend a new 
type of testing program where the emphasis is placed upon a 
method of procedure in testing rather than upon any single 
teat itself. 

Prognostic Te^nta 

Testfl in mathematics may be classified under two main 
heads: namely, prognostic tests and achievement tests. 
I*rognostic tests are those which are given early in the pupil's 
career for the purpose of measuring his innate ability to do 
mathematical work. Hy their use a teacher is enabled to 
predict the probable success of a pupil in his later work. For 
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oxainplo, Trofof^sor Knp:(M's' protinostlo* tcst^ wen* (li»sl}jcti(Hl to 
nuMsuro tlu» speculh! ability of pupils to sncrei'd in sfiuiyiug 
sorondary mat hematics. 

Proi^nosfir tests were developed to meet the wood for anme 
kind of instniment to measure a pupiKs. capacity to learn 
mat-iematics, in order that he mit,dit be more intelli^reutly 
advised witli respect to his subsequent work. Since previous 
tests of this type, except those relatiuf,' to f^eometry, dealt only 
with tlie more mechanical phases of the work, mathematicians 
objected to them on the ijround that there is little in common 
between the habits of symbol manipulation, which wa.s 
emphasized by nearly- all the early tests, and the more funda- 
mental processes of reasoning which are characteristic of 
higher mathematical study. In general they maintained that 
the intensive tests in special fields like arithmetic, algebra, and 
geometry failed of their puri)ose for the reason that those 
subjects are rarely applied by themselves. It should bo 
ol'served, however, that everything depends upon what purpose 
the maker of a test int(>nds it to servo. If it is not intended 
to be i)r()gn()stic, there may be justification for such a test on 
r.ome other basis. t 

Xo one seems to have claimed that prognostic tests can bo, 
or should be, the sole basis for pnuliction. Nevertheless, 
th(*y constitute an imi)ortant step in the direction of trying to 
discover those pupils who give the most promise in the field of 
mnthematics. If such tests can be of assistance in helping us 
in our problem of discovering individual differenci\s in mathe- 
matical ability, they may become useful insi rumen ts for 
prognosis in our .schools. It should be insihted. however, that 
they must not be made the sole basis for preiliction, classifica- 
tion, or guidance, because such absolut(i d(>i>end(>nce would 
overlook other important factors. Hcsi(h»s, there is no 
protznoRtic test available to<lay whose u^e will enabh? us to 
preilwr success in mathenmtics any more* than the prophc^sy 

•A. L. Unu^TH. TosLm of Matlu'inatic.Ml AMlity mimI Tlu-ir Pmi^iioHlie 

ValU(». Tftirhf,'}'^ Colh't/c Ctnitrihutions tn Ednctiiinn, No. H9. 
tU. I). Wonil. Mt:asurenu*uts In Higher i'>liUMt inn. \V*niil Hook To., 1028. 
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of success vs'e can obtain from any good tost of abstract 
intelligence.* 

In a rocent artlclet Professor David Eugene Smith says; 
«The prognostic test at its best acliievea quickly and with 
improved results that which the schools have heretofore 
discovered after a loss of valuable time; at its worst it leads 
into a determinism thiit is more dangerous than the extreme 
form of Calvinism n-hich left each individual absolutely with- 
out hope. On the whole the tests have achieved a great and 
well-deserved success, and this success will be much more 
apparent when a new generation comes forward to correct the 
errors of the present one." 

If such tests can be made in such a way that they may 
become a reliable help in prognosis, we should all favor their 
wider use in selecting those pupils who are most likely to 
profit by advanced work in mathematics. In that case wo 
might and probably should, require mathematics only through 
the ninth year of the junior high school, offering the sub- 
sequent courses only to those who are capable of a much 
higher grade of work than is now possible. Such prognostic 
tests would then be the means of doing justice to a larger 
number of pupils who are forced to study mathematics against 
their will and in many cases without much gain, or at least 
they could be used to advantage in determining what kind of 
mathematics would be most valuable to a given pupil. If we 
had in the tenth-.vear, eleventh-year, and twelfth-year classes 
in mathematics only those pupils who liked the subject and 
were able to learn it, the joy that would come to teachpra and 
pupils alike would more than offset the loss in numbers that 
would result from the adoption of such n program. 

Achievement fcstn 

Wiiile prognostic tests arc concerned with ascertaining what 

•ScH! K. I- ThoriKliko and Others. The IXv<ho!..«- of Alwbrn. The 

Mncniillati (.'ouiimiiy. isili}. j,]). 21ii-U17. 
tD. K. Smith ••Oil Im],iovii,K Al{;,.l)ni Tosts." Trurhns CoUcye h\ror,i, 

Uart'h 1J12.?. pp. S7..s.s. ^ ' 

^'V]-'''' ^L,^'"'"'' ^'^^ I'l-oRi-uss of AIp.l.ra. Giun and Coiu- 
pauy, 102o. pp. 30-4«. 
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a pupil is able to learn, it is tlie function of ai'hievement testa 
to determine what he has learned Such tests are intended to 
measure the proj^ress which a pupil or a class is making' in a 
given topic or course. They also measure indirectly the pupil's 
innate ability, since whatever' projiress ho makes is necessariljr 
dependent upon this ability. Tlie^e tests, however, are so 
affected by classroom influences that they cannot be accepted 
as reliable instruments for tlie accurate measurement of 
capacity to learn, although in general th^^y ccu-relate rather 
highly with intelligence. Both prognostic and achievement 
tests may rightly be considered diagnostic in nature, although 
we have thus far made little use of diagnosis in the former 
type. Furthermore, any achievement test may be made 
diagnostic oveli though it may not be so intended, and an 
achievement test may have diagnostic value and still not be 
used for purposes of diagnosis. 

of Achievement Tests 

Two types of achievement tests have had rather wide use 
in this country. The first type includes the tests set by the 
teacher alone or in cooperation with others who are more or 
less responsible for the existing course of study; the second 
includes the '^extramural'* tests set by examiners who have 
little or no dirc<'t contact with the classroom. Illustrations of 
the latter type are the ordinary College Entrance Hoard 
Examinations, certain well-known state (examinations like the 
New York State Regents Examinations, and the so called 
standardized tests or scales. 

It is not the intention to minimize the imjmrtance of any 
one of the tc\sta nwMitioned above, esi)ecially if it can be made 
to s(>rv(> sonic us(»fnl j)urpoKe, hut rather to emphasize a wider 
use of n^rtuin typ(\s and a more intelligetit use of others. 

All of the tests just nicntioneil except the standarrlizcd tests 
or scali'K t)<»Ir)tig to tli(» class that is ordinarily known as ''essay 
typ(»" examinations. 

Some of the modern writers recognize three types of 
acliievement t(^sts as follows: 
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1, Tlie traditional "eaaay type" examination, 

2. Standardized tests or scales, 

8. The "new-type^' objective examination, 

The subsequent discussion will cover all of these various types. 

Tests Set by the Teacher 

An entire volume couhl be written on the subject of testa 
set by the teacher,. but s])ace will not permit any more than a 
statement of a few of their advantaj^es and disadvantajjes, It 
is well known tliat m*any teachers arc not qualified to make 
the careful analysis of a course in mathematiOs which is neces- 
sary to determine the abilities that are fundamental and those 
that can or should be measured, As a result certain teacliers 
include in important tests a meager samplin^^ of the large range 
of abilities to be developed and regard these few questions as 
an instrument for measuring the entire Held.* 

It is not as easy to make a good examination as many 
tefichers seem to think. It takes a }.^reat deal of time, energy, 
and tho\ight to construct a suitable test, but there is probably 
no part of our work today where more important results would 
follow than that of taking greater interest and care in making 
satisfactory tests. We have known for a long time that our 
examinations have been inadequate, but little has been done 
about it, 

Because the main purpose of diagnosis is to guide the 
teacher in remtnlial instruction it is purposed lat(»r in this 
discussion to emphasize the importance of diagnostic tests as 
instruments for niding the teacher in improving instruction, 
Without some plan of discovering the particular defects of a 
pupil or a class the work of the teacher is likely to be more or 
kss futile. 

If the proper kinds of tests are given, the progress made by 
pupils can bo measured, and the norms of accomplisliment thus 
established ca-n be used by the teacher as a guide in discovering 
the educational needs of future classes. In addition to this 

♦H. I). \V(um1. MrnsurpnU'iit iu IL.^her IMui-ation. World liook (.'om- 
payy. 1023. p. IGl. 
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the pupils assist the teacher {jreatly by locatinj; not only their 
particular dif^cultica but the causes of these difflculties as well. 
The nssistaiice rendered by the pupil's introspection in diag- 
nosis should not be overlooked, because a pupil will often find 
the cause of a difficulty nu)re quidcly than the teacher. 

In the second place, with many teachers the markinjj of test 
papers is highly subjective; that is, the mark given depends to 
a large extent upon the person who does the marking.* 
Furthermore, the measures obtaiued by the teacher from many 
of the ordinary "essay type" examiuatious are not truly 
diagaostic; thit is, they do not point out the particular details 
upon whicb pupil is either weak or strong. It is thus 
clear that i -ific measures for diagnosis are desired, the 
ordinary e\aAi»*.iation will not prove entirely satisfactory. 
Instead of continuing the practice of doing injustice to 
thousands of pupils every year because our tests are misused, 
we must in some way or other develop a new marking system 
which will enable us to rate their achievement in relation to 
their ability. 

In spite of the frequent inadequacy and inaccuracy of 
teachers* judijments, both in setting good examinations and in 
marking them fairly, it should be more generally realized that 
tht se swinie teachers are in the long run the ones best qualified 
to do the task. They learn not only how to make objective 
tests that will have both measuring and diagnostic value, 
but th(»y can also learn to use them intelligently. This ability 
to use the test will increase in ])roj)()rtion to the progress they 
mak(* in understanding scientific methods of measurement. 
Insteaci of constantly reminding them of their f«iilures, without 
makint^ suggestions for improvement, attention should be 
directed to the trarlitional method of marking rather than to 
the teacher who, bei'ause of the lack of a better method, is 
forct il to use one that is neither (»xact nor r(»liabb>. School 
marks hww h)ng been used to measure a multitude of things 
which have not and cannot be measured with any degree of 

M). Si'.ivrh nw\ K. i\ Elliott, "Tho Uelinl>illty of (irfKllncr Work in 
Mathi-mutii's/' Miool i:cvkii\ April. 1013. VuL XVII, p. :i54. 
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.precision.* By a proper dovelopraoiit and use of obj.M'tive 
tests we may be able to work out a better marking system for 
the future. 

Testa Set by Persons Other than the Teacher 

During the past generation there have been many discussions 
regarding the examinations set by state and college authorities. 
Some progress has been made in the content of these examin- 
ations and in the method of Conducting them, but much remains 
tt) be done before they can be said to have reached their 
highest development even for the purpose for which they are 
d(»signed. Speaking of such tests, Professor David Eugene 
Smif hf says : "New York State has dictated by regents examin- 
ations, generally good for a poor teacher and generally bad 
for a good one. The College Entrance Examination Board has 
also, and naturally, dictated what should be taught in algebra, 
and has recently made a long step in advance by a series of 
improvements. 'Each of these cases of dictation has contrib- 
uted powerfully to making algebra stagnant, and each has been 
potent in keeping it on a dead level of traditional mechanism." 

Piofessor Smith has implied in the preceding statement that 
the people who formulate the tests referred to above are often 
better able to judge what is fundamental in a course than are 
some classroom teachei^s of mathematics, In fact, the recent 
College Entrance Examination Board syllabi reflect more 
modern types of mathematics courses than those which a great 
many teachers are now using.J The trouble is not so much 
with the original purpose of^such examinations as with their 
imperfect use and interpretation. In many cases these 
examinations measure abilities which have not been considered 
in the previous instruction of many of the teachers whose 
pupils have to take the examinations, and consequently the 

•W. A. Mr('all How to Measure in Education. The Mannillun c'om 

pany, 1922. p. 59. 
tDavid KuKi'iH^ Smith, "On Improving Al^rebra Tests," Teachers College 

Uerord, Mardi, 1023, Vol. XXIV, p. 87. 
tSiH» the Ueport of thi» S(VTotary of thi» CoHepre Entranoo Examination 

lumva for n)21, pp. M, also for lf)22, pp. 18-10, an^l f(»r lU2:i, pp. 

1-a and 7-9. 
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results secured cannot be called fair measures of the teachers' * 
elTectivoness. Nevertlieless it is true that the efficien.\v of 
teachers and :lie efficiency of classes have been 'compared on the 
basis of the scores made on such examinations, As a result all 
sorts of methods are resorted to by certain teachers whose sole 
aim is to get their pupils through these examinations with a 
passing grade. Such practices, it need hardly be said, do not 
represent a desirable type of modern education. Since these 
examinations, as now regulated and administered, have not 
given satisfactory results,* the question arises as to whether or 
not it would be a wise plan to replace them with intelligence 
tests or' prognostic tests of some kind that can be used as a 
basis for determining what pupils are able to carry on higher 
mathematical work. 

The mere fact t•^^t so much discussiont has gone on recently . 
with reference to the value of "extramural" examinationsj 
indicates that many thoughtful people are not yet satisfied 
with the present status, of such tests, 

kStandardked Tests 

The so-called standardized tests have recently come into 
rather wide use in this country, but their introduction has been 
accompanied, in a great many places, by grave misuses. Some- 
times those in charge of the testing program are so unwise as 
to judge the success or failure of a teacher solely by the out- 
come of certain tests. In some cases invidious comparisons 
made on the basis of test results have not been checked by 
careful study of the methods of teaching employed. In still 
other cases certain standardized algebra tests have been 
regarded as entirely reliable, and it has I een assumed that they 
could be \ised to measure every feature of the teaching of tlmt 
particular subject. , 



•B. I). W(»oti. Mon-suromont in Higher Education, Chapter VI. World 
Book Company, 1923. 

tM. Barnrf, "Prucrustos Redirivus/* Atlantic Monthlu. July. 1025. p. 83. 

tW. M. rrortor, ''The Ill^h Srhool'a Iiilorest in Methods of St»lo<'tinff 

Stuclpiitfl for Collepre Admission/' i^chool and ISacicty, October 10. 
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IM'ofossor Thorndike says* **the testing movement is em- 
barrassed by its success/' lie says further that '•improvement 
in the instruments of meavsurement, both of intellect and of 
school achievement, is more desirable than multiplication of 
their number." It is proper to add that in a transition period 
of curri(Milum construction,' likn the one in wliich we find our- 
selves, we should be particularly careful to seek only an 
intelligent use of all tests, 

A creat deal of the traditional algebra which has been 
questioned by many teachers and textbook writers as contrary 
to modern objectives has been replaced by more valuable 
material. It is an interesting fact, however, that standardized 
tests have failed to include such material and thus have made 
difiloult the general acceptance of some of the more modern 
algebra courses. The values claimed for standardized tests 
because of their carefully selected content have not always bet^n 
legitimate. To (juote Professor David Eugene Smithf again: 
"The com])laint is not so much that the tests are solely mechan- 
ical, involving only a minimum of intellectual processes,— a 
fault that is probably inevitable in the present stage of develop- 
ment, but Which is being successfully removed in some of the 
arithmetic tests; it is also that the material required for testing 
the mechanical processes is often such as should play only a 
minor role, if any, in the education of the average citizen. The 
tests represent generally a dead level of dull grind, offering to ♦ 
the teacher only this ideal of an algebra course. He may 
escape from the curriculum, making his own course; he maj 
and should select from the textbook that which he needs for 
canning out his plan; but he cannot escape from teaching 
those things that are required -by outside examinations 
wheth(T they be set by boards of regents, by colleges, or by 
educational testers." Professor Smith goes on to point out a 
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l-rpo numbor of examples taken from recent sfandardized test.^ 
in algebra, some of whleh he commends, but many of whieh be 
condemns, and rightly so. For example, he quotes the follow- 
iujj oxereise from one test : . 

^ . Divide — ^''--^ by — 
\ 3 3 

lie then adds: ''Wl y should anyone ever wish to perform this 
division? It is not algebraic, and it has no i)artieular sii;nif- 
icanee either in alg».bra or in connection with formulas that 
are likely to arise. It is possible to test our schools on some- 
thing that we have S(Jiiie other ix-ason to perpetuate than the 
mere reason for meeting this kind of a test." 

WroHff of Standardized Tests 

Then, as another puts it, ''Too often tests are given, the data 
are tabulated, conclusions drawn therefrom are utilized by 
supervisors, and methods are revised by teachers because of 
them ; but the pupils who wrote the tests are not Miforraed of 
any of the results except in those rooms where unsatisfactory 
conditions have brought about attempts to shift the blame to 
these pupils/' Here lies the trouble in many cf the standard- 
ized tests. Teaciiers and pnpixs alike are often given little 
consideration in their administration, and the result is that 
grrat loss ensu(^s in the improvement of instruction. 

Professor Woody* has pointed out that "from one point of 
view standardized measurement r(»presents the refinement ob- 
tained through the crossing of curr(»nt i)ractiee and scientific 
method/' Xo doubt many of our test makers have appreciated 
this point of view, but we might have made better use of some 
of their work if it had been more gen(»rally understood earlier. 

Tea(*h(»rs always have m(»asured and always will measure 
their pupils in some way or other, but the science of measuro- 
mcTit will not reach its maximum of importance until the 
teachr^rs and the makers of tests establish a partnership. Each 
may tlu^n hope to develop scientific methods of approach, and 

•i\ WimhIv. "S(an»lMni Tost« mu'1 thoir I'yo — A Siymposium." Trachtra ■ 
collrfjc n*rf,r(l, O^ tnluT, mi^K Vol. XXVI, p. 95. 
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only then will the tem*hors themselves have an abiding interest 
in tho outcome of their work. It is not essential that teachers 
should construct teats themselves, although inany will soon 
learn the technique of tlie process, but they should at least be 
consulted in order to assure a result that shall be generally 
useful to all concerned. It may be, as Professor •Trabue has 
stated,* '^tlmt college professors and graduate students of 
education may continue to build and improve the measuring 
instruments used in testing school pupils, but the diagnosis of 
specific educational disease and the long experimentation 
necessary to discovqr whether for a certain type of pupil more 
drill on forms will be helpful or fatal,~the 'case work' which 
constitutes the next step in the use of educational measure- 
ments,— must be done in t!;e classroom by the regular teachers." 

A careful study of many of the standardized tests ahows 
that they have been prepared by prnple who select material 
with little regard to the proper objec^'* :;s to be obtained and 
who seem to be Ignorant of the plans for the reorganization of 
mathematics. Moreover, there exist many desirable objectives 
which were overlooked when these tests were made. Statistical- 
ly the tests themselves may be perfect; but when a task is intro- 
duced into a test merely because it represents a certain degree 
of difficulty, it simply tends to prejudice all persons of common 
sense a^^ainst the whole movement. It is such unfortunate 
errors as these that retard progress. 

The greatest use of standardized tests has been made in 
arithmetic. This has been due to the fact that the material is 
such as to be easily adapted for standardization. Even in 
this field the tendency today is away from general national 
standardization to i)raclice exercises and diagnosis of indi- 
vidual cases. This has been duo to a realization of the 
importance of giving the pupils their standing on some 
definite scale of performance related to their own class rather 
than to try tr) place them with reference to a ^'norm^' based . 
on the performance of some outside group— a practice due 
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entirely to the influence of the recent testing movement. 

• Chief Valuea Obtained from Standardized Teats 

The chief values obtained from the use of standardizeU tests 
in mathematics may be summarized as follows: 

1. They have brought out more clearly the problem arisirtg 
from individual differences in ability among pupils. 

2. They have shown us that a great deal of the traditional 
material is too diificult for most pupilfi and therefore should 
not be taught. 

3. In some cases they have also shown that certain, material 
was easier than had been expected and that it can be learned 
by a majority of pupils. 

4. They have made it possible for the teacher to stop drilling 
certain pupils beyond the stage of diminishing returns. 

5. They have made it possible for us to develop certain stan- 
dards of achievement which are clearly defined and which can 
be assigned to varying levels of intelligence. As we shall see, 
however, fhia value has occasionally been misunderstood. 

6. They have contributed to the development of more objective 
methods of testing. 

7. They have, when they have been intelligently used, stim- 
ulated pupils to renewed effort in trying to reach certain 
standards of perfection. 

All of the above outcomes have been worth while, but it is 
equally true that standardized tests, as I have previously 
pointed out, do not lend themselves readily to some of the 
more important need? which an ideal testing program presents. 
I^rofesHor Upton* has given a thorough discuaaion of the 
influence of standardized testa on the curriculum in aritlmiotic. 
Professor Smitht h'as made certain criticisms of algebra tests 
anfl has offered suggestions for improvement. A groat deal 

•C. H. L'pton, *'The Influence of Stundardizerl Tests on the (Mirrieulum 
in Aritlimetio/' Tvnchent CoUet/c Record, April, 192o. Vol. XXVI, 
p. 027. 
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uf my own timo in tlio past nine years has been devoted to a 
study of tliai;uosti(^ tosts, and the resultst aro a part of the 
basis for the rccunimondations made in this chapter.. 

Thr Futnn* of St(n}(lar(li::rd 7^^^^^ 

It is not difiu'ult to formulate satisfactory Htandardized 
tests that are more objective than the older types, that are 
more uniform wirli resi)e('t to a<lministration and the scoring 
of r(*sults, that furnish (l(»sirable norms of achievement for 
jj:uiilance in future instruction, and that are much more reli- 
able as nu^asurins instruments. It is not certain, however, 
tluit we should attempt to emphasize the standardization of 
tests as measuring devices before we know what abilities we 
wish to measure. It would seem that at the present time we 
shouM be more interested in determininf; clearly the purposes 
in view in the teaching of mathematics, the content beat lltted 
to help us realize th(>se purposes, and the kind of tests that 
will afford a check u])on our results. This does not mean that 
no measuring should be done in the meantime, but rather that 
our nu'th(nls of nu»asuring should be. improved before we seek 
to increase the use of stan<lardized tests.* 

In all fairness to standardized tests, however, it should be 
said that tlu\v have gone beyond what Professoi Woody calls 
the '^'uriosity*' stage ami **the stage in which the predominant 
i(,h'a was the use of the tests for d(»ternaning existing levels 
of achi(»vcment," and, in some respects at least, have approach- 
ed the third stage, *4n which the ])redominant idea is the 
utilization of tests as a means for tlie improvement of 
instru(ti(>n." Tlu\v have been helpful in this third stage, 
bowev(»r, (uily as they furnish facts concerning* certain ^'levels 
of i^nicicTicy" ns'icluMl by pupils, and thus ^'contribute to the 
evaluation and diagnosis of the (^ffuMency of instruction." 

\Vhor(» standardiziMl tests are valid and reliable instruments, 
thoy may be prolifably u.sed for purposes of *'general-8urvey 

tW P. KiM»V(\ A lUnirnoslic S.tidy of tho 'IVacliinp: rrohlemR in High 
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diagnosiH," and even in some cases for class and individual 
diagnosis; but this work must bo based more and more on the 
cooperation of all concerned, from the superintendent down to 
the pupils themselves. 

It seems reasonable to expect that we shall in due time have 
more? tests that are prepared by schohirs, those who know not 
only th(> underlyinji prin(;ii)ies of these devir(>s but also the true 
objectives in teachinj? mathematics. These tests can be made 
in such forms that they may be used iu)t only for both j^eneral 
and particular diajjnosis but also as aids in improving in- 
struction. When this is done, the establishment of norms of 
attainment which can be generally used will follow. We 
should reaMze, however, that a teacher is not always justified 
In feeling satisfied with the results when i)upils reach a certain 
norm of achievement. To do this is to overlook the fact that 
the standard norms may be raiseil by lifting the general level 
of achievement through better methods of teaching. On the 
other hand, ''they need to see that the law of diminishing 
returns applies to educational products as well as to economic 
products, and that continually trying to raise the level of 
achievement may result in educational bankruptcy."* 

It is reasonable to expect that we might reach our education- 
al objectives without the type of test nu>ntioned above; but 
it is hardly conceivable that we shall be able to succeed as we 
wish u!iless we develop, for general mass instruction, a ty])e 
of teaching that is based upon the specific needs of .individual 
classes and pupils. This sort of instruction should be remedial 
and must be based upon specific diagnostic measures of pupils' 
achievements. 

It is well known that there are differences of o])inion with 
respect to what is important to teacMi in mathematics in a 
givi'ti ('(nirs(\t I'ntil we have a more carefully considered rol- 
lection of testa, it is futile to ex])ect them to serve any very use- 
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fill piirp'Dso, Wlu»n tli«it timo coinox. muTiy toachera will ronaider 
them no.h'ss important than tht.Mr textbooks. Tiioy will then 
use testa both aa toachinj: dovicoa ami as nu»asurinj? instr.u- 
monta in »'\11 tlu^ir work. This will ho a jjruat improvt>mi?nt ovor 
some of our present praetieea where teachers wht) feel the 
pressure of teats set from without fall into the lial)ii of mxking 
such testa their textboks, 

In chapter IJ? of the report of the National Committee on 
JIathematical Retiuirements Professor I'ptoti j^avc a very care- 
ful and complete discussion of standardized tests in 
mathematics for secondary schools. II is report included not 
only a description and discussion of the standardized testa 
in use since 1914, but also gave illustrations of specific tests 
in arithmetic, algebra, geometry and also those concerned with 
the measuring of general mathematical ability. Teachers who 
are interested in knowing more about the nature and content 
of such tests will lind this chapter of the National Committee 
Koport a very valuable source of inr )rmation* and help. 

While standardized testa have been of real service in the 
ways that have been pointed^out and therefore cannot be 
condemned if they serve the i)u>pose for which they were 
intended, nevertheless there are reasons at present for giving 
them l(?ss prominence in educational discussions and for 
turning our att(»ntion to a te?iting'program that seems to offer 
us an opportunity to olitain more important results. Nothing 
that lias been found out l)y means of standardised tests is too 
dinicult for us to discover with the kind of testing program 
which it is the purpose of this section to emphasize. 

The Place of Tests in Curriculum Con.^truction 

Obviously, the most important, at V'ast the most discussed, 
problem belore us today is the matter of curriculum con- 
struction. The task of reorganizing mathematics so as to 
provide a desirable body of material for the junior aod seui'^r 
high school involves at least four main 6tc»ps. 

The first step is to set up a list of desirable objectives to 
be attained in the teaching of mathematics. The second step 
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is to determine the nature and the extent of the sul)ject mutter 
which will best enable teaehers to n^alize the chosen objeetives. 
The third stef) is to 'develop tlie best nu^thods of teaehinj,' the 
selected sul)jeet matter. This cannot be done witliout some 
kintl of testing' prnt^'rani whereby the teacher is able to discover 
to what extent his methods are paying? dividends. No matter 
how desirable the content may seem to be and how well his 
methods are perfected, it may be that the material is too 
diflicult for the pupils in a t^iven year. Moreover, it may be 
also true that even thontjh it is })ossible for chihlren to learn 
certain thinfjs in matlu»matics at a given ajje, the- time for 
learning it is too great to justify its inclusion in the course of 
fitudy for that year. We must, therefore, 'have a fourth step 
which is a testing program that will enable us to see how well 
the pupils are learning the things we have been trying to 
teach. This last step necessarily involves a more careful 
analysis than heretofore of how pupils learn most efficiei. tly 
and easily. 

Vuiding Principles Vnilerhjing Good Tests 
The following guiding principles underlie the construction 
of a good test in mathematics : 

1. Kvery test should attempt to increase the pupirs ability 
to master only the subject matter that has been presented to 
inm. This means, that the teacher must discern clearly the 
objectives* in the topic or course i'^^d must build his examina- 
tion so as to measure the extent to which ihi»se objectives have 
been realized. Such a procedure measures the progre.vs made 
by a pni)il or a chiss. This is sot down by sonic^ as the first 
aim of an examination. t A test which has no ref(»ronce to 
what has already Ijcen tau.i:ht cannot meet this rcquir(»ment. 
If {)upils, who hav(» tlie native cajiacity to h'afn a certain thing, 
fail tii df) sn, thiTc is a chance for remedial work to bear fruit. 
On the other hand, there is little to be expected or gained by 

•W. I). I{i-i»vi\ '•OlHtM-tivf-s ill thi* 'r(';uhinir nf MMthfnuitM-«;* The Mntfu*- 
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mnedial work in tlio rase of pupils who have h^anuHl as wt»ll 
as can ho expectcul (•onsidoiMii',' tlu^r innate capacity. If both 
the diagnosis and the subscciuont remedial work su}?t?c8ted by 
th(» t(»sls aro to be of value, the teaclier must have at hand 
specific measuremnets of the pui)irs achievement. Such 
measurements can ho fairly made only in a field in which the 
pujiil has been workinj^. 

.Aforeover, in iuii)r()vinnr instruction, tests that contain 
material that has not hm^n tau}?lit previously cannot have 
much diagnostic \alue. In such a case it is impossible to tell 
whether poor results mean that the content of the course was 
too difiieult or that the teachinj? was not well done. 

2. Every test should emphasize those parts of the subject 
matter which are fundamental ami to which the pupils have 
directed the most attention. Xothinj? should receive attention 
that is not worth perpetuating? in the course. This means that 
every test should contain a thorou}?h sanipliu}? of the funda- 
mental ideas of a topic or a course for the complete mastery of 
which the pupil is held resj)onsible. Tn other words the test 
must be comprehensive. This has never been true of the 
traditional "essay type" examination. 

' If the two T)recedinj? principles are adopted, the test will 
be ranked as valid or as liavinj? "validity'' — the projxirty of a 
test which is suj)posed to represent the degree to which a 
test measures what it is intended to measure. 

3. The scorinnr of every test should be made as objective as 
possible so that different teachers may obtain exactly the same 
results. This means that the personal factor must be larj^ely 
removed from the scorinj; of a test, and that teachers in making 
up tests should be nion* careful about the mechanics of them. 
If this principle is kept in mind, not only will the response of 
the pupils lie m<»re uniform, but tlie maHdu}? practices of those 
who score t\w papers will be less variable This is done by 
makintr the number of items in the test as larj^e as possible 
and making,' e^icb of th(»se items liave a definite response to 
which all persons scoring' the test papers will readily a^free. 
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The failure to do this is the glaring error of many **essay 
type*' examinations. 

4. Every test sliould be reliaole. Keliability is tliat 
prop(Tty of attest whieli measures tbe (le»gre(» to wliieli a t(»st 
^'measures what it really does measure." For, a test may 
measure what it is intended to measure, but it may measure it 
very unreliably. The det(»rmiiuition of the reliability of a 
test is, however, a mere teehnieal matter and need not be 
further discussed hei*e. It is discussed fully in some of the 
newer books on examinations.* 

5. Every test should be so constructed that it is almost 
self -administering and so that it can be easily given and scored 
by any intelligent person who may or may not have had much 
mathematical training. In the past this has not ot'ten been 
done. Teachers more generally iu»ed to transfer the enormous 
amount of time traditionally given to test papers to the matter 
of preparing- them In accordance with the principles here out- 
lined. The motto should be "Hard to make but easy to give 
and score." 

6. Fir ally, every test should make it possible to set some 
sort of standard of achievement for a pupil within his .own 
group or against his own record. Of coarse staiulards are 
set from without the group but they should not be considered 
more imi)ortant. 

ihivh a procedure as that recomm(»nded above will enable 
us to measure adequately the pupirs knowledge of the subject 
matter studied by the majority of the class, to assist the 
teach(T in seh»eting only impof^tant topics, to stimulate the 
pu{)il tc grcat(*r efT(jrt, and to aid him in sidf-jiistruction. 

It should be (Nearly uiulerstood that th(» metliod of d(»vising 
and using ti^sts in mathematics is iiul(»f)end(»nt of the tyi)e of 
subjirt matter tau^'ht in the course. Th(» emphasis, how 'r, 
is placed uiioii tlie iinportaiKM* of tc^sting what has l)(»eii taught 
regarf]l(»ss of the nature of tin* sul)j(u*t inattcT. 
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It is clear that the old type examinations have not been based 
on a careful consid(»ration of the above principles. 

Practice Tests ' 
In any testing program th(^ teacher should introduce prac- 
tice tests both as diagnostic instruments and as teaching 
devices. In fact such tests are so important that they i(te 
coming to be an integral part of the newer text bopks. xuey 
serve a purpose in testing specific objectives which have to be 
covered in a very short period of time— a function unknown 
to most standardized tests. Whether such tests should be 
timed is a matter for the teacher to determine. Certainly no 
undue emphasis should be placed upon the matter of speed at 
the expense of accuracy. A business man need not be partic- 
ularly rapid in his computations, but there must be no 
question as to his accuracy. An example of such a test is 
shown on pages 125' and 126. 

It is clear that at beat much time hag been lost in trying to 
combine mass instruction and individual instruction in some 
economical fashign. One thing we seem to have learned, 
namely, that of the two, individual instruction should receive 
the greater emphasis. Trofessor I^ilpatrick says that "a child 
learns the responses which he makes," The truth of this 
statement makes the use of practice tests imperative. It is 
here that the value of practice teats appears in enabling 
the teacher to discover quickly the pupils who are in need of 
help, and to kvi^p from wearying the brilliant pupils with work 
that they do not need. Furthermore, they help the pupil to 
measure hia own progress in any given topic, and to, be more 
intelligent in calling upon the teacher for assistance when \ ds 
prot^'ress is not satisfactory. There is little danger that such 
tests will be overdone if they are also used for diagnostic 
purp{}S(*s. 

For the pui)ils who mwl to have certain skills developed 
further prat-tirr^ tests are invaluable, p'or those who do not 
need it they (»nable the teacher to excuse such pupils from 
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further practice before they are disfjusted with the Nubject.* 
Ovcrlearnin},' is better than iindorlearniii},', but why shoiibl drill 
upon anythiuf? be continued beyond the stajie of diminishing 
returns? If only wo can be a little more scientiMe in our teach- 
inj;, we shall save hours of time which can be devoted to 
additional topics in mathematics. This will be of jrreat 
interest and value to many j)npils who.at present are compelled 
to drill for days upon material which they know perfectly well 
and which as a result becomes an intolerable bore. This is 
particularly true of gifted pupils who, in many respects, as 
already stated are often the most retarded pupils in the entire 
school system. 

TIMED PRACTICE TEST 
Time, 5 m,in. 

Write the answer to each prohlcm, but do not solve any 
equation: , * " 

1. What is the cost of 8 orange.'j at c cents each? 

2. A man had m dollars and lost n dollars. IIow many 
dollars had he left? 

3. If a boy is n years old, how old will he be x years from 
now ? 

4. Three times a certain number decreased by 4 is 20. Find 
the number, 

5. Find the number of feet of wire needed to inclose a lot I 
feet long and lo foet wide. 

0. If i is subtracted from three times a certain number and 
8 is added to twice the nuuibcr, the results are equal. Find the 
numlKT. 

7. Find two con.secutive numbers who.se sum is 47, 
H. Find two coMsecutive odd numbers who sum is 7(1. 
9. One man has three times .ts much nioticy as another man. 
If they both together have .?r).l()(), h.nx" much money has each? 
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10. A m'tun^ular j^anlon plot is S ft. lon^or than it is wido. 
Its purlinoter is 'M\'2 ft. What are the diinenslijns? 

IL The sum of three numbers is The second is live 

times .the first and the third is eij^ht times the lirst. Find the 
numbc»rs. 

12. A rope 00 ft, h)n^ is cut into two parts so that the longer 
part is three times as lon^i? as the shorter part. Find the length 
of eauh part. 

13. E'v^ht times a number decreased by one fourth of it.self 
is 124. Find the number. 

The median number of rights on thin test is 9. 

To determine the 77iedian luimbcr of ^^rights'' (exereises 
eorrcethj solved) i;/ any class, find the score (the Jiumbcr of 
rights) which has as many above as below it. It is not expect- 
ed that many, if any, pupils in an ordinary class will complete 
all the exercises correctly in the time allotted for any test. 

The method of determining the time on such tests is to 
stop the work as soon as two or three of the pupils have 
finished. In this way the test ^ives a measure of each pupil in 
a class. A stop watch should be used, so that the results 
obtained will not vary greatly from class to class. The 
attempt was made in this test to get the time factor as nearly 
correct as possible, but it is probable that this will have to be 
further adjusted if the test is given to a larg(»r number of pupils 
than the three hundred that were available in this experiment. 

The pupils were not asked to solve the eciuations in any of 
the '^xercises aljove because this test was thought of a.s a 
measuring device rathej than a teaching device. In the latter 
case the pupils would have been ask(»d to solve each eijuation, 

At fr(Miu(^nt int(»rvals it will be nect^ssary to construct 
composite tests which contain certain repr(*sentative i»xercises 
from the practice tests that havi> preceded. Tlu^se tests like 
})ra( tice (»X(M*cis(^s are also coming to be' an intc^gral {)art of 
moilc^rn textbooks and the moi-e scientifically and carefully 
such tests are worked. out in textbooks tlu^ b(»tt(»r the results 
should Ih\ The meth')d of procedure in making such ti^sts can 
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best be understood by taking some definite objectives upon 
which it will be assumed we are a{?reed and buildinj,^ up the 
practice tf^sts and composite tests which seem to be necessary to 
ascertain to what extent our aimsf are beinj? realized, 
^fte Testing of Specifio Ohjectivcs 
Let us assume fo*' the sake of illustration that we have 
decided upon the following specific objectives* in teaching the 
formula : 

1. To develop certain rules of mathematics and to translate 
them into formulas. 

This means that pupils should understand the meaning of 
the formula as a shorthand rule of mathematics, This rule 
should grow out of their experience if possible. At any rate 
they should be told what the formula means as far as possible. 
Here is where algebra begins, 

2. To translate certain formulas into rules of mathematics. 
This means that pupils must know how to use a formula 

when the need arises. That is, in getting certain required 
results they must be taught how to decide which is the proper 
formula to use. 

3. To evaluate certain formulas; that is, to find the valui^s 
of certain letters when the values of the others are known. 

These formulas should be of a difficulty no greater than that 
found in the operations which the pupils have been taught or 
which they may be expected to understand. 

4. To derive one formula from another. 

This means that the pupil must be able to solve a formula 
for one letter in terms of the other letters in that formula. 
This involves the ability to solve equations by means of which 
the "subject of the formula" is changed. 

5. To represent by a graph certain formulas of a iyye no 
more difficult than F 9/.7 0 + .9^ 

This involves the ability to make a table of values of a 
formula. 



•W. p. Hpcv(». "Ol.jprtivps in tlu» Tcmrhinu' of Mnthomnticp/' The Mnihc- 
matirs Teacher, November, 1025. Vol. XVIII, pi). U-7. 
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(5. To understand the idua of the dependence of one quantity 
upon another. 

Tliis involves the ability to appreciate the idea of oi^ vari- 
able aa a function of. another. 

The type of u(}uation.s invi^lved are as follow.s: 
(1). (U). l'<ih^!). • 

(;?). p4'5-S. (4). n— .H^7. 

The solution of such equations implies a knowledge of how 
to use the four fundamental operations. 

We may then couvsider that the results of the tests on pages 
134 and 13G inclusive \vill tell us whetlier we are realizing these 
objectives. It is assumed of course that some teaching has 
taken place and- that practice tests like those discussed have 
been givem 

Experimental Work With Tests 
In order to illustrate further how tests should be used to 
check up on the more minute details of our teaching I will 
give the results of a recent experiment of ray own in teaching 
an eighth grade class in the junior high school how to subtract 
one directed number from anothjer. I chose subtraction be- 
cause it is probably the most difficult of the four fundamental 
operations. Since in most courses pupils are asked to subtract 
horizontally as well as vertically I made up two tests and gave 
them two days after the teaching of subtraction was begun. 
The best pupils finished the vertical subtraction test in 2^4 
minutes and the horizontal subtraction test in 5 minutes. If 
this is characteristic of what would liapi)en generally it is 
clear that vertical subtraction is far more economical and 
might well l)e the way to teneh subtraction if it were not for 
the fact that in coUecting terms in an etjuation it is necessary 
to deal with the terms horizontally. 

• In each t(*st the first thirty-three exanii)les rei)resent the 
diflVriMit tyi)i'H of diflieulty and the vvst of the t(»st wus a<l<jed 
merely to ke(*p the brigliter ])upils busy till tin* slo\V(»r ones had 
finished the first thirty thnv. It is interesting to note that 
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after t\\() days leuchinjj several pupils wore able to obtain- 
100'; mastery on eaeh test. These tests are on pajres i:5i! 

Tin* next (juestiou was to ascertain whether after teaohinjj 
the subtraction of one directcMl number from anotlier I mij^'ht 
expect the pupils to subtract one algebraic monomial from • 
another, without teaching the specific operation. In order 
to tlnd out the answer to this (piestion I arranjiod two tests 
which involved new difncultios not included in the two preced- 
in{^ t(»sts where no letters were involved. Instead of liaving 
the adding and subtracting of directed numbers purely, I 
introduced moncmiials of a sim])ler type. Some pupils, 
however, were 6ble to get all of the exercises correct without 
any additional teaching but this was not true of all by any 
means. The results, however, indicate that for some pupils 
we can rely on transfer to take care of the situation. In other 
cases it is clear that if we want transfer to occur, we must 
set out to obtain it. 

What I have done for algebraic subtraction I have proceeded 
to do in developing other skillb and abilities, namely, to 
analyze eaclf topic so that I have in each test all the possi- 
bilities for error which the pupil may make, to try those out 
on the pupils to see which ones have complete mastery and 
which ones need further drill or remedial instruction. For a 
more detailed discussion of some more of the interesting 
findings of such work the reader is referred to my fuller 
discussitm of the teaching problems in high-school mathe- 
raatics.* 

We noed noxt to devise some kind of machinery for releasing 
the m' ;'o brilliant or successful pupils from further 'drill on a 
topic, at least temporarily, when they have complete mastery, 
and for bringing the slf)wer or duller pupils up to a reasonable 
statulard of mastery before thvy are permitted to proceed. 

Sueh a j)r()cedure as T have outlined abi^ve will brinu out 
two very importi^it points. They are m^t new, and I merely 
give them here for emi)liasis. First d will be discovore<l that 

*\V. I). U'cvc. .4 }):iionn.-<tit' stufip of the Tcnching I'rnfjlr}nx in Iliph 
Srhonl Malhr}natif A, (iinu and (*<)nipany. lUliG. 
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many thinjia which the teacher has considered easy are really 
(iifiicult for all pupils; and second, that some thing's which the 
teacher thinks diflflcult prove to be relatively easy for all 
pupils. This shows the enormous advanta^'o of diaK'nostic 
practice tests which have in them every possible chance for 
error which a child may make in a piven topic. It is only in 
this way that difficulties in learninfj can be discovered and over- 
ot)me so that proijress can bo made. Naturally enou;,'h such 
tests as those I have just described must be repeated from time 
to time if the pupil is to be expected to do them successfully. 
The teacher often is not justified in saying that a pupil has not 
been tau^'ht a thinj,' merely because he does not show a knowl- 
edpe of i't on a certain test. This is one of the major faults 
of "cxtranniral"' examiiiation.s. They often .seem to test what 
the pupil has learned wjien in reality they do not. The pupil 
may really have learned algebraic subtraction well enough for 
a time, but in the mean time he may have forgotten certain 
details through lack of practice. It is time for teachers in ono 
part of the educational system to stop condemning those in 
another part because their pupils do not know what is expected 
of them. 8uch teachers first need to make sure what the 
possible difficulties are in a certain topic. Second, they need 
to test new pupils who come to them and if these pupils do not 
know all the necessary things they should give them the chance 
to relearn or, if necessary, to learn for the first time the funda- 
mental things necessar-y in making the proper advance. 

Our present method is often to set a test which overlooks 
most of the items mentioned above and then condemn the 
pupils and all their previous teachers for all the errors that 
appear on such a test. 

"Xcw-Type" Objective Tc3ts and Their {Significance 
Since everyone no doubt will agree tha" the traTlitional 
"essay type" of written examination is not adeijuate to meet 
our modern standard.s and since the standardized tests or 
scales of recent years have proved un.satisfactory in many 
ways, let us turn our attention briefly to some of the "uew- 
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type oxaminationa" which are comlu}; into favor and into 
vcidfiv use and then see to what extent they can be utilized 
both as diagnostic instruments and as measures of achieve- 
ment- Although in their use we. may. sacrifice an important 
function of the traditional examltiation, they serve other in- 
terests which are important and which in the long run are 
not served by the ordinary examination or the standardizc^d- 
test. This does not mean that the 'niew-type examination" 
should replace the ordinary written examination altogether 
any more than the standardized teat should replace any such 
examination, but it does mean that the "new type examina- 
tion'' will reinforce and' supplement the older type of examina- 
tion and give us results which we would not be able to get 
without its use. 

Certainly the "new-type examination" will pi'ove superior 
to standardized tests in two respects. It will enable us to 
cover a greater range of skills and abilities in the same length 
of time and it will also be more easily made into a teaching 
device which can be used for both instructional and drill 
purposes. 

It has been charged that if the *'new type examinations" 
are used they will degenerate into tests of pure memory work, 
but this is not true. It will be tvue only when the one who 
makes the test is careless and such carelessness is common 
to the traditional type of test. Some of the new type tests 
lend themselves admirably to thought provoking questions 
and the more care that is exerted in making them, the better 
they can be made. 

Space will not i)ermit me to go into a long discussion of 
the pros and cons of 'Miew-type*' objective tests, Dnul)tless 
there arc some rough spots to be smoothed down before we can 
say that the newer tyj^ea of teats are what they should be. 
The *^true false" t(^st is at present 'i source of much dis- 
cuasion. No attempt has hen? been made to juatify any of 
theae newer testa. Tho reader is encouraged to experiment 
with them in a aerious manner to see if our combined efforts 
cannot i)ring about a set of tests which shall be valuable. 
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The following? tests are illustrations of the type of tests the 
present writer has discussed. 

VERTICAL SUBTRACTION OF DIKIOCTIOD NUxMBIORS 

Perform each of the following subtractions, writing the 
result below the line: 



+8 


+3 


0 


+2 


5 


3 


±1 


—7 


4-7 


O 


+3 


4-3 


+8 




+6 


0 


4-4 


4-3 


— r, 


+8 


0 


—4 


o 


+3 


—8 


8 




— 6 


4-2 


4-4 


+5 


8 




0 


+5 


—4 


9 


3 




4-7 


4-S 




7 


—6 


— 5 


±i 




+5 


8 




—6 


+6 


~2 


6 


—6 


tL 


+6 


— — ^ 


+4 


6 


—9 


—5 


3 




O 


A 
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7 


—8 




+2 


5 


—4 


—8 


+5 


4 
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—7 


—5 


8 


—4 


2 


— 5 


7 


9 


4 


0 


6 
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—4 
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—8 
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—7 


—7 
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5 


_7 
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—5 


+5 


'4 


8 


—6 


+2 


2 


+8 


0 


+8 


—4 


5 


1 ^ 
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nOKIZOXTAL SUBTRACTION OP 
DIUICCTED XUMBKRS 

Perform each of the following subtractions, writing the re* 
iult after the sign of equality: 



1.+9+ (+7) = 


21.0+ (+9) = 


41.0 + 4=. 




2. + 9+ (-7) =. 


22. + 9 + 0 ^ 


42. 4 + 0 « . 




3. — 0 + (+ 7) 


23. + 6 + (+6) =- 


43. + 2+ (+5) 


=- 


4. 9 + 7 


24. + 6 + (—6) = 


44. + 2+ (-5) 


=. 


5.9+ (-7) =. 


25.-6+ (+6) 


45. — 2+ (+ 5) 


». 


6.-9 + 7=- 


26. 6 + 6 =- 


46. 2 + 5 =. 




7.-9+ (—7) 


27.6+ (—6) 


47.2+ (—5) — 




8,9+ (+7) 


28. — 6 + 6 


48.-2 + 5=. 




9. + 9 + 7 =. 


29.-6+ (—6) = 


49. — 2 + (—5) 




10. + 5+ (+8) - 


30.6+ (+6) =. 


50.0+ (+5) - 




n. + 5+ (—8) = 


31. + + 6- 


51. + 5 + 0 — 




12.-5+ (+8) = 


32.0 + 6-=. 


52. + 3+ (+3) 




13. 5 + 8 


33. — 6 + 0 — 


53. + 3+ (-3) 




14.5+ (—8) = 


34. + 6 + (+4) - 


54.-3+ (+3) 




15.-5 + 8=. 


35. + 6+ (-4) « 


55. 3 + 3 




16. — 5+ (—8) == 


36.-6+ (+ 4) 


56.3+ (—3) 




17. +5+8=. 


37. 6 + 4== 


57. _ 3 4- 3 = 




18.5+ (+8) ^ 


38. G+ (—4) 


58.-3+ (—3) 




19. 0 + 9 


39. — G + 4 = 


59.0 + 3« 




20. 9 + 0 =- 


40. — 6+ (—4) =- 


60. — 3 + 0 





ERIC 
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EVALUATING FORMULAS 



Given the formula A-»lw, which means th<ii the area of a 
rectangle is the product of the length and width, complete 
each of the following: 

X. If and to=3, I find, the product of 4 and and 

thus know that A=« 

2. If Z— 3 and u7-=4, I 3 by 4 and find that A— 

3. If Z— 6 and to— 3, I find by multiplication that 

4. If Z=3 1/2 and uj— 6, I multiply b^ and find 

that A— 

5. If both I and to have the value 9, then A^ 

6. If Z— 8 and ir-=4 1/4, I multiply mentally and find that 
A— 

7. If Z— 4 1/2 and tt>»=-=3 1/2, I multiply as shown below 
and find that ^— 

8. If Z— 5 1/4 and tc='3 1/2, I multiply as shown below 
and find that A— • 

9. If Z— 6 3/4 and Mr-=2 7/8, I multiply as shown below 
and find that A— 

10. If Z=3 G and ic— i.7, I multiply as shown be' iw and 
find that A— 
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INFERENCES 0> PERPENDICULAR LINES 



// a statnnrnt in the foUoiving lint is true, underline the 
toord '*truc/' if it is false or partially so, underline the word 
''false/' 

1. PorpendicuUir lines will never meet no true — fdUe 
matter how far they are profluced, 

2. Perpendicular lines make an angle of 0 true — false 
degrees with each other. 

3. Perpendicular lines are always the same true— false 
distance apart. 

4. A line parallel to one of two perpendicu- true — false 
lar lines is parallel to the other also. 

5. A line perpendicular to one of two per- true — false 
pendicular lines is perpendicular to the 

other also. 

6. Two perpendicular lines make an angle true — false 
of 90 degrees with each other. 

7. If a line is parallel to one of two per- true — false 
pendicular lines, it is perpendicular to 

the other. 

8. If a line is perpendicular to one of two true — false 
perpendicular lines, it is parallel to the 

other. 

9. If two perpendicular lines meet, the four true — false 
angles they form will be right angles. 

10. The line which measures the shortest true — false 
distance from one of two perpendicular 
lines to the other is parallel to both. 
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DEPENDENCE OF QUANTITIES 

In each of the blanks in the following statements insert the 
'word which makes the best sense: 

1, The cost of a sirlom steak depends upon the 

per pound. 

2. The value of the algebraic expression 5iC? — 3 depends upon 
the value of 

3* The circumference of a . . depends upon the 

length of the diameter. 

4. The cost of sending a package by parcel post to the third 
«one depends upon the of the package. • 

6, Doubling the length of the radius^of a circle 

the circumference. 

6« The number of yards of wall-paper border needed to go 
around a rectangular room depends upon tho 



and of the room. 

7. The number of theater tickets that can be bought with 

a 10-dollar bill depends upon the of each 

ticket. 

8. The that an nuVi Uiobih* can travel at an 

average of IM) mi. per hr. depends upon the 



taken for the trip. 

0. The volume of a circular cylinder depends upon the 
and the . of tho base. 

10. The time that it takes you to fill in all the blanks on 
this page at an average rate of 4 blank?, per minu*^ 
depends upon the of blanks. 

11. The interest recoivod per year from nn investment of $500 
depends upon the of interest. 
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SELKCTEI) iniU.KKJIlArilY ON OIUKCTIVES IN THE TEACIIINQ 
OF MATHEMATICS IN SEc:oNDAHV EOlJCATlON 

Allen, (i. *'()l)j(H'tlv(»s of T(\'i«'hiiiK In Socoiulary Schools." Mathematics 
Teacher, I'Vlirutu'v, Uili.S. pp. (iu-77. 

A discussion of tho Hcpori of the National Committeo on Mathe- 
matical IUMiuin»ni(»nts. IDD.'i. 
Barber. II. (\ Tpat-hinu: Junior Ill^h School MathoniaticH. Houghton 
Miillin (>>nipany. 

A (l:si'ussion nf thi» new ninthi-matics in tho junior hlffh RohooL 
Bohhitt. Franklin. Curriculuni MaUin.i; in Los An^olcs, ('haptor VII. 
MoH(if/raj}h ^0, IDiiii. I'nivorsity of VhicaKO Tross. 

Tho chapter is dcvotiul to a discussion of niathoniatios and a 
list of ohjfi'tiN'cs is ^ivcn. 
Breslich, E. U. "(VuTPlatiori of Mathematical Suhjccts.'* School 8ci€nc$ 
and Mathvmatics\ February. Vol. XX, pp. 12o-i;i4. 

One cif tht* leadju^ articles on this topic. 
Brown I'nivi^rsity : "SuKL^estions for Students of Malhematlos and Tilfo 
A( ti\ities." lluUciin of the Dcinirtmcnt of Mathi maticii, Sept., 1023. 

Discusses ihc liciu'lits ty?;:t '••J^ould l>e derived from tho study 
of niathcniatic-s. ;:ives suggestions as to methods of stndyinf? mathe- 
niatii-s ond irives nu outline of mathematics and activiticB RUhec* 
cpient to colleKe years. 

Carmifhael. It. I>. '•Mathematics and Lifp— Tho Vitalizing of Secondary 
Mathematics." St-lttntl Nc/cjar nyid Mnthcumtirs, If) :l()f)-i lo 

Discusses the part that nmthcmatics phiys in the dovclopmout 
of the practical, ai'sihetic. and moral phasi>s of life. 

(Larson. (J. St. L. Essays oa Mathematical Edncatiun. Ginn and Coua- 

i>aiiy. iin:;. 

(*ontaias an essay on the "Etlucational Valno of Geometry.'* 

Clark. J. U Mathi»«matics in the Junior llifih Sf-hool. The Gazette 
Press. ll)2r». 

An unusual ajiproat h to the problem of toachlnff mathematics 
in tlu! junior hi^h school. 
Davis. A. "Valid Aims and Turpo.se.s for the Study of Mathematics Id 
Sf'ondary Sj-lmola." Sc/tooi i^t^cnve and Mathrynatics, l.S;112-n5» 

L!()s 221). :)i;v:52i. 

Mayi). (*. IT P. ''The Position of Mathematics.*' Fducatioyia. Revicxo^ 
r,7 :1!U 2t)1. 

A clcpreciation of a purely prai-tlcal crmrse in mathi'matlca, and 
sui:i:cstioaa of the trreat values in mathcnuitit-.s tUher than practical 
values. 

M.)rri-un. 11. V. "Hccoustru<'t(Mi Mathematics.*' Thirtct nth Yrarhook Of 
thr Xdtioyuil ;^oricty for the *v<ucZy of F.duraiion, Eehruary. 1014, 
pp. t> :u. 

An early attempt to encourage VcfuVai in the t{*aehla.t; of 
matlipniatics. 

Morif/. U. E. ** Mathematics and EtlU'iency." }<rht;nl Science and 
,\Juthrruniic.9, M :2:r?.2 Jo. 

A statement nf the contrihutlon nuuic hy nuithematlcH to tho 
dovclopnu»nt of e{Ii<'it»ncy in odncation to the decree In which It 
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develops the power of the Individual. An appreciation of the aes- 
thetli', and a demand for honesty and truth. 
Nunn. T. P. The Teaching of Alj-ehra. Ineludlnjj trigonometry, 3 Tola. 
Longmans, Green & Company, 1012. 

The best niotlern treatment of the subjeot. 
Perry, John. "Di.st'U.sslon on the Teaching of MathemaUcs/' Report of 
the liritish Association, 1001. (Out of print.) 

A most stimulating disi-us.sion by the man responsible for tho 
Bo-called Perry mnvenient in England. 
•^Problem of Mathematics in ^Secondary Kducation." U S, Bureau of 
Education UuUctin, 102(). Nu. i. 

The reiK)rt is a discussion of what .^hnuld be taught in mathe- 
matics, how much of it. to whom. how. and why. It contains, also, 
certain tentativi* suggestions for developing new and bettor course* 
aci'iirdlng to tlie needs of the students, 
^ve, W. D. *'The Case for (Jeneral Mathematics;* The Mathematici 
Teacher, November, 1022. Vol. XV. p. «.S1.301. 

A statement of general objectives and those for ninth grade 
algebra. 

A proposal and explanation of a general course in mathematics, 
psychologically ordered so ns to be the equivalent of what is ordi- 
narily done in the high school plus one or one and a half years 
of college work. 

Reeve. W. I). "Objectives in the Teaching of Mathematics." Thj 

Mathematics Teacher, November. 1025. Vol. XVII. pp. 385.405. 
"Keorganlzati(m of Mathematics In Secondary Schools." r. S. Bureau 

of Education Jiullctin, 1021. No. 32. 

A brief outline of the report of the National Committee on 

Mathematics suggesting courses for the different grades. 
••Rei)ort of the National Committee on Mathematical Requirements,'^ 

1923. The Reorganization of Mathematici in i^iecondary Education, 
A discussion of the valid alms and purposes of Instruction in 

mathematics; reasonsi for including mathematics in the course of 

study for all secondary school pupils : reorganization of subject 

matter in junior and senior high schools to achieve these aims. 
Bugg and Clark. "Scientific Method in the Reconstruction of Ninth 

Grade Mathematics." Chapter VIII. Monograph 7, 1018. Tho 

University of Chicago Press. 

This chapter gives criteria for the designing of a course of 

study. 

Schorling. Raleigh. A Tentative Ll.st of Objectives in the Teaching of 
Junior High School Mathematics with Investigations for the De. 
termlning of Their Validity. George Wabr, Ann Arbor, 1925. 

Bchultze, Arthur. The Teaching of Mathematics la Secondary Schools. 
Chapter II. Macmlllau. 1912. 

A thoroughgoing di.scu.^ision of the ralue and aims of mathe- 
matlcal teaching. 

Smith. I). K. "Mathematics in thfe Training for Citlzen.ship." Teachers 
ColU\ue Record, 18:211-25. 

A statement of reasons why mathematics should enter into the 
training of the cltizt^n. 
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Smith. D. E. TeachinK of Goomptry, ('h. I. IT. (Out of print.) 

A defense of the subject. The hook la written "for teachers 
who believe in jreometry for the sake of geometry and who earnestly 
seek to make the subject so interesting? that pupils will wish tO 
fituily it whether it is renaired or elective." 
Thorndike. E. L., and others. The ]?sycholop:y o^ Vlprebra. The Mac- 
millan Company. 102:?. 

A wry intrn-stinK ai. 1 helpful book on this subject. 
Younjr. J. W. A. Th(» Vi^achhrn of Matheniatk-s (Uevlsed Kdltlon. Chap- 
ter ID. Loiiu:niims. lOlio. 

A very (M)mpreh"nsive discussion of the puriK).<?e and value of 
the study of mathemaiics iu primary and sei'ondary schools. 

SELncTKD iublio(;kai»hy on TESTS AND mkast:uements 

M. ••Prorniste.^ Kedlvlvus," Atlantic Monthlu. July. '!925, p. 83, 
Dou^rlas. II. II. ••Measnvliii: Achlev(»ment in First-Year Alirebra,'* The 

Mathcmatii'H Trachcr, Xov(»mber. 1923. Vol. XVI. p. 414. 
Ilotz. H. O. •'First-Year Algebra Scales." Contrihutinn to Kdncat^on 

.Vo. 90. Teachers Colleu'e. Columbia T'nlverslty, IDIS. 
McCall. W. A. TIow to Measure In Education. The Macmlllan Com- 
pany. 1022. 

Mlnnick. J. II. •'Mathematical Tests: Their Helatlon to the Mathematlca 
' Teacher." The Mathrmatirs- Tcarhrr. Jvine. 1010. .Vol. XI. p. 100. 
Monrne. W. S. The Theory of Fiducatlonnl Measurements. Houghton 

Mimin Conumny. 1!)2:5.' 
MonVoe. W. S.. and SnndcTS. T.. F. The Present Status of Written 

p:\-aminatbHis and Stnreestlons for their Improvement* liallrtin No. 

/r. T'nlversity of llllnnls. 1023. 
Paterson. I>. c;. Preparation and T'se of New-Typo Examlnattoniw 

World Book Company. 102n. 
Proctor. W. M. "The ITiudi-Schoors Interest in Methods of Selecting 

Students for College .VdmWslim." ischnol and i^nrirti/, October 10, 

102r). Vol. XXII. pp. 44MR 
Reeve, W. D. "A Pt'tter T'so of Tests in Mathematics." Thr Mnihe- 

ma^ict Trarhrr. March. 1024. Vol. XVII. p. 140. 
Heevrs W. D. Chapter Ti ^:ts on fJeneral Mathematics. Ctlnn ami Com 

pany. 1022. 

Koevo. W. P. A Diatmoi^tic Study of the Tcnr4ilnu' Problems In Uifih 

Schn(d Mathcinatirs. (}inn and Company. 102<;. 
linprrs. A. L. "T(»st^ f>f Mathematical Ability an<l their Procrnostic 

Value." Cnvtrihtttifni to Hdurution So. SfK Teachers College, 

<\)lunibia T*nivi»rslty. lOlS. 
Kuch. a. M. The Iiiijirovi-nHTit nf the Written Examination. Scott. 

Fore.<:man and Cnmpany. 1024. 
JixiptX. II (). and Clark. J. U. "Tho Iinpnivenicnt ff Ability in iho T^at 

of rl.p Formal ()}«Tntinns of Alu'cbra hy Mran?^ '»f Fnrmal Practlt^o 

Exerci<*»s." Srhnol l\triru\ October. 1017. XXV. ]). fiU). 
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THE DEVELOPMENT OF MATHEMATICS 
IN THE JUNIOR HIGH SCHOOL 

By William Betz 

. INTRODUCTION 

The following report comprises, first, a brief account of the 
junior hij;h school as an institution, and second, a survey 
of the present trend in junior high school ma+heraatics. The 
prominence given to the first part of this report is due to the 
belief that an intelligent grasp of the factors which are mold- 
ing the character of any subject in the curriculum is impossible 
without continuous attention to the educational situation in 
its entirety. Naturally, an exhaustive treatment of the many 
questions suggested by this investigation would, far transcend 
the limits of this Yearbook. Hence there is no attempt at 
completeness at any point. Moreover, far obvious reasons, 
material which may be supposed to be fnrailiar to the majority 
of progressive teachers has been either omitted or presented in 
outline form. In the interest of a broader point of view, 
numerous quotations and references were introduced through- 
out the discussion. 

I. THE JUNIOR niOII SCHOOL AS AN INSTITUTION 

1. Definition of the Junior High School. The term, "junior 
high school,*' has been in general use about fifteen years. 
Nevertheless, there is no perfect agreement as to its exact 
meaning. Many definitions have been formulated. None seems 
entirely adequate. From a mere state of mind, a ^'feeling" 
or an *'idea" without corporeal existence, the junior high 
school has doveloped into an institution of commanding im- 
portance. At first, a single sentence served to describe that 
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idea. Its growing complexity at present seems to require 
numerous paragraphs. 

Thus, in 1919, the North Central Association Commission on 
Secondary Schools adopted the followinj; definition : 

A junior hi^h school la n Krhool in which the seventh, eicxhth. and 
ninth prades are sef-regated in a bniUling (or portion of a building) 
by themselves, possess an orp:auization and administration of their 
o^vn that is distinct from the grades above and the grades below, and 
are taught by a separate corps of teachers. Such schools, to fall within 
the dassirication of junior hl^h schools, must likewise be characterized 
by the following: 1. A pro>,'ram of studies decidedly prroater in scope 
and richness of content than that of the traditional elementary .school. 
2. Some pupil choice of studies,, elected under sui)ervisioiv 3. Depart- 
mental teaching. 4. Promotion by subject. 5. Provision for testing out 
individual aptitudes in academic, prevocational, and vocational work. 
C. Some recognition of the peculiar needs of the retarded pupil of 
'adolescent age. as well as Ki)ecial consideration of the fiuperuormaU 
7. Some rec»ognition of the plan of supervised study. 

After listinj? forty-four aspcc^ts of the junior high school 
movement, Brifjgs* invite.s the reader to make his own 
definition. More recently, Duvisf finds that a junior high 
sc'hool worthy of the name has as many as seventeen different 
characteristics. In his opinion, **the junior hi^'h school may 
be defined as a school unit developed in the United States with- 
in recent years and desi^nuul to furnish to all pupils, between 
the a^es of twelve and fifteen years appro.xiniately, (1) con- 
tinued common education on hifjh elementary levels, and (2) 
the be^'innings of a differentiated or secondary education 
adapted to each pupil's individual needs." 

2. Historical , liacktjronnd of the Junior ITif/h School 
Students of the junior hifjh schdol movement have shown that 
it is the result of an older and mueh nioro comprehensive 
movement which may he traced far back into the past. The 
essential facts concerning its more recent development have 
been summarized by ('lementj as follows: 

The flr?5t vijrorona, ronsdoua fliscus.<lon concerning: the reorjrAnl:^atlon 
of the ei;:ht.four plan dccnrrcd durinu the last decade of the nineteenth 
century, rreshluit Kliot in l^^S stnmt^ly advocated rcorffanlzation 
The (V>mm!ttce of Ten in 1.^0J-ls<)3. and the (\)nmiittee of Fifteen in 



•Hrietrs. The Junior Tliirh School, p. 50. 

tDavis. r. ().. Junior Hi-h Kducntion. ('Imp. I. 

JUonieut. J. A.. Curriculum Maliin^' in Sci-.Mid.iry School??, p. 201. 
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1895 also oonsidiTcd this problem. Durliipf tho first (locado or more 
of the twentieth i^mtury the (iciestioti of renrjjanlzed secondary edu- 
oatttm wafi ro-discusspd. directly and Indirectly, by the Comm ttee on 
tho Articulation of Hl^jh Schools nud Collcprcs, la 1911 ; by tho Commls- 
Hion on the Ueorpanizatlon uf s^^cundury Education, in llM:Mi)l4: by 
the Conunitti'f on Kconomy of Time. In 11)13; by the Department 
nf SniuTintciuieucc. in inn;: and by the North IVntral Assorlat.on. from 
lUls to 1»22. in its yearly eonfurtmces. 

The history of the contributions, by individuals and com- 

mittfcs, which led to the junior hijjh school movement, has 

bwn formuluted by Bunker,t Bennett,* Brig};s,§ l)avls|| and 

others.^ 

It appears, thaf after numerous pioneer efforts in various 
parts of the country, '^the real beginninj; of the present junior 
high school or intermediate school movement is jirobably to he 
found in the reorganization of the school systems in Columbus, 
Ohio (15)08), Berkeley, California (1910),' Concord, New 
Hampshire (1910), and Los Angeles, California (15)11)/' 
Since that time it has spread rapidly, and is now exteuding 
in all parts of the country. 

The following table, due to Briggs, may be of interest in this 
connection : , 

The Years in Which 272 Juniou IIioh Schools 
Were Establish ed- 



Tear X umber Year Number 

Before 1900 2 1012 21 

1U05 1 lOia 27 

1907 1 1014 44 

lOOS 3 1915 7d 

1000 3 1010 OS 

1010 11 lor 0 

lull 0 



tBuuker. Frank F.» Rcorpranixation of the Public School System, 

T'nitod States Bureau of Education, liullctin 191G, No. ft. 
jBennett, G. Venuni, The Junior Hi^ i School* Chap. II. 
SBrljrgs. Chapter H. ^ 
ilDavls, Chapter II. 

7 Valuable summaries of many articles and report.s concernlnj? this 
period wIU be found In t*hl. ^Y. L , "Principles of Secondary Kduca* 
tion/' Silver* Burdett and Company^ 1025. 
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3. The Extent of the Junior UUjh School Moxwmcnt, In 
191G, according to reports received by Douglas,* there were 
between three and four hundred junior lii^h schools or inter- 
mediate schools. A careflil estimate by the Bureau of Edu- 
cationf in 1918 indicated the existence of 557 junior high 
schools. In 1922 luglisj estimated tiie total number at more 
than one thou* - ^ whilo Clement (192;n§ speaks of the 
*Tiftccn huudr. .iiore jui iur hi^Mi schools of the country,'' 

At the pre« .ime, according to Koos.jl 

thoiis.'inas of rtthur conuiu nitios are ffivin^ sorions oousiilonition to the-* 
proiiosiil to cnVi-t iiniiu'diutu ur ourly reorj^auizatiou. Million's an> he»* 
in;r votiMl li.v soim» of those initios for biilhlinfi.s for properly housing 
tlie new institution. Junior liiKh schnul textbooks in a numbor of sub- 
jects Imve Ion;,' been ou the market. Hardly an C(hi(»ational eonvention 
meets whieli does not ^'ive the discussion of the probh^ms of this new 
scliool a prominent place on its pro-rams. Educational peri(uUeaIa 
devute much space to arti''les ou the junior high sehool. Departments 
of education in colh^nrcs atid universities are ofTeriai,' courses cou^ernod 
exchisively with its problems aiul tlK^.-^e and other training? institutions 
claim .to be preparim: teachers for it. State le;;islaturcs are onaetiuff 
laws to authorize its estnl)li.>ihmout or to roK'nlate its operation. These 
are .some of the evidences that the junior hijjh school is now one of 
our most en^'rossin^' educational concerns. 

4. The ('hnuffing Character of the Junior Hiqh School 
Idea. It is very important to romcmbcr tluit the junior ln«;h 
school idea has been uruler'xoin^ constant revision. Davis.^ 
In an admirable summary, calls attention to the three princiiial 
periods nv phases which the junior hi^h school movement has 
l)assed tlirou^h up to the present time. Whether viewed from 
tlio standpoint of aims, of methods, or of cf)ntent, each (l(»cado 
since* seems to hav<^ faced the problem in a different 
manner. Thus, during' tlu^ lirst jiericxl, from ISOi) to H)()0, the 
movement was uuiilt^l and inHuenced larjx(»ly l)y university a<l- 
ministrafors; in the second period, from 1901) to 1010. by public 
school :iuth/)rities; in the third period, from 1910 to the pn^si^nt 
timo. by pr(>fi*:;sional students of pedago{r>'. 

*l)oJi-l;is. A. A.. 'I*ho Junior Iliuh Sclinnl. p. 1>7. 

tiStati>tii-s of VwhWc Ili-h School, bureau of Education Bulletin. 1020. 

No. 10. {ip 11M12. 
Ilncrlis ( Knndd ). p. lidj. 
§(*N'nient. p. 2ul. 

* Davis pp. ij^ and 2U. 
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Hrigfjst reminds us that 

the reorjraulzutlon of schools on the 0-0, 0-3-3, or O'2-l plans was not 
alwaj'aj due primarily to a concoptlon of Uellnlte proirrams fur oduca- 
tioual rofums. In some Instniices a siipeHnteudent had inv outgrown 
hiixh school biiiliUn;: which was too good to destroy and yet not suited 
for till tlie elementary grades : hi others there was a growth of popula- 
tion In a scftion of the city remote from the exlsthiK high school ; hi 
others still there was overcrowding that ('(juhl best be relieved by a 
buildlnf? In whii-h pupils of the upper {grades and the llrst year of the 
high school could be c(mp:ref:ateil. 

In«jlis.l: describes tlio dianijo tlint has taken phice in the 

aims of the junior high school, as follows: 

The rarlivr projmsals f(U' reor.u'anization were concerned primarily with 
plans for an earlier be.trinniuK and a lon^vr period of secondary educa* 
tion of tin; sort already repri'senti*d in the hlKh school, and the pro- 
posers Were a'*tuated In larKi' part by ideas of a longer pvriud of 
preparation for colUw. Laivr itroposals, however, {..nd those which 
have been oiTeetive In developing the junior hl^rh schools, were in 
koepinff with our chanpjed I'onceptlons of the functions of secondary 
education anil enipliasl^ced a different kind of education rather than 
a downward extenshm of the secondary educatiim previously provided. 

Unless these^ clianging conceptioivs are constantly kept in 

mind, 'iliere is the greatest dan^'or that tlie real roorf^unization, 

necessary, and intended, may be lost sij;ht of in the reorijaniza- 

tion o^ administrative divisions/' 

5, The Purpose of the Junior Ififih School, ^Vltiion^h 
f]rlj^j;'s* obtaincil from liOd junior hi^h schools spi^cifio reasons 
for tluMr f.stal>lislnn(»nt, it is the contention of ClenUMit tliat 
tho real motives which UmI to tlu» ci'cation of the junior lii^h 
schools as a distinct section of tho public school system are 
already bein.i^ forgotten. I)avis'| thinks that "of all the 
fnnctions of tho junior hi^h school, that whicli Ri»eks tc 
aid pnpils in cliscovorln^ tlnur own capacities und limitations, 
interests, and distastes, ])ow(m*s aTid weaknesses, is the most 
^ iniporlant. It is this function, above all others, that jiistitles 
tlifj reoriranization of schools on a new basis/* 

Tho ridutive prnniintuic(^ uttaclu»il by school docnments or 



tBriirirs. p. r.:^. 

Uii^'lis. Alexrinthv J.. Secomiary Ivbn'nti(Ui. Chap. X (p. 203) of Kaudel, 
I I4. iIMitMiM. Tweiity-Jivc Vi'ar>i of American Eilucatiun, The 
M:i'*miliMn ('{Uiipauy, New York, 
♦nriiTfrs. p. :u. 
1 )avis. p. 0(». 
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educational loaders to such peculiar functions as retention of 
pupils, economy of time, recognition of individual differences, 
•guidance, etc., was stuXlied by Koos.J Extremely significant, 
if not depressing, is the h)\v rating given to the aim which 
stresses ^'better scholarship." 

Acording to Inglis,^ the main objectives of secondary edu* 
cation are (1) the social-civic; {'2) the economic-vocational; 
and (3) the individualistic^avocational. To realize these ob- 
jectives, he states that the school should exercise the following 
six functions: 

The intejjratinff function. Tho dinpnostic function. 

The diflfurentiutinp funrtlon. The pvopiuMltuitic function. 

The sele(tlve function. The adjustive function. 

Each of theiio functions should operate in the junior high school as 
well as iu the senior hi^'h school. The integrating function should tend 
to foster soi'ial solidarity ; the diffeivutiating function should aid In 
developing: piTsonallty ; the selective function should vsift out the more 
fit from the less fit : the adjustive function should empower individuals 
to relate themselves to the 'Werchan;;lnfi demands of dynamic society" ; 
the propaedeutic function should prepare the pupil to continue his 
studies Into their more advaui^»d stages: and finally, the dlafjuostic 
function sh'ould help the pupil to discover his own elements of strength 
and weakness and to plan his life career accordingly, 11 

6. Types of Organization. As might have been expected, 
there is no uniformity in the organization of the junior high 
school. A dozen or more varieties of its external organiza- 
tion may be found iu various sections of the United States. 
Tliia fact leads Koos to say that *'the junior high school is hard- 
ly the same thing in any two communities." The forms found 
most frequently are the G-2-4, the (IJJ-S, and the G-G plans, 
nines,* who in 1917 reported nine different types in the 300 
cities included in his investigation, states that the 6-3-3 plan 
has now bect^me the most popular. This claim is supported by 
a study made by {Superintendent Prattf in 1922, in which it 
is stat(Hi that 21 out of 2G cities of 100,000 population or above 
have adopted that scheme of reorganization. 

IKooa. L. v., The Junior Hl^rh School. Chap. II. pp. 18 and 10. 
JingUs. A. L.. l^rlnciDles of Secondary Kducation, Chap. X. 
' As .summarized hy Davis, p. 102. 
♦Hines. H. C. "Junior IIi^;h School Curricula." p. 2. 
trratt. 1). C. "Status of the Junior High School la Larger Cities/' 
School lieview, November 1922. 
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The HtPUp:gle between the 6-3-3 plan and the 6-6 plan is of 
particular interest to the "upper high fichoor\ An extensive 
literature has arisen on the relative merits of the two types4 

It is probable that eventually each community will select 
that form of organization which beat fits its local needs. 

7. The Program oj Studies. Many questions pertaining to 
the program of studies in the junior high school are far from 
settled. In particular, there is a continuous struggle betwwn 
enrichment and economy of time, between uniformity and 
variation, between **ternunar' and ^'preparatory'^ values. 
Nevertheless, a clearer view of the outstanding problems 
fieems to be emerging. 

Thus, James M. Glass, on behalf of the Pennsylvania State 
Department of Public Instruction, in 1922, stated the case as 
follows ; 

It is thi» difHoult mission of the Junior hijrh srbf)ol to rontinuo a 
projrram of studit^s carritMl thnui^xh tho six ywirs of the eU'mt»ntary 
fichool. modify and onlarfre this pro^rram f(jr the ronlizntlon of ltd 
own i)Ui'pos(»s. and in turn pivpaiv for advancvd tyiH»s of curricula 
in the senior hiuh schotjl.. It is plain that this c:iu be done only 
thron-^li succc^sivo periods in* lhi» trnnsitional process. Hrietly, theao 
periofls are four in number: A. Adjustment (Low Seventh). IJ. lOx- 
ph)ration and I*re-view (Ilij^h St^venth juid Low Kiuhth). C. Pro- 
visional Choice of Klectives (IliKh Ki^xhth). D. Stimulation (Ninth 
Year i . 

The dangers of iiidis(*riminate expanxion are stated force- 
fully by a numl)er of writers.* As to pn»vailiii^ typi^s of 
curriculum organization* Koosf has inv(»stii^at(Mi thv n»lative 
prominence of the followinj^: 1) tlie singlecurriculum type, 



tSce especially. Sachs, J., *'The American Secondary School." lOTJ, 
pp. lOs.lK); 

Wheeler. GiMir^e. '*The Six-year lli^;h School." School Uevicw, April 
lOl.'i: 

Bafiley, \V. (*.. "The Six-Six Plan." Schoc^ and Home Education, 
Scptenibf-r nut. Novi-nibi^r UUL and March inio; 

Ilarri.^i. .1. II.. *'Th»» Six-Six IMan." .huirnal of Kducation. Vol. 01. lOlU, 
pp. r>.'>r> <*t scq ; 

Shaefcr. Harry M.. ''riic Six-Vmr T'nillcd llit;h Scluwd ver.^ua tho 
SiMiior and Junior lIiL:li Schmd/' rmc. \. K. A.. 11*20. pp. 221 2M\ 

Davis. n.. ••Juni"r IIii;li Sihiml IMucnlinu." Chap. V. 

♦Sec. c.'^p^M ially. Uaxi.'^. <'lmp. VII ; l?ri^'i;s. i'hap. VI : Clement. Chap. X: 
I; ;r:is. Chrii) XI. j.p. 112- ilS. 

+ K(»ny, <;hap. IV 
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2) the niultiplo curriculum ty\)i\ the ^'constants with vari- 
ables'' type. He finds the second type iu use in more than a 
fourth of a large number of unselccted junior high schools, 
while the third is to be found in an increasing proportion of 
schools. » 

In any case, it is becomi*"? clear that *'no single program of 
studies can be formulated that will meet all conditiom-. 
Programs of studies must grow out of local as well as national 
and universal needs. It is as absurd to draft a program of 
studies for schools in general as it is to prescribe a given 
medicine for diseases in general. Each school district has 
special problems, interests, and limitations which must bo 
taken iv.* account.-' 

8. Curriculum Problems. An examination of hundreds of 
printed courses of study has led competent critics to observe 
that thus far only a beginning has been made at accomplishing 
desired ends.* Many so-called junior high school programs of 
study and curricula *iiaYe neither been re cast nor re-admin- 
istered in any way different from that of the perfunctory 
practice under the traditional eight-four regime." It should be 
emphasised, of course, that '"the whole problem is not so much 
one of new courses (curricula) or new administrative machin- 
ery, as it is of reorganization and redirection of much of the 
secondary school work "in terms of twentieth century social 
needs and values," 

The crying need of the hour is conceded to be a scientific 
curriculum policy.f This means that subjective opinion, 
however valuable, can no longer be the exclusive basis of 
curriculum readjustments. There must also be scientific 
inventories and analyses of the individual and social interests 
and needs of pupils. Moreover, **it is impossible to formulate 
and outline secondary school curricula apart from consciously 

♦See. e.«ipc(ially. Jnme.s M. Glass. •'Currinilum Practices in the Junior 

Hic:li School ainl Grades 5 niid 0." I'niver.sity of Chicago Educa- 

timial Monn^rraph. No. N(»vombcr 1024. 
tSce (*lpinfiit. Chap. XII: IngUs. Chap. IX: t'hl. Part VI (pp. 585- 

nr)2) : liriff^'s. Thomas II., Tbu School Review. February 

pp. 100-115. 
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recognized objectives." Finally, there must be a continuous 
process of re-definition, becaftse modern society is never static. 

Hence, in planning secondary school curricula, ''one of the 
first btops is a clear statement of objectives in terms of the 
growinj? needH of pupils, and of the society in which they live. 
A second important administrative step is the provision for 
an adequate time allot ment for the realization of such objec- 
tives as are doiinitely outlined/' 

Viewed in the light of these statements, it is clear that 
"curriculum making in our secondary schools at present is no 
mean task. It is a complicated project, a stupendous under- 
taking in the midst of the complexity of problems arising out 
of the current changing social order. Obviously, no single 
individual can hope to suggest the final proved ure/^X 

9. The Development of Method, During the past .thirty 
years an almost revolutionary change has taken place in the 
attitude of leading educational thinkers toward the problem 
of method.* This change has been characterized as a trans- 
ition from Ilerbartian formalism and receptivity to tlie 
functional program ina\igurated and sponsored by Dewey, 
Thorndike, Kilpatrick, and their numerous disciples. The old 
faculty psychology has been rephice<l by the mechanistic 
stimulus-response hypothesis. A new doctrine has arisen with 
reference to the transfer of training. This doctrinn, instead oT 
'^exploding the ynyth of mental dUcipline*' no longer questions 
the fact of transfer, but is trjing to <lctermine its extent and its 
modus operandi by scientific methods. Finally, the use of 
statistical nn^thods. as applied in the field of experimental 
pedagogy and in the measurement movement, is profoundly 
modifying classroom technique, ^'aturally, these outstanding 

tAttrntion may also Ijc called at this point to tho publications of wull- 
knowu '•(•uiTiculum builders.*' v. ^x., IU)nser. Charters. Htjbbitt. 

•For valuable rt'Vlew.s of this iH»rifKl. siu' Muddf.x. WllliuMi A. "Dcvrlop- 
ini'?it fjf Mrthoci;* (*hap. VI. of Kaiuh-l (Kditor). Tv .»nty-tive Years 
of American Kilucatiou: also llillet^as. Milo I?.. "The Troblem of 
Method," Tnited States, pp. rjr>7-5l)tj. lOducatiunal Vearburdc 
Iiiti'ruutional lustitute of Teachers College, Maemlllau Compti?iy» 
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tranafurming influences have begun to affect the pedagogic 
procedure of the best junior high schools. 

Only live of the many consequences of this new orientation 
can be mentioned at this point: 1. The project-problem meth- 
od. f 2. The consciou.s application of tested objectives. Super* 
vised study. 4. Experimental teaching on a nation wide 
basis. 5. The use of educational tests for purposes o£ 
classilication and diagnosis, and lor measuring progress. 

An enormou.s literature has arisen with reference to each of 
these five factors. The newer contributions seem to warrant 
the feeling that at last we are beginning to develop a more 
discerning and critical judgment which refuses to be influenced 
by every new panacea.J Above all, the feeling is growing 
that '*any move in the direction of the establishment of a 
general method is necessarily faUacious. The way to learn 
to spell a word is not the way to learn to play on the piano. 
Even the motivation is not the same in any but a rhetorical 
sense of the word." 

10. The Preparation of Teachers. In 1918 the North Cen- 
tral As.sociation of ('olleges and Secondary Schools unanimoua- 
ly adopted the reconinuMidation 

that tho standard of proparation for tho toarhor of tho ninth prade 
of tho junior hl;:h sdiool hi» th(? 8amf a.s the .^^tanUard now adinlu- 



tFor a (Titit'ftl rrvirw (if tho projoct mothod. tho roadcr is referred to 
Bajrh-y, TtNichor.s ('olloj^e Record. Scptemlu'r 1921; Muddox (Kan- 
del), pj). Uirj-lTtS: Horn. Kducational Urvicw. January 1022; Brau- 
onj. M. K.. "Thi» Pi'ojtu't Method in Education." 1010. 

t?*0(» Dr. Thomas .1. Mr( 'orinurk'.s "Critifiuc of tho Moasuroraont MoTe- 
nwnt." in Schnol and Socii^ty. Juno 24, ll»22. — Of (Muirso. no one 
desires to iirnore or nuninn/.o th(» epoeh-maliinj^ eontril)ution.s of 
the nieasnreiiH'ni ni()\ cnieiit. There is. howov^r. a Krowin;; reS4«nt- 
nient cif the ineHMlilily naiv(», and often IduntlcM-in;:, oneroaehmont 
of suidless "(MlncntinuMl machinists. " Thinkinp: teachers refUM* to 
iuujire thf» "fallMcy of the avcrau'e." or to disrejrard tho appalllnj? 
danger <d' ''stamlardi/.i-d thinking" in a df^m()cracy which depends 
for its very i'\i-:t»'nci* on intidlii^ent initiative and superior Icader- 
Miip. Siif'h sent inu'nt*^ seem to he fairly universal. From (jormany. 
the home of eNpi-riiufntal psycholo^'y. comos iho me.ssa^ro that '*on 
the wholi'. praetifnl ti-Mchi-rs arc not enthusiastic over intoUiircnce 
tc»st^: they wmihl liUr to have, in adiUtion. a -^nund method for 
me.Msurlm: in the WrhU of enioti»jn and will." (Educational Ycar- 
ho.ik. V.rj^, ]) Sec al.^o. I.elunann. U.. Tas dopp<dto Zicl dor 

Erziehun^'. Hcrlin, lli2r», pj). iWi 7>. » 
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Isteri'd for se(*<)U(lary tont'bors by the North CVntral Association* An 
euimlly hli^h stumiurd of prepanition for the toai'her of the si»vurjth aud 
elffhtU Rradi*H of the Junior hl^h school should be insisted upou as soou 
as prac ticable. 

Naturally, as one writer romarka,/^ these standards represent 
idruL^y He ^oes on to say tliat **\vhatever standards are set 
np, provided they be not mandatory, a superintendent is likely 
to select the best teachers that he can lind, most probably in 
his own system, regardless of academic traininjj or de{^reea.'* 

A number of studies liave been made with reference to the 
preparation and trainiuf^ of junior high school teachers.* 
Thus, Smith,* in 1922, after examining the catalogues of train- 
ing institutions, found that practically one-third of the states 
support some activities in the training of teachers and 8U])er- 
visors for junior liigh schools. There >vere 125 methods courses 
in 48 institutions. The average experience of 47;i teachers in 
121) schools was reportcul by Evendenf to be 7.5 years. The 
plan followe<i at Rochester, Xe?w York, in th.e selection and the 
training of a group of teachers for the llrst junior high school 
of that city has been described by Supi»rintcndent IL Weet.t 

In general, the opiuion seems to prevail that toachcra 
recruited from the grammar schools excel in classroom control 
and in teaching techni(iue, while college graduates with special* 
ized training are superior in scholarship. The unsolved 
problem is a unison of method and content. 

11. Appraisal and Outlook. Tudoubtedly it is still too 
early to expect anything but a provisional estimate of the 
accomplishments and the standards of the junior high schooL|| 

•Smith. H. J., "SiKM-inl Preparation for Junior Iliph School Service/' 
Educational Administration and Supervision, December, 19212 :,Ree 
also GosHnp:. "Tbe SchM'tifin and Training of Teachers for Junior 
nigh Schools;* Tart I. Ki;:hteenth Yearbook of National Society 
for the Study of Kdueatlon. 

tTeai'heis* SalarU'S and Salary Sehodules In the United States, 11)1S-19, 
p. 02. 

tPro.'. N. K. A., 1010. pp. 1030-42; School Review, February 1915; 

Kducational Administration and Sui>ervlslon, Septemher 1910. 
l;DavlH, Chap. XXI and XXII. 
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In a very real sonso. the junior high scliool is an crolving 
institution, called into existence by many factors, most of them 
of a slowly matnrinji U)VVi\ And it is still being transformed 
by numerous inlluenc(».s and agencies which are often in serious 
conflict with each other. It has become the battle ground of a 
corps of specialists, eacli (Expecting the exclusive recognition of 
his particular point of view. Tlie administrative expert of the 
junior high scliool tries to solve its perplexing organization 
problems by prescribing ''broadening and finding*' courses, 
arranging extracurricular activities, and rellning time 
schedules to an ev(»r increasing extent; the educational 
Iheririst wishes to control its methods aiul classroom policies; 
educational psychology demands due regard for laws of learn- 
ing and for individual differences; curriculum experts offer 
their oriteria of seliTtion, evaluation and arrangement; and so 
on, ad inlinitum.v 

Tnder these circumstances, is it astonishing that the finite 
brain of the mere, teaclier should have attacks of dizziness? 
And even the texbook writ(»r, formerly so complacent and so 
painfully stereotyped, is showing slight symptoms of a bene- 
i;.-ent inf(»riority complex. In fa(»t, multiple authorship h,as 
i)(»co.iie almost a ncM'cssity. That plan, however, may soon be 
replaced by the cooj)erative effort. t)f an endowcMl syndicate of 
exp^Tts. Particularly significant is tin* natii)U-wid(» mobilixa- 
finii of thought on cui'riiMilum construction now being dirtM'ted 
by a I'onnnittci- apptdntrd by t!ie Department of Superinten- 
dfuri' of t!u» Xatiunal lldr -alion Association. 

And so, th(» junior high i^^diool is at once the hope and tlio 
ilcspair of foi \ -ard iijv^klng (Mlucators. It is the groping 
attempt of a dl•^•elopiTl'; ileinocracy to pr jvide a more ad(»(}uate 
educMtional atmosphere iw all the adolescen. children of all 
its [)eopU». 



^'Au anmsin:: Mud ivalisTi<' description nf tho •'huntrlosomo and nwk- 
u :ircl" sit nation ofti-ii ])n'vnilinK (»v(»n in snptTior Jiniinr hi^h 
<«1mm.Is is u'ivrn jiv r.runi'r. II. 1^. in "Tlu' Junior IIluli Sdmol nt 
Work," 'i*rri«-lii'rs (Nilh'U(» ('oiitrilHUit^ns to IMucation. No. 177, p. 
1:2, Nrw York. lUli.-i. 
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IL MATHEMATICS IN THE JUNIOR HIGH SCHOOL 

1. Underlying Causes of the Present Status of Junior Iliffh 
Hifjh School Mathematics. Mathematics in the junior hij^h 
school is still in the making. Neither its purpose, nor its 
content, nor its method, can be regarded as settled. The 
agencies which have molded the junior high school as an 
institution have naturally affected each of tlie special subjects 
included in its program of studies. In particular, tlie form 
which mathematics is gradually assuming in the junior high 
school is the composite result of at least tliree distinct forces: 
1. The reorganization movement of the elnncntary school. 2. 
The reform movement in secondary mathematics during the 
past thirty years.* 3. The change in the educational back- 
ground as a whole. 

It is the failure to understand and to appreciate at its true 
value tlie legitimate and essential contribution of. each of 
these three factors which is causing nearly all the confusion 
of the present moment. A convincing study of their relative 
significance would be a grateful task for some able student of 
education. 

2. How the Content of the New Mathematical Curricula is 
Being Determined, According to Professor L. C. Mossnian,t 
leaders in education have viewed the problem of curriculum 
construction- -not always in harmony with each other — in at 
least seven distinct ways, and with reference to eleven or 
more different categories. As a matter of fact, a much 
simpler i)roredure has been at the bottom of the reorganized 
curricula in our best schools. Unquestionably, the live princi- 
pal sources of the new mathematical courses are the following : 
1. The subjective opinions of teachers and textbook writi^rs. 

•A ri'liuMo, connoctoil at'count of this ontiro period is urKfiitly iircdiul. 
Ffw tonrhrr.s accos.s to tlit> orlixinal tlncuinonts. Pnifpssor 10. 

II. Moure's fanu>u.s adtirt'ss is rcprintod in this Vciirliook. .>im». also 
in an oarlior ch.'JiJtiT of this vnlmno. a rovic^w of tlie work nf the 
itapnrtaut (Minimittcos. hy Professor I). K. Smith vim lias had suc-h 
a lar^'u share in tho pruKi'i-'Ssive niovcnuMit of tl'o pu-^t twenty. livo 
years. 

tMossiaan, L. C. *Mn AyxnhjRU of thr Thcorv'^ lin.^i^ to Currirulnm 
Consiruriion," Teachers Collego Uecord. May. ll)2r), pj). 7'M'7l\\). 
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2. Committee reports. 3. Objective inventories and an- 
alyses. 4. Experimental teaching in representative schools. 
5. World opinion. • . 

Obviously, the experience of poiHTatlons of teachers cannot he ignored. 
Throughout the i)erlo(l considered .the criticisms and suKffestlouH offered 
by Individuals have really beei) the basis oi' all subsequent reorganiza- 
tion. Summaries of these suffKestions have appeared from time to time. 
— The reports of the numerous general and special committees which 
have b(;en at work during the past thirty years have usually given the 
collective opinion of a small group of individuals. Nevertheless, they 
have profoundly influenced the present trend in mathematics. This 
Is true especially of the Report of the National Committee on Mathe- 
matical liequlrements.— A summary of twenty-nine olijectiv^ studies 
relating to the mathematics of grades 7, 8. and U. was rewntly pub- 
lished by Schorllng.t These studies are of very unequal value. They 
include: one analysis of "pupil activities"; six studlea of the mathe- 
matlcs needed in general reading ; three studies of •the mathematics used 
in business and In social life; six studies of the "academic** 
uses of mathematics; seven questionnaire investigations. TJie very 
common fallacy of depending on the "frequency of occurrence*' as a 
reliable^ criterion In the selection of subject-matter is strikingly illustrat- 
ed by a number of these investigations. — Some of the contVlbutlona of 
leading exiwrlmental schools are listed by the Keport of the National 
Committee. t Moreover, programs for experimental teaching have been 
suggested by several writers. — Finally, as to world opinion,. the report* 
of the International Commission, and numercMS other related publlca^ 
tions, have exercised a corrective and broadening influence. 

3, Curriculum Practices in Typical Junior High Schools. 

A detailed study of the junior high school curricula in four- 
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tSchnrling, Raleigh. "^1 Trntntivc List of Objectives in the Teaching of 
Junior High JSchool Mathematics,'' Chap. HI, Ann Arbor, Mich., 
1925. 

tReport by the National Committee on Mathematical Requirements, on 
''The Reorganization of Mathematics in i^econdu<'U EducatioUt* 
1023, Chap. XIL 
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teen representative centers was made by Mr» James M. Glass.* 
Of the extensive statistical material contained in Mr. Glass' 
report, the following table is perhaps of greatest interest. 

Some of the other tabulations, pertaining to the mathematics 
of grades 7, 8, and 9, may be summarized as follows: 



Mathe< 
matics of 


TimOi aver, 
no. of nilD' 
ute.s per 


Time, per 
cent of 
total. 


Lowest no 
of minutes 
per week. 
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I)er week. 


No. of 
lH?riod3 
lH»r week. 
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400 
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The principal findings of the report appear to justify these 
Conclusions : 

1. There Ls an enormous discrepancj in the time Allotment of these 
Bohoolfl.t 

2. A glaring dlflafrreoment iu the content of the courses is noticeable, 
8. Real recon.struetion of content is far from Kenoral. In particular, 

tjio function of intuitive Koometry is often misunderstood. 

4* The fallacious procedure of testing **resuU's'\ before valid objectives 
hive been formulated^ is only too common. 

6. The frequent absence of vnlid objectives and standards makes it 
only ton eertain that "until su-h standards are established by a 
nation-wide investigation and eoniniitlees in each subject field, 
in which all school systems will have Iniplleit confldenee. the present 
confusion of curriculum practice and the apparently needless waste 
of si hool time and public funds must l>e en>ected to continue." 

. 4. Textbooks and Syllnbuses, Thus far, about a Hcore of 

textbooks have appeared which are devoted either entirely or 

in part to the mathematical work of pnc*adevS 7, 8, and 9. They 

reflect all the conflictinf^ tendencies outlined above. Xeverthcv 

lesH, the total contribution represented by these publications 

justifies the feeling that the reorganization of mathematicH in 

•Gla.'^s. Jnnios M. ^'Curriculum Prarticea in ihr Junior High School 
and frraiic;s and Vniverslty of Ohicapi. Snpplemi»ntary Educa* 
tional Monofrrnphs, No. 25. Novemln^r. lUlii. 

tThe reader is cautioned ajrainst thi» iihp of the above data for compar- 
ative purposes. The amount of tinu* allowed for home study or 
«uporvis<Mi study must alw) be taken into account. This factor 
varies fully as much as the e^oas time allowance. 
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the junior high school has ^one beyond the initial stage, and 
that it compares very favorably with similar efforts in other 
Kubjet'ts. 

A critical inspection of all the available texts shows that 
much i)ro}:ress has been made in the selection, the motivation, 
and the arrangement, of the topics included. On the other 
hand, these texts also seem to warrant the following state- 
ments: 

1. An o.«(^ssivL» variation prevails in tlic dogroo of emphasis which I9 
placed on the various iuffrodionts of the nirriculum. 2. Intuitive 
goometry Is not rooeivins: its due share of attention. 3. There is no 
dearly dottned policy with reference to purpose or content 4. With 
very few notable exceptions, there is no evidence that the materiala 
included were determined experimentally. 5. A majority of the 
authors evidently lack first-hand classroom experience in genuine Junior 
high schools. 

Teacher!? and textbook '^juries" should be reminded that the 

mathematical curriculum of the junior high school is still in 

a state of flux, and that, as a result, no single text or syllabus 

at present can adequately reflect the ideal practice of a typical 

junior high school! All existing books and syllabuses must be 

regarded as provisional and tentative. That the National 

Committee endorsed this point of view very emphatically, ib 

proved by the following quotation from its Report: 

The committee is fully aware of the widespread desire on the part 
of toacUers throuphout thi» country for a detailed Myllabug by rears or 
half-years which shall give tlii» best ordci^ of topics with speoiflc time 
allotnionts for each. This desire can not be met at the present time for 
the simple reason that no one knows what is the best order of topics, 
nor how miic-h time should be devoted to each in an ideal course. The 
fommiftce feels that its recommendations should be so formulated as to 
pive every enronrafremont to further expi'rimen cation rather than to 
restrict the teacher's freedom by a standardized -yllabus. 

Fortunately, thero are indications tha*: in the future the 

important task of preparing textbooks and syllabuses will be 

undertaken, to an inrn^asinp extent, not by mere theorists, but 

by capable, well informed teaehers who know from prolonged 

experience which mater iai.s actually function in the lives of 

chil(lr<Mi. 

T). drnrral and Specific Objective^ of Junior High 
Mathrmaties, The most serious weak less of the present 
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situation appears to be tho abfloncie of generally recognized 
giiidinfi principles. This oonfusian of objectives, to be sure, la 
characteristic of tho whole Held of secondary mathematics 
A detailed study of the Report of the National Committee, 
especially <if Chapters II and III, would remedy many 
troubles. Familiarity with tho critical reviews of this Ileport 
would also be profi tablet 

Within the last few years, tht-re has been a prowang feeling 
that teachers need, in addition to general criteria of selection, 
a detailcHi analysis of the precise scope of each topic. The tirst 
comprehensive study of such specific objectivea in the field of 
junior high school mathematics was i8sue<l last year by Pro- 
fessor R. Schorling.t It includes a basic list of 305 elements 
(9 attitudes, 63 concepts, 127 abilities, 106 items of informa- 
tion.) The totul number of elements considered is 451, The 
author of this monograph very prcperly warns his headers 
against a wrong interpretation of his /indings. These state- 
ments are particularly significant: 

The teehnique here employed lenvea tho door opon for growth. It 
is conouivablo that this study repenttul ttui yonrs honco, would result in 
many and drastic chan;xes. Certainly the same f^udy carried out ten 
years ago would have resulted in a hasle list far different from the one 

m7 *f ^^^^^^^'^ ^''^ exDected that this hasic list 

will fit vM^vy eommunlty. nor win the endors<ununt of aU individuals 
On the contrary, the writer (ioes not accept the basle list throujrhout! 
. . . . .The contention is that this chapter furnishes a good working 
basis for any ^roup of teachers that slta in conference for the purpose 
of makin;: a coursi* in mathematics for grades seven, eight and nine foi 
their community. 

An extensive investij^ation of the general and spe'^iflc objec- 
tives of secondary mathematic. is bein}; conducted at present 
by Professor W. D. Reeve of Teachers Colloge.|| Thorndike's 

•Betz. W. 'The Cnnfunion of Ohjcctivcs in Secondary Mathematics " 
Mathematics Teacher, December, 192,*?. 

V*The Junior High School Report '* A Discu.'^sion by Walsh. Rreslich, 
Betz. S<*horling. Miss- Guirle. in the Mathematics Teacher. January 
1021. See, especially. Uugu\ IJarold, ''('urrirulum Makint/: What 
Sihall Conittitutc the Procedure of National Committees;' Mathe- 
matics Teacher, January, 1024. 

tSrhorlin;:, UaleiRh. o,j. cit. Chap. V. 

ITbe first part nf this investigation wa5? publif^hed in the Ifaihcmaiica 
Teacher, Nuvembor, 1925. It contains a valuable list of references. 
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contributions in this field have boen rceinved with attention.! 
Finally, reports of coininittees, spwial monographs, and help- 
ftil articles in the professional journals,^ are constantly adding 
to the fund of available information in this field. In short, if 
the lack of perspective described above should continue, it 
will not be due entirely to a dearth of helpful literature, 

6. The Strufffjlc hvtwecn fitratifivd and Vnifivd ^fathc- 
matios. Just what is the best arran},'oment of all the items 
which make up the mathematical curriculum of the junior high 
school, will always be a debatable i«sm\ The early tenden<*y, 
found especially in California.* to copy the stereotypi^d 
compartment system of the traditional high school, has no 
serious advocate at present. A system of ^'units'' or ^'block;^'* 
of work has very generally replaced it. This means that a 
^'unit" of arithmetic is followed by a "unit" of geometry, or 
algebra, or trigonometry, according to the preference of the 
individual sehooLf In reality this is still "stratified" mathe- 
matics, but the strata have become thinner. This arrange- 
ment is called "general", (or ^'correlated", "composite", 
"unified") mathematics. 

The effectiveness of this plan depends on many factors, 
especially on the amount of genuine correlation which 
it consciously realizes,^ An actual "fusion" of the mathe- 
matical ingredients appears to be customary only in industrial 
and manual arts classes, usually in connection with practical 
problems or projects,|| 

jThorndlkD, E. L., and others, "7'/ic P^^ychology of Alffcbra,** Mac- 

Millau Comi)any, 1023. 
uSeo. fur cxaniplo, Dickinson and Ruch. '\An Annh/sifi of Corta n 

Difficulties in Factoring in Algebra,"* The Journal of Kducationil 

Psycholojry. May, 1925. 
•Rrnnott. pp. 92-05. 

tBreslii'h. E. "T/jr Vnitary Organization of the Mathrmatirn of tJiff 
Sevrnth, Eighth, and Sinth (jradcif'\ Mathematics Teacher, April, 

tScc Rvftort of the Xntio}\nl Conimittvc, pp. 12-14: also, seo Uci'Ve. *kV. 
I K "7'/if r//.^/* fo^ Oviural Mathcmatic/i", Mathematics Teacher, 
Nnvoinbcr. 1022. 

iiln thiH I'tinncctlon. it wonld ho profitable for secondary teach'^rf to 
8tu<iy the cnrre.'^pontlini: develt)i)mciit in the colleges. See. for 
evaniplc. Ml.<.s V. Sanford's article oil "Tcxthookfi in Vnifivd Mathc* 
maticM for College Fre8nfti€n\ Mathi'maties Teacher, April, 1023, 
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Of course, the creation of a siii{?le course in'^ijcnoral nmthe- 
matics", suitable for nil schools ami all pupils, may prove to bo 
as Utopian as has been tlie development of a "{general" method. 
What is needed, however, is a scieiitifle theory of correlation, 
supplenvnted by flexible criteria of arran^'enient, 

7. Pedagogic Considerationa. For reasons of economy, a 
number of closely related items will be considered together 
under this heading. 

a. Methods of Teaching. In general, better teaching is 
being done today in many junior high schools than in the 
average upper high school. The usual, mechanical "recita- 
tions'' are disappearing. There is much more "motivation" 
than formerly. Drill work of a more intelligent and effective 
type is coming into 'use. The number of trained teachers is 
rapidly increasing,* At the same time, it is signiflcant that 
only two monographs, of very moderate scope, have appeare.f 
thus far, which are devoted exclusively to mathematical meth- 
ods in the junior high school, t 

b. Projects. Jlu'-h confusion has hwv cansi-d by uncrlticii], 
indiscriminate eulogies of the "socialized recitation'' and of 
'•project teaching". A return to sanity is under way, A real 
"project" in mathematics takes very much time; it renders an 
organic development of a cumulative subject like mathematics 
almost impossible, within the customary meagre time allow- 
ance; it cannot be incoVporated in a textbook; it requires ex- 
pert teaching; and ordinarily it functions only in small classes, 
or in private schools. Nevertheless, sui)plenientary projects, 
conducted by in.spired teachers, are very desirable. 

c. Ability Grouping.. The National Committee offered the. 
signiflcant recommendation that "in the junior high schoo!, 
comprising grades seven, eight, and nine, the course for these 

•See I'rofp.«!.sor It. C. Archibald'R scholnrly rpport on the "Trainina of 
Trar.hrr.i of .Uathcmatio.'^-, Cbap, XIV of the Ut-port of the Nation- 
al Committee. 

tBarlHT. Ilariy C. "Trarhin;; ./unior High Srhool Slathrmntiry' 
Houuhton Mifflin Comp.'ui.v, in24: tho second monograph, in pamph- 
let form, may lu> olitaincd by aiklrcs.sitiK its author, Dr. John H. 
Clark, of the Lincoln School of Teachers CoUpge. 
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throe yoars should be planned as a unit with the purpoi^c of 
(jiving earh pupil the most valuable mathematical trainintj he 
is capable of receiving in those years, with little reference to 
courses which he mag or may not take in sucrreding years.'' 

A ono-si(h»d interprelation of this statement nii^ht easily lead 
to a re»\tition of the deplorable blunder of the Committee of 
Ten (ISO;?), when it refused to reco};nizc the unavoidable dis- 
tinction between '^terminar' and "preparatory-' courses. The 
psycholoj^y of individual differences, the use of survey tests, 
the introduction of a system of guidance in the larger schools, 
and the pro-vocational interests of many children, have con- 
clusively • ;.osed of the old conception of a single course for 
all. As a I suit, there have boon numerous attempts at a m(^re 
homogeneous classilication of pupils, and differentiated courses 
are being di sloped. 

It is too early to pass final judgment on the many related 
experiments which are being conducted throughout the 
country. !| Perhaps it is safe to assert, however, that a refined 
system of iibility grouping has proved imi)ossible, for admin- 
istrativo reasons.J The logical consequence of an extreme 
form of classification would be individual instruction, after the 
fashion of the Dalton plan, which represents a curious revor- 
sion to the days of 'the little red school house''. 

(I. rsc of Standardized Tests. Much barm has been done 
by the premature, mechanical use of ^'standardized" tests. § 
At best, the available tests can serve only n provisional or 
investigational purpose. The elaboration of really significant 

rSoi» P»ninor. op. cit.. Chap. III. 

JEqnally futile the nttcmpt to enlai'Ko the nnmbor o*" pro.^scriboil or 
cU'ctivc I'nurscs in inatlu'iiiatifs. For a statfiiuMit nf I'.i^ thorough- 
ly nutoiiahle idoas of Prnfossor SiHMhliMi. sco liis ar*"iclo in tlio 
Mathematics Toachor. ''Prmrrihctl vcr,^u}i Elective MakiicuiatifS in 
Junior Ilif/h Schtn)ls'\ Ki»lM'nary. 

§Seo. ospeciaUy. rpttni. C\ B. '*7V/r Infiiirnrc nf ^tnnflnyi:i::C(1 Tc.9t,9 mi 
tho Currirulnm in Arithmcfic'\ Tvnclwvs ColUw Urcnrd. April. 192.") ; 
AVnlkor. Ih^hMi M. "What thr Tcat.'i I)n Sot Tcs<V\ MathtMuatirs 
Teacher. January, 1925 : Professor Uci»V(»'s report on ''The Im- 
prnvcmcnt of Trat,'^ in Mathcmutii'n", in tliis vnlunio * anil the same 
fuithor's latest work. '\A DvujnoRtiv study nf the Tcaehing Prohlvm;i 
in Ui'jh-Srhonl Mathvnuitivsi**, (iinn & Company. 1920. 
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tests will take- much time, and it will presuppose the general 
acceptance of scientifically tested objectives, obviously not to 
be expected very soon. In the meantime, teachers should 
study the literature on objectives and on the newer types of 
tests. They should then befjin to experiment independently 
in their own classrooms. The motto should be: ^'Objectives 
first, then teach, test, teach again, test again.'' 

■ 8. The Arithmetic Situation. An immense amount of 
work has been done in the field of reconstructed arithmetic* 
Suggestions of reformers range all the way from the complete 
elimination of the subject in the junior high school to an ex*' 
aggerated emphasis extending into the upper high school. 
Some feasible middle ground must be found. Reliable in- 
ventory tests have revealed a surprising weakness in the 
elementary processes and an extensive ignorance of the funda* 
mental principles. Disregarding these weaknes.ses will not 
remedy them.f Perhaps the situation may be summarized by 
stating that the present practice of the best schools involves 
three typical features: 1) Carefully conducted, individual^ 
ized drill work; 2) the essentials of socialized arithmetic of 
the community type; 3) the occasional use of supplementary 
projects.}: 

A really scientific reorganization of arithmetic is of the ut- 
most importance, since the necessary time for the newer 
elements of the curriculum can be provided only by the drastic 
elimination of all )inessentials. In this direction, much 
remains to be acomplislied. Some authors and .syllabuses are 
still bent on making ev(»ry pupil into an expert acc(>iintant, 
or a bookkeep(»r, or a banker. Others continue to .show their 
prefen^nce for the encyclopaedic bulk of the older texts. It 
should be realized at last that a highly specialized content is 

•Soe. fi)r I'xamplc, Monroo. Walti*r S. ''Principle.^ of Method in Trarh- 
itif/ Arithmftir", Chai). IV of tho Eijrhtooiith Ycarhook of Nat. Soc. 
for tho Study of Kducntlon. Tart 11. 

tSft? Osl)uriu W. J. '^Corrective Arithmetic", Hougbton MltlUa 
Company, 1024. 

JLuH and Wilson. '*Th€ licdircctinn of High School Iniitruction'\ J. B. 
Lippincott Comimny. ll)21» pp. 74.80. 
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out of place in a junior hijjh .school, and that t\w training in 
Rcicncc and in the applied arts, which is offered to an incn^nsin^' 
extent in good schools, renders a lar^M» part of the traditional 
arithmetic course both unnecessary and obsolete. 

. 9. The Cane of Intuitive Gcometrj/. As was point(»d out 
above, intuitive geometry has not yet received the attention 
to which it ia entitled. Its precise function does not seem 
to be understood, and even -the (excellent su^'K't*stif^"« jriven by 
the National Committee have apparently been insuflicient. A 
further campaign of education may be necessary. Above all, 
would it not be possible, in connection with training courses 
for teachers, to present more clearly the compelling reasons 
for emphasizinR this phase of mathematical training? 

Hi.storicnUy. mnthpmntics was cnUeil into existence liecause of the 
nocpHsity for counting luul niensurinK. This fact Uiis ^iven to uiathe- 
mntirs a double fountiation. namely arithnic^tic anil Kooim^try. It ia 
anparont that we cannot make or manufacture the simplos't article 
without ^'iviuK tlue attention to its form, its (limensions, and the 
projH^r relation of its parts. Nature and the nmnual arts are readily 
Hcen to he the two iMTmanent sources of ^roomctry. More especially, 
trainiiiir in space intuition and in plastic thinking: is at the bottom of 
nil forms of applied art. The ^t'ometric iirinclples of equalitv, svni- 
metry. congruence, and similarity, are implanted in the very miture of 
thin^rs. The art of measurement permeates the falirie of modern 
civilization at every point. Then. too. intuitive j:;'ointtry has a func- 
tional aspect through the unique training which it affords in the 
discovery and formulation of relationships. Fiimlly. intuitive t;eometry 
is al)S()lutely essential as a preparation for effective work in demou- 
strati ve Keometry.* 

When thus conceived, intuitive geometry serves to vitalize 
and humanize the whole course in elementary mathematics. 
That these ar^'uments have had a convincing force abroad, ia 
proved by the constantly increasing,' attention which the lead- 
ing European countries have jjiven to elementary geometric 
instruction ever since the days of l^vstalozzi, Ilerbart and 
Froebel.f 

♦The writiT has stated thesT arKnment.q more completely in other 

pul)licati(j!is. .Se(» ''lUuatrnted Mathrmntival Tnlkn by Puinla of 

thr I.inroin St'linn!'\ pp. •j:i.32. \ew Vnrk. 11)20. 
tFor a liiMin-raphy (^xtfuiiin^' back to the year iso;^. p^^j. the excellent 

mono;:rardi of the late Professor V. Treutlein. •7>cr iicouuitrischc 

An^(:hauHn(jiiunti:rrichV\ lieipzi^, JUll. 
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10, The Reorganization of Algebra, Aftor much contro- 
versy, a new and greatly reduced algebra proj^ram is takin{? 
form, A majority of the recent writers would probably accept 
this formulation of the new content: ^*It should include the 
equation, the praph, and the formula, in a functional setting, 
together with as much purposeful technique as is needed for 
the solution of suitable problems." 

Great uncertainty prevails, however, as to the significance 
and the scope of problem-solving.* Some writers seem perfect^ 
ly willing to sacrifice tlie traditional verbal problems in favor 
of more intensive training in other abilities.! For obvious 
reasons, too, the ^'function concept'* is still under constant 
debate. It is conceded that genuine work in functional think- 
ing is certainly more appealing than much of the usual form- 
alism of algebra, and less difllcult. On the other hand, if 
functionality is to be an organizing principle of fundamental 
importance, the whole course must be readjusted accordingly.^ 
Many authors still try to retain all the old material, and at the 
Siime time to glue on a few patches of functional work. It is 
this double burden, and not the function idea as such, which is 
causing many secondary teachers to view the new program as a 
sort of bete noire. In the opinion of the writer, a really 
organic algebra curriculum can be evolved only in a six -year 
high school. 

11. Un,scttl€(l Problems, Needless to say, a complete enu- 
meration of the many unsettled issues in the field of junior high 
school mathematics cannot be attemi)ted in these pages. They 
involve the whole dc^main of aims, of curriculum reconstruction, 
of methods anti standards. 

. TlniH, much might be said of the stimulating influence which 
is ti) hi' exp(H'ted from the iru'Iusion of nunuM'ical trigonomc^try 
in the new curricula. Again, it would be an inviting task, if 

♦Sop. fsppcially. Liu'da. Paul. ''The Teaching of Elementary Algebra'\ 

Hi'iiL'htfUi MifVlin Coinpiiny. llJii.K 
tSoi»^Thorn(iiki\ K. L. (ami others). ''The Pfiychologn of A!pehra'\ Chap. 

tSt'i» HfMirif'lc. K. K. Funetinnnlitf/ in Mnihernntiral hmtruetion in 
iSehooU and Collvt/c» \ Mathenialics Teacher, April. Uili^. 
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space porinitteti, to (Hmcuss tho rcIatioTi of <lonioiislrativo 
tjeonu^try to i\n idoul jiinior lu^j^h school ])ro^^raiu. 

rndoubtiHlly, many of tlic problems whicli an* so p(»rpl(»xiiij; 
at this time caji In* disposiul of only by contitnuMl classroom 
experimentation. And, In .the opinion of tlic Nvrit(»r, tho six- 
year high school holds the key to tlu* solution of not a few of 
th(»m. 

rj. 71ic Mriisufir of Other Countrirs. Malhetnatics, beeauso 
of its cosmic backfzround, has ahvayvS ti-anscendod national 
and f^eojxraphlc bari'iers. II(»nc(\ the (»\perii»nco of other 
c()nntri(»H with refer(»nre to tho organization of mathematical 
instrnction cannot safely be ignored. 

Teachers of mathematics have c(»rtainly been greatly bene- 
fited hy constant reference to the reports of the International 
Commission. Since tht? return of peace, after the great 
cataclysm of 1911, many etlucational readjustments have oc- 
curred in practically all the leading countries of the world. 
Th(» literature describing these changes is gradually becoming 
accessible,* From the best European schools W(» can learn the 
importance of better scholarship and great(»r thoroughness, 
whil(^ America sends back to the Old World the inspiration 
of broader horizons due to the vastly increased scope of its 
unique syst(»m of democratic educaticm, 

CONCLUSION 

At the end of this brief siu'vey, the writer is only 
too conscious of the very fragmentary character of hia 
remarks. lie regrets that many questions of importance had 
to be ignored (entirely, Perhaps i^nough has bc^en said, how- 
ever, to convey the central message of the story, namely, that 
much progress has been made and that, on the whole, the 
picture is. encouraging. Many unsellish men and women have 
assisted in making the junior high school what it is today. Its 

•See. for example. Kandnl. I L. "The R(*form of %Scrondary Kducation 
o» Frn}irr'\ pp. n.S-12f>. Teai'hcrs Coileire. N(*\v York. ll)2i: also 
Lietxniann. Dr. W. **\rir T}/f)rs o/ St-hfmL'i in Gcrynany and their 
('urrif-ula in .Mfithrnuitirs'\ (Trausl. hy V. Saiiforii). Muthe* 
ma tics Teacher, Mareh, 11)24, 
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many tinsolved prulilcins may cDiiruliaitly be l(»ft to the t»uter- 
prise of a proiuisini: future. 

Piirt 1. 

lU'imott. O, V. The Junior Ilifjh Srhnol Warvviek & York, Inc., 
Ilaltinuiro. I'.M!). 

Brljiirs. T. II Thv Juvinr High N(7/oo/. Iliniuhton MUnin Coniany, 

n()<t()n. (lUMi();n-ai»liy. pp. :jU',)-;Ms.) — ^ 

Clenu'iit. .1. A. CurriiuUim Shikintj in Scvfinihiry Schools, Henry Holt 

and (^onipany. iPii.S. 
Ddvis. (\ (). Junior Hi'th School ^duration, Worlil Book Company, 

Yonkrrs-on-IImlsrju. Npw Vi)rk. l'J24. ( Vrry oxtiMisive bililiojxrapliy,) 
I)ou?rIas. A. A. Thr Junior f/ifjh St'hooL Flftoonlh YeurUook, Part III, 

isnii. (Hil)li()irraphy uf 17:^ titles.) 
Hia(».s. II. C. Junior llinh school Curricula. The MacMillnn Company, 

Iiifflis. Aloxarulpr. Prinriplet* of Secondary Education, Houghton 

MitlUn Company. IWistnn. IDls. 
Jucl(L (V H. The Kvolutiun of o Ucmucvutlc School Sy-'^tcm. Houphton 

MiHiin Company. Hostiin. IDIS. 
Koos. L, V, * The Juffior lli'jh Nc/too/. Hai'<'ourt. Brace & Co., New 

York. 

Van Donburp:. J. K. The Junior High School Idea, Ili^nry Holt & Co., 
Ni»w York. Urs2. 

The Junior llinh Sch uJx of RovhcRtcr, Xrw York. (A oomprehenslvo 

report IssuimI by tho iSoanl of lOdncation. ) 
Lyman. U. 1.. Thr Junior High Schools of Chicago. The School Ke- 

vit»\v, Doci'mbor. li)2l. 
Lyman. U. L. The Junior High SehooU .if Atlanta, Georgia. The 

School Uuviow. nrtobcr. IDlirj. 

Part II 

An cxtouvsivo bibll(»-raphy on tho subJiM-t of Jnnlnr hiprh school 
Mathcmatu-s wonbl rxccfd thr limits of thirt Yearbook. Por many 
valnablo contribntions tbi> readier is rrfrrred to tho folluwinj; fcjuurces: 

1. Tho Hept^i't ot tbi» National Conunittue. 

2. 'I'lio Math(^nnUic's Trat^her. 

o. Sclniol Scienco and Mathomutio«. 
4. 'I*hc» School Urviow. 
ri. Scbotd and Soc-ii*ty. 

The .Irnn-nal of K<ln( ational Psychology. 

7. Tcar-licrs (*(illc;ro I* 'cord. 

8. 'I*Uc .[(nirnal of Kdtuational Ursenrch. 

0. Tho Yearbocjk.-^ of tho National Soi'icty for the Study of Educa- 
tion. 

10. Th" .^npplc»mcntary Kdnratl<mal Moiioprruphs of the Xrulversity 
of Chit-HKO. 
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SOME RECENT INVESTIGATIONS* 
IN ARITHMETIC 

By Frank Clafp 

During? the last Ave years the writer has chosen to confine 
his research work largely to the field of arithmetic. Five 
major problems have been or are being given attention. Four 
of these problems are : 

1. The Number Combinations : Their Relative Difficulty and 
the Frequency of their Appearance in Text Books. 

B. A Plan for the Analysis and Scoring of Text Books in 
Arithmeti. 

8. Elements of Difficulty in the Interpretation of Concrete 
Arithmetic. 

4. The Knowledge which Pupils in the Different Grades 
have of the Fundamental Principles in Arithmetic. 

The investigation of the first of these problems has been 
completed and the report is published as Bulletin No. 2. of the 
Bureau of Educational Research of the University of Wis- 
consin. 

The study of the second problem is almost complete and will 
appear soon in form for'use by superintendents and teac^hers. 

The study of the third problem is complete and will appear 
fiomotimc during the present year as Bulletin No. 8 of the 
Bureau of Educational I^esearch of the University of 
Wisconsin. 

The study of the fourth problem wns begun only this year 
and will not be complete for another year. 
This paper presents a summary of Problems 1, 2, and 3 as 

♦DctuiltMl invostl^'ftdons and controllpd pxix^rinnuits nre distinctly the 
prodiK't of the Inst ^lunrtor of a (vntury. Tho Yoarhonk would not 
X)v truly rcproseiitative of tho mvnt dt^volopments without a 
sampling of the newer types of materials thut are developintr to 
guide our practice.— 7*Ae Editors. 
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stated above and seta forth briefly the procedure that is being 
used in the sttuly of Problt^ni 4. 

In the study of the number combinations a total of 10,915 
pupils were tested. The n\imber of answers to combinations 
was :?,8G12,:?32, The lirst and second books of two series of 
arithmetics were analyzed. , 

Test A.— ADDITION 



1 


3 


2 




(> 


7 


K 


4 


1 


3 


2 


4 


3 


2 


3 


I 


4 


4 


6 


8 


4 


g 


4 


T) 


S 


1 


0 


8 


7 


4 


5 


3 


7 


0 


7 


9 


7 


5 


2 


1 


0 


5 


3 




6 


8 


I 




7 


8 


2 


5 


3 


7 


0 


0 


I 


7 


7 


1 


0 


2 


3 


2 


6 


9 


4 


1 


3 


4 


4 


9 


1 


«> 


7 


9. 


2 


0 


5 


6 


8 


2 


5 


2 


5 


• 7 




0 


6 


. 0 


9 

^ 


0 


1 


8 


0 


9 


8 


9 


0 


3 


8 


5 


0 


9 


2 


4 


3 


2 


3 


1 


8 


9 


6 


4 


1 


3 


2 


H 


0 


7 


4 


6 


8 


S 


3 


7 


() 


7 


9 


7 


8 


I 


3 


4 


9 


4 


."5 


S 


1 


0 


0 


2 


1 


o 


7 


9 


0 


7 


1 


4 


8 


7 


4 


0 


5 


6 


8 


3 


8 


0 


9 


1 


7 


2 


0 


.•) 


6 


"o 


6 


1 


2 


3 


6 


4 


1 


3 


4 


8 




6 


8 


0 


9 


8 


9 


3 


9 


C 


4 


0 


2 


5 


7 


5 


0 


0 


5 


0 


9 


0 



In dotormininf]: the relative diflienlty of the number com- 
binations pupils w(»re tested in two ways: First, the 
combinations \v(»rr i)res(»nte(l to the pupils in sitigle form as 
is shown in the pn ?'.din}^' table. 
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The combinations listed above were read to pupils at the 
approximate rate of one combination eadi two seconds. The 
rate was determined by experimentation and the time waa 
made nhort enough to prevent n pupil's counting or getting the 
answer in any other round-about way. Pupils wrote their 
answers on specially prepared sheets. The purpose of the 
study was to determine which combinations had been reduced 
to the automatic level. The results may be' said to indicate 

TEST B—^AODITION— PUPIL'S SHEET 
Ck>mblnatlons In Problems 



(One) 
I 
3 
5 
4 
0 
6 
7 
3 



(Two) 
0 
3 
6 
2 
4 
7 
5 
6 



(Fire) 
0 
2 
3 
0 
7 
5 
3 
7 



(Sio 

5 
8 
0 
5 
0 
6 
4 



(Nine) 
2 
3 
8 
7 
0 
8 
3 
7 



(T«n) 
78 
76 
99 
37 
80 
54 
39 
61 



(Thirteen) 
22 
14 
01 
/i7 
24 
IS 
24 
76 



(Three) 
6 
4 
0 
4 
4 
5 
2 
8 



(Four) 
4 
0 
4 
1 
7 
3 
4 
6 



iSeven) 
7 
0 
5 
5 
9 
9 
1 
0 



(Ei^hO 
7 
2 

3 
8 
8 
0 
4 
6 



(Eleven) 
60 
81 
56 
63 
97 
97 
35 
65 



(Twelve) 
38 
53 
03 
91 
49 
9S 
51 
49 



(Fourteen) 
0 
12 
85 
12 
82 
68 
71 
29 



the relative learning difficulty of the combinations. 

Second, the combinations were pn^scnted to pupils in ex- 
amples an shown on this page. 
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In this tost it will \m noticed that the sum of the llrst two 
numbers where the i)Ui)il starts to add (at the bottom) is 10. 
From this point the pupil meets, e.^. + 8, as 15 + 8, or 26 
+8, or 35+8, etc. In other words the basic addition com- 
binations appear aa secondary combinations. 

Pupils were testi^l individually, the pupil addinj^ aloud and 
givin{i each step while the teacher checked the results on sheeta 
especially preparer! for that purpose. If the pupil gave any' 
step wrong he was set right at once and allowed to proceed. 
In this way the tea(*her could determine which combinations 
were missed. There was no time limit, the pupil taking all the 
time lie needed for each combination and getting the answei' 
in any way that he might choose. 

The same general procedure as is indicated above for 
addition was used for subtraction, multiplication, .» and 
division in both Test A and Test IJ. » 

liuUetin No. 2 presents the results of both tests by grades, — • 
(trades l\ to 8 in aililition and subtraction, and 1 to 8 in multi- 
plication and division for Test A, and Orailes 4 to 8 in all 
processes for Test It. The Bulletin also gives the results fuf 
these grades combined. , 

One V(»ry important outcome of the investigation is the fact 
that the n^hitive difliculty of the combinations presenteti in 
the two ways is not the sanu*. Table I below, gives the one 
hundr(»(l addition combiuatit)ns arranged in dccn^asing order 
of <liftlculty according to th(» two tests. The combinations are 
arrang<Ml in fotir groups, tln> hardest twenty live being iudl* 
catt»d by (1), the ni^xt hardest by (2), etc. 

Sole : Tho nntlir^r is luitnrally priinnrlly Inti-n-sti'd In th(» invi-stlirntlon' 
al Ji<p('( ts. but tlMM'o aro iniiHU-tJUit iKuloL'o^ical nui»ii<'Jiliotis. 'IVjich* 
rrs have uxvd Ihir^ list for (liaj^'onisi.s to (liscfjviT what cnnihluatlona 
ha\i» tiot hern uiast*'riMl. I-'ur i'\aini)Io. ati i'IltIiiIi i:ra<lt' bny nmtle a 
vi'i-y low mark on statulanli/.cil inaltii^iii-at inn tests. IU< ti'urlior 
asKcil \\]m to trivi' tlu' products Un* iho »'\» ri isi's in rolunuis A Mui 
n uuilor uuiitipiij'Utiou in the tahh^ on lln* fnllowin:: patrrs. It way 
dismvcri'd tht\{ this hny ia' kod t)nly kcxi-u laultiplioalion couihlua- 
"ions Tin* ii'alixatioti that lu^ had only ^-fXrii t*«i't>' lo Icaru inst^'Ud 
of a hopple ss!y \nvi:r nuinhi'r was a i:»»w < ha !1i iil'«'. In n ft w- davs he 
was ahlf to rnak(» an r\frih»iit showiuK on Ihn^- diflVnait uu!ltil)lica* 
Xinii ti'st.s.- * 'i'h(» Kdifors. 
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A list of the combinations in decre.isinj? order of difficulty when 
presented singly (in the A cohimns) ami when presented in 
examples (ia the B columns). 



Addition 


vSriiTRACTlON' 


Mui/rU'LICATtON 


Division 


A 


B 


A 


B 


A 


B 


A 


B 


(1) 

8 + 5 


(1) 


(1) 


(1) 


(1) 


(1) 


(1) 


(1) 


4+9 


14-9 


11-3 


7X0 


0X2 


2^2 


49 4-7 


7 + 9 


9+0 


13-1 


l.)-9 


0X5 


9X4 


9^9 


54-^6 


5+8 


0+7 


10-9 


8-1 


0X7 


9X7 


28 -f- 4 


45-^9 


9 + 7 


8+0 


14-5 


11-4 


0X1 


8X0 


1^1 


27^3 


G+8 


0+9 


17-9 


14—9 


4X0 


8X8 


30-^4 


50-7-7 


6+9 


3+9 


15-9 


7-0 


OXS 


7X0 


8^8 


28-f-4 


6+7 


5+8 


17-8 


9-1 


0X2 


0X5 


3--3 


24^4 


7+8 


7+9 
5+9 


15-7 


15-9 


0X4 


0X7 


0-rO 


30^6 


8 + 7 


13-9 


9-0 


2X0 


0X9 


5C-^8 


48^6 


9 + 6 


8+5 


13-0 


11-2 


0X0 


7X8 


54-f-O 


48-^8 


5 + 9 


9+9 


10-7 


11-7 


9X0 


4X8 


7^7 


2l-^7 


8+9 


7+5 


13-7 


15-8 


8X0 


0X8 


5-^5 


18^2 






13—8 


13 — .) 


0X3 


7X4 


4-T-4 


21^3 


4 + 7 


2+9 


11-3 


10-7 


0X0 


9X0 


03-^9 


36-^4 


7 + 5 


7+G 


14 - J 


9-0 


0X9 


8X7 


• 0-^5 


72-^9 


4 + 9 


3+8 


12-3 


14-5 


3X0 


7X9 


0-^9 


03-^9 


9 + 5 


7+7 


15-0 


13-8 


9X7 


8X4 


54-^9 


40-f-8 


9+4 


0 + 0 


14-8 


10-2 


5X0 


0X2 


0-^2 


32-f-4 


6 + 7 


4 + 7 


12-5 


13-9 


1X0 


0X9 


0^7 


35-7-7 


5 + G 


6+8 


12-7 


13-4 


8X7 


9X8 


0-^8 


35-^5 


4 + 6 


9+7 


11-4 


5-0 


9Xt) 


0X3 


O-f-3 


18^3- 


7 + 6 


8+8 


11-0 


5-4 


0X9 


0X8 


64-^8 


15-^3 


7+4 


9 + 3 


10-8 


0-0 


•7X9 


0X1 


48-^8 


45^5 


9+8 


9+8 


18-9 


9-:$ 


7X8 


8X9 




3 + 7 


8+9 


11-9 


17-9 


0X8 


8X'^ 







(2) 


(2) 


(2) 


(2) 


9 + 0 


1+3 


11-7 


0-3 


2 + G 


8+7 


•13-0 


0-0 


9+3 


5+7 


15-8 


13-0 


0+6 


7+8 


8-5 


2-2 


0+5 


2+2 


11-5 


8-8 


3+8 


3+0 


11-8 


11-5 


3 + 4 


8+3 


9-2 


0-4 


3+9 


7+4 


10-3 


10-7 


2 + 3 


9+4 


10-9 


12-5 


3+5 


1+9 


14-7 


8-1 



(2) 


(2) 


(2) 




(2) 


8X0 


8X0 


0-^ 


4 


42-^7 


4X9 


7X3 


0^ 


6 


54-^9 


4X7 


7X5 


42-f- 


7 


30-^6 


1X1 


0X7 


.30 -r- 


9 


28^7 


8X9 


9X0 


28 


7 


24-7-3 


9X4 


0X0 


03 -^ 


7 


27-^9 


7X4 


5X1 


27-^ 


3 


64^8 


7X0 


0X4 


21-^ 


8 


81-^9 


8X8 


7X7 


48-^ 


0 


36^9 


8X5 


7X1 


24^ 


4 


18-^G 
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Table I (Continued) 
Additiom Si^ntRACTioN Multiplication Division 



A 


B 


A 




B 


A 


B 


A 




B 




6+3 


4 + 4 


12- 


4 


14-G 


" 8X4 


4X0 


2-; 


-1 


63 


-7 


7+3 


1+8 


10- 


8 


5 - 1 


9X8 


0X0 


49^ 


-7 


42^ 


-6 


2+7 


2+8 


7 — 


4 


11-8 


9X3 


9X9 


40^ 


-8 


50 


-8 


8+4 


3H-7 


12- 


8 


•H-7 


5XG 


9X3 




-8 


10^ 


2 


4+8 


2+0 


1- 


0 


7-1 


0X7 


3X0 




-0 


24^ 


-8 


8+0 


3+-, 


8- 


3 


9-G 


4X8 


4X9 


24 H 


-3 


72^ 


-8 


1 +0 




7 — 


0 


A 1 

4—1 




i XO 


12-. 


-9 


IG-i 


-4 


5 + 2 


1+4 


12- 


0 


15 -G 


• 4X0 


9X5 


9^ 


-1 


20 H 


-4 


4+2 


1 + 5 


10^ 


5 


7-5 


5X8 


8X5 


24-^ 


-0 


30^ 


-5 


1+2 


1 + 7 


10- 


() 


2 — 1 


3X9 


0X4 

V XN * 


0^ 


-1 


14h 


-7 


5+3 


9+2 


8- 


0 


7—3 


7X7 


9X2 


6^ 


-3 


14 : 


-2 


0+3 


4 + 5 


2- 


0 


8 — 2 


3X7 


3X2 

« ' XN 


32^ 


-4 


25 H 


-5 


0+5 


3+4 


9- 


7 


15-7 


5X7 


5X5 

V/ x\ 










5 + 1 


(5+2 


9- 


4 


7-2 


5X0 


5XG 










7+0 


1 + 0 


4- 


0 


' 12-4 


9X5 


5X8 

W XN w 










(3) 


(3) 


(3) 


(3) 


(3) 


(3) 


(3) 


(3) 


8+7 


4 + 6 


3- 


0- 


10-1 


7X3 


4X0 


18- 


-2 


12- 


-3 


0+1 


'2+7 


5- 


0 


9-2 


9X9 


4X4 


8- 


-4 


12- 


-6 


7+2 


G+3 


9- 


(5 


9-8 


7X5 


4X7 


50- 


rV 


32 


-8 


1+9 


0+5 


8- 


2 


9-4 


4X5 


3X1 


45- 


i-9 


8^ 


-4 


0+5 


1 + 2 


10- 


4 


10-3 


3X4 


0X1 


30- 


rO 


9 


-3 


8 + 1 


5 + 3 


8- 


8 


13-7 


2X4 


3XG 


3- 


rl 


12- 


-2 


G+2 


2 + 5 


9- 


3 


12-7 


4X2 


2X0 


35- 


•rl 


10- 




0+4 


2 + 4 


■ 7- 


3 


8-7 


5X3 


0X3 


18- 


•rW 


10- 


^5 


3 + 6 


3 + 3 


G- 


0 


7-G 


GXG 


5X9 


8- 


rl 


4- 


:-2 


0 + 2 


5 + 0 


9- 


0 


0-1 


GX3 


2X8 


45- 


h5 


12- 


^8 


2+4 


7 + 3 


7 — 


') 


3-0 


GX4 


9X1 


42- 


5-6 


5- 


rl 


:h-o 


5 + 5 


. 12- 


■0 


2-0 


1X2 


5X7 


18- 


:-9 


15- 


i-5 


4+5 


•t + 3 


10- 


•7 


14-8 


()X5 


3X9 


IG- 


^8 


18- 


r9 


0+8. 


() + () 


S- 


■0 


12-8 


2XG 


4X3 


4- 


r 1 


0- 


rO 


0+0 


8 + 4 


11- 


-2 


12-3 


3XG 


3X7 


20- 


r4 


20- 


^5 


8+3 


5 1-4 


10- 


I 


0-2 


. 8X3 


2X4 


0- 


M 


2- 


:-2 


8+2 


1 + 1 


G- 


2 


8-3 


GX2 


0X5 


32- 


^8 


10- 


:-2 


0+4 


5^+1 


10- 


. 2 


12-9 


3X5 


5X3 


35- 


r5 


0 


r3 


1+4 


(•. + 4 


7 — 


-0 


l(')-8 


8X1 


5X0 


27- 


^9 


40- 


r5 


9 + 1 


2 + 3 


9- 


5 


9-7 


ixn 


1X1 


5- 




8 


r8 


5+0 


0 + 9 


8- 


-7 


9-5 


4X3 


4X1 


IG- 


^4 


7- 


r7 


()+() 


0 + 0 


4- 


• 1 


8-G 


5X5 


5X4 


7- 


M 


12 


5-4 


3+2 


7 + 2 


2- 


•2 


()-5 


3X3 


2X3 


12- 


i-4 


0- 


:-2 


4+3 


0+1 


7 — 


■ 5 


1 -0 


9X1 


2X9 










1+5 


3+1 


G- 


•4 


11-9 


7X2 


4X2 
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Table I (Continued) 



Additiov 


SUBTUACTIOX 


MULTII'LICATION 


Division 


A 


u 


A 


B 


A 


I{ 


A 


IJ 


(4) 


(4) 


(4) 


(i) 


2 V 7 


(A) 


(d) 




7+1 


3 + 2 


0 + 1 


17 — 8 


9 V 1 


'iU — 0 


0 • 1 


2+9 


1+0 


2-1 


8 — 5 


2 V 3 


'2X9 


91^7 




2+5 


O+l 


5-2 


18 — 9 


4 V 1 


V J A U 




U -r ^> 


2+8 


7 + 1 


0~3 


7 — 7 


4 V4 


t) A 0 


ou — u 


o.-r 0 


4+4 


0+7 


3-1 


3—1 


*j /\ *w 


S V9 
i> A4& 


1 9 -i- *^ 
1 46 — 0 


0 4- 0 


4+1 


0+4 


7-1 


5 — 2 


7 V 1 


0 A 1 




r\ • A 

U -r ^ 


3+1 


0+3 


4-3 


1 — I 




1 AU 


1 9 i \ 


— >f 


4+0 


4+2 


5-5 


5 — 3 


O ^ til 


V.l 
A*t 


<jO — U 


u — / 


1+8 


2+0 


8-4 


10 — 4 


3 V 1 


1 V9 

A A^ 


1 t\ 9 


• U -T- u 


9+9 


3+0 


G-5 


7 — 4 


1 




1 .1 -i-7 
l*t — 1 




7+7 


0+5 


9-8 


4-0 


1X8 






* 1 


2+0 


4+0 


4-4 


4—2 


5 V4 


1 A y 


R^9 


U 


6+1 


0+8 


9 — 1 


8-0 


9 VQ 


1 A o 


19-1-9 


iH-l 


5+4 


8+2 


9-9 




9 V 1 


^ A U 


It) T- .1 


u — y 


3 + 3 


5+2 


5—3 


11—0 


1 V (i 


1 V ^ 
1 A J 


1 d -^9 


& • 1 

0-7-1 


1 + 1 


5+0 


5-4 


10-5 


1X5 


7 X2 


1 0 — 5 


9 ^ 1 


9+2 


4 + 1 


1-1 


3-3 


2X2 


1X5 




Oh-1 


8+8 


7+0 


8-1 


4-3 


9X2 


2X5 


81-^9 


8-f-2 


1 + 3 


2+1 


4-2 


4-4 


2X8 


3x:) 


9-^3 


0-^-2 


1+G 


9+1 


•G-i) 


10-G 


1X4 


2X7 


10-^2 


4-f-l 


1 + 7 


5+1 


3-3 


:i-^2 


■ 2X5 


1X8 


25-7-5 


7H-I 


2 + 1 


0+2 


3 --2 


10-9 


1X3 


1X7 


4-r2 


3-i-l 


2+2 


9+0 


7-7 


10-8 


5X1 


1X4 




5+5 


8+0 


5-1 


12-0 


1X7 


5X2 






0+0 


0+0 


0-0 


0-0 


oxu 


0X0 







In the first (hurtlest) -group of twenty-five combinations in 
Table I, Column IJ, are found the foHowin}?: —6 + 6, 7 + 7, 
8 + 8, 9 + 9. In Column A, however, the last three of these 
are found in the fourth (easiest) group, and the first one is in 
the fourth place from the end of the third group. In multi- 
plication all of the zero combinations except 0X0 occur 
before any of the other combinations in Column A, but this 
is not the case in Column B. In division, eleven combinations 
in the first group in Column A occur in the fourth group in 
Column B. (Note especially [l~2 and other similar com- 
binations.) Many other comparisons may be made all of 
which point to the fact that the difficulties which pupils en- 
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ooiHitcr with till' combinatimis nro not the same when they are 

prest-ntod siii^'Iy iind whi'ti thoy ni'o prosonti'd in cxnmpU's. 
Tlio IViirson Corffivicnts of Corivlrttitm hetwcen the difficulty 

of oonibinatious iii-i'scntcd in llie two ways for the difforent 

promssos iw as follows: 

Addition f^-i-i 

Subtraction 

3Iulti])i:c'ation i>SO 

Division -OiJ'J 

Thosi' coefficiinit-^ ('orn»s])()n(l ronj^hly to tho relative dcpreea 

to which the pupils havo mastered the combinations in the four 

prc)ccss(»s. 

In an editorial in the Journal of Educational Research for 
December. -T), Unckint^hani presents coefficients of correlation 
between the diffienlty of combinations as found in this study 
and as found* in the study by Ilollowuy* and also by Sinith.f 
Ilolloway conihuMl his attention to the forty-five combinations 
in addition an<i multiplication rcijardin^, for example, 
i! f- T) as the same as 5 -f J and 13 X hs the same as 5 X 2* 
Uuckini^ham's co(»fiii*ients between HoUoway's results and the 
results of the present study are .ti7() for addition and .8i() for 
multi])i;('ati()n. Smith used a very small number of pupils 
but used the one hundred combinations in addition, sub- 
traction, and multiplication and the ninety in division as 
was done in the study at Wisconsin. Buckinpfham's coefilci- 
ents between Smiths results and the writer's are a^s follows; 



Addition 780 

Subtraction • 710 

Multiplication 790 

Division - ... ^ 790 



rnfortunately Huckinjrham does not state whether in 
d«»terminin^^ his correlation he used the results of the A or of 

♦HoKdwny. II. V. An Kxporiniontal Study to Determine the Uolatlve 
l»iiru-n!ty of tlu» Kli-inciitary Niuubia* Combluathuis in Atlditiou 
niul Multiplit'atiou. Vlu I). Tliosis, University of Pennsylvania, 
June. 

tSnuth, J. IL Arithmetical Combluatlona. Hlcm. Sch. J I 21, PP. 7G2-70. 
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the R tests from the present study. ^Neither does he state 
whi^ther in^tho case of the Ilolloway study he used froat the 
writer's study the same {jrades used by Ilolloway or not. 

Teachers aii<l text books have for a lon{? time spoken of 
fortyfivo number combinations. Tn doinf? so the zen) 
C(mil)inati(ms are ue,^'UH'ted and it is nssumed, e. {^^, that 
is the same and 9+3, and 3X9- the same as 9X3. 

Pr(M»cdin^' tables have made it clear that the zero combina- 
tions are not a ne{?li{?ibl(» consideration when accuracy Is 
desired. The que.-<tion as to the identity of the two nnndx^rs 
of a *-pair'' of combinations, e. 3+9 and 9+3 may 
be discussed on the basis of their identity as a stimulus 
in connection with a number habit or on the ^sis of 
their equality of diffloulty when the answers are determined 
by some thinkinf? procedure. In either case it seems that if 
the two combinations are identical, they should have the same 
percenta{?e of error ami also the individual pupils who miss the 
one should miss the other. That vsuch is not the case appears 
in the foUowinf? tables. Table 11 {?ives the percentaj^e of error 
for each of the two members of all the pairs of combinations in* 
adclition (on the left) and then (on the ri^jht) {?ives one of 
the two members paire<l with a combination to whic-h it is more 
ne.arly equal in dif[icn)ty than it is to its mate. For example, it 
will be s?en in the first line of the table that 0 + 1 has a. per- 
eenta^'e of error of 4.7 while 5.3 is the per(»enta{?e for 1 + 0, 
and that 0 -f- 1 and 0 + 7 have exactly the same percentage of 
error. The table is for the A tests. ♦ 4| 

In only two cases, i + 8 and 8 + 4, and 5 + 8 <Rd 8 + 5 
are the percent4i{?es of difficulty more nearly equal for -the two 
members of a pair of combinations than for one of the membe.-: 
and some other combination. Not only is this true but the 
perc(»nta{?es for the two members ot pairs often differ \ery 
materially. 

The A teats, it will bo recalled, measure the degree of 
automatization for the combinntioUvS. Since this is the^casi*, it 
apjiCiirs from Table II that the two members of a **pair" of 
combinations are not identical as stimuli in connection with 
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Taiile II 

SHOWING THAT MEMBERS OF •PAIRS*' OF COMBINATIONS (e. 3 4- 
5 and 5+.^) ARE NO MORE ALIKE IN DIFFICULTY THAN ARE 
OTHER COMBINATIONS. BASED ON THE A TESTS 



Pairs of Combinations 



— • — 


' ^- 

VoT cent 


Por rout 


Ci>mbina- 


C oml>tna- 




of ■error 


of t»rror 


tioa 


tiou 




• 

4 7 


5.3 


1 +0 


0 + 1 


0-t-J 


4 4 


2 C 


2 +0 


. 0 +2 


0 f :t 


/■> 0 


4 3 


3 +0 


0 +3 


Oi-4 


4 4 


2.8 


4 +0 


0 +4 


0 -f - o 


4 t> 


3 H 


5 +0 


0 +5 


0 t t) 


0 5 


3 9 


G-^0 


0+0 


0+7 


4 7 


4 8 


7+U 


0+7 


0+S 


4 0* 


5.4 


8 +0 


0 +s 


Oi-0 


4 \) 


7.5 


• 9+0 


0 +9 


\ ^2 


5 2 


1 8 


2 +1 


1 +2 


1 


2. 1 


2 9 


+1 


1 +3 


1 +4 


3 7 


3 0 


4 +1 


I +4 


1 +3 


:i 4 


4 9 


li+l 


1 +3 


1 +'i 


2 1 


2 5 


fi +1 


1 +<1 


1 t-7 


1.8 


3 3 


/ +1 


1 +7 


1 -f-S 


2 7 


4 5 


8+1 


1 +8 


1 +0 


4 0 


3 7 


U +1 


I +9 




f) 3 


3 5 


3+2r' 


2+3 


2+4 


4 4 


5.2 


4 +2 


2 +4 


2+.t 


;m 


5 3 


5+2 


2 +5 


2 f V) 


7.:i 


4 4 


Vi +2 


2 + * 


2-^7 


/■) s 


4 t> 


7+2. 


2+/ 


2 


3 1 


3 9 


8+2 


2+8 


2+'J 


3 3 




9 ■ 2 


2 +9 


.1 + 4 


(> 4 


3.4 


4 t 


3+4 


:i - r, 


0 2 


5.2 


5-, 


3+5 


3 


4 4 


6 0 


0 +3 


3+0 


3 -«-7 


7 ♦) 


5 0 


7+:< 


3+7 




0 h 


3 U 


8+3 


3+8 


:j +w 


C 4 


7.0 


9+3 


3+9 


4-*..-, 


4 2 


2 5 


5+4 


4+5 


4 +«•• 


S fi 


3 8 


r*+4 


t+0 


4 -7 


10 0 


8 0 


V +4 


i \+7 


4-r.S 


ri s 


5 8 


8+4 


4f8 


4+1) 


9 1 


9 0 


9+4 


4+9 


5 +<« 


S 7 


6.5 


6+5 


5+0 


f) ^7 


11 s 


9 5 


7+5 


5+7 


5 fs 


14 !) 


. 15 0 


8+5 


0+8 


6+9 


10 0 


9 0 


9+5 


5 +0 


04 7 


0 0 


8 1 


7+0 


6+7 




13 8 


10.8 


8+t) 


0+8 


6 +0 


13 1 


U 5 


9+0 


0+U 


7+S 


11 7 


116 


8+7 


7+8 


7+U 


15 0 


14 2 


9+7 


7+U 


8+9 


10 8 


7.7 


0+8 


8+9 



Comhi nations t)f NVar Kqusil Difficulty 



\'CT ront 


Pt»r I'ont 


C-ombi na- 


of f'rn)r 


of error 


tion 


4 1 


4.7 


U +7 


44 


4 .4 


6 +u 


5 0 


4 9 


0 +9 


4.4 


4.4 


0 +2 


4 0 


4 6 


7+2 


0.5 


0 5 


6+5 


. 4.7 


4.5 


8+1 


4.0 


3 9 


8 +3 


4.9 


4 9 


5 f I 


5 2 


5 2 


O+.J 


2. 1 


2 1 


1 +0 


3.7 


3.7 


9 + 1 


3 4 


3 0 


5+0 


2 . 1 


1 s 


1+3 


1 .8 


1 .8 


2+1 


2.7 


2 8 


4 +0 


40 


4 7 


O + I 


6 3 


6 2 


3+5 


4.4 


4 4 


0 +J 


4 1 


3 0 


4 +4 


7.3 


7.0 


9 +3 


5 8 


3 8 


8+4 


3 1 


3.3 • 


7 + 1 


3.3 


3 0 


4 +1 


i 


6 4 


3+9 


t • 


6.0 


6+3 


4 A 


4 4 


2 +4 


7 0 


7 7 


9+8 


6.5 


ti 5 


0+0 


6.4 


6 3 


2+3 


4 2 


4 3 


3+0 


8 0 


8.7 


5+0 


10. 0 


9 5 


7+5 


5 8 


5 8 


8+4 


* 9.1 


9 0 


9+5 


8 7 


8 0 


4+0 


11.8 . 


11 7 ' 


7+8 


14 9 


15 0 


8+5 


10.;. 


10 8 


8+9 


9 0 


9.0 


9+4 


13 8 


14.2 


9+7 


11.5 


11.6 


8+7 


11.7 


It 8 


5+7 


15.0 


15.0 


8+5 


10.8 


10. 8 


8 + 6 



number habits. 

It might be that the pupils who missed the first member of 
a pair of combinations were not among those who missed the 
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pocond member. Tf thi.s were the case, it might be concluded 
that missing such combinations was largely or wholly a matter 
of chance. It is of significance then to know: (1) To what 
extent pupils missed both mombcrs of pairs; (2) To what ei- 

Tahle III 

THE PERCENTAGE OF PUPILS MISSING: (!) nOTII MEMBERS OP 
PAIRS OF t:()MBINATIONSi C2) IIIE FIRST HUT NOT THE 
SECONUi (3) THE SECOND BUT NOT THE FIRST 





Pnif!* of 
Com K: nations 


both 


1st not 


M is-tp. I 
Jn i not 

l.st 


C*otir>in:it'.onH 


M i.s*<r J 
both 


not 


'Jn [ nut 


IM 




l^t 




l!it 


24-1 


I +2 






1 !J.S 


7-f:{ 


3+7 


1.74 


2.4a 


3.40 


4f;i 


. .'J +4 


1 0;» 


7J 




1 


S f 1 


.4S 


. GO 


'2 10 


3+ J 




.a) 


78 




4+0 


0 f 4 


30 


4S 


2 *i2 


'2 -ho 




l.OS 


1 OS 


2 40 


JJ + J 


U + l~ 


4J 


.!H) 


1 :u 


:i rti 


0 r.'J 


1 U-» 


I JO 


:i uti 


1 +;i 


:j f 1 


4J 


7S 


l.JO^ 


1+7 


7+1 


:jo 


yo 


i.:js 


. 7+0 


ti +7 


2 40 


3.7^ 


3 DO 


4 1-S 


«+4 


I :jj 


3 4S 


J 7rl 




4 t-J 


Si 


I SO 


2 10 


<5-M 1 


1 f f» 
1-.S 


:i4 

t 14 


1 U 
1 SO 


7j 
4 US 


. O + I 
5+:j 


I +0 
:J f .-, " 


I . OS 
1 :JS 


1 ■'50 

I SIJ 


2.SS 




4^.-) ; 




1 .{)S 


1 or; 


t-4 


4 +'i 


1 fU 


7s 


0 2S 




0 r.'i i 


I ;is 1 


:j 7J 






.S+*] 




J :il : 


o oJ 






J 7t) 1 


:{ is 1 


5 !IJ 1 






'Mi 


. J 


.{ 4S 


ti f ; 




1 lis 1 




4 U 


1 +■■> 


M 






1 »>2 


7fs ■ 




r, 40 I 


4 jr, j 


ti IJ 


■S t-J 


J ^s 


I'lli 
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(j»nl tlifv ruis^ptl tlu' lirsl nirmlHT aiul not thi» M^cond; uiul 
(o) T(» wImi cxttMil tln-y misled i!h» '^fCuiul arul riot \\w Urst. 
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Those questions are ausw(?re(l in Table III for 1750 pupils in 
connection with the A tests for addition, the pupils being in 
Grades 3 to 8 inclusive. 

Table IV 

THE PERCENTAGE OF PUPILS MISSING t (I) BOTH MEMBERS OP 
PAIRS OF COMBINATIONS; (2) THE FIRST BUT NOT THE 
' SECOND! (3) tHE SECOND BUT NOT THE FIRST 



Pairs nf 
Coinhi nations 


Missed 
both 


Mi.wd 
1st not 
2nd 


MissccI 
2n(l not 
Ui 


I'ai.j* of 
C'onjliin-iiion 


bdth 


l^f not 
2nd 


Missed 
2n<l not 
Ut 


1st 


2nd 


1st 


2n.l 


2 +1 


I +2 


.30 


, . .'>4 


\ .98 


7+3 


3+7 


1.74 


2.40 


3 40 


4 +3 


3+4 


1 .02 


.72 


' 2 .U4 


1 +8 


8 + 1 


.48 


.1)0 


2 10 


3+12 


2+3 


.CO 


.78 


2.04 


4+0 


0+4 


30 


48 


2 22 


2 +5 


5 +2 


1 08 


1 OS 


2 4f) 


0 +2 


2+9 


.42 


.m) 


1 32 


3 +6 J 


0+3 


1.02 


1.20 


3.06 


1 +3 


3 + 1 


42 


.78 


1.20 ' 


I +7 


7f I 


30 


UO 


1 .38 


7+G 


0+7 


2 40 


3 72 


3 00 


4 +8 


H +4 


1 . 32 


3 48 


2 7U 


'2+4 


4+2 


.84 


1 80 


2.10 


C + 1 


I +c 


24 


1.14 


.72 


0+1 


1+0 


1 08 


l.r)0 


2 04 


S+3 


3+K 


1 14 


1 bO 


4 08 


n 1-3 


3+5 


1.38 


1 . 80 


2 S8 


.5-1-4 


4+.-) 


.:)4 


1 us 


1 no 


0+4 


4+1) 


1 <)•> 


.78 


/i 28 


3+f) 


9+3 


1.3S 


3.72 


3 no 


Oi-8 


K+'J 


2 04 


2 .34 


T) 52 


7 f4 


4+7 


2 70 


3 IS 


ry 40 


0+2 


2+0 


.00 


I 02 


3 48 


6+5 


.5+r> 


I CS 


2 22 


4.14 


1 +.5 


r)+i 


.ri4 


.no 


1 1)2 


7+8 


«+7 


5 40 


•i 2f) 


ii.42 


S;^2' 


2fS 


.no 


1.02 


I 38 


0 +1 


l+U 


48 




1 9S 


0 +r, 


T) f 0 


AS 


1 74 ~ 


1 44 


7f 0 


0+7 


I 32 


1 .V) 


2 22 


0+7 


7+9 


i\ . 00 


4 iV2 


0 00 


fi S 


H +t'. 




7 3.S 


3 78 


S+o 


r> +8 


r)2 


0 02 


0 00 


2-7 


7 4-J 




3 24 ~ 


I .sr, 


9 -f 0 


0 f-n 


uo 


•? iW 


1 80 






30 ; 


1 oO 


1 OS 


3 id 


()'^3 


1)1) 


I 3s 


2 o :: 


li r() j 


( » ^ '2 j 




7J 1 


1 7») 




*) f .» 


2 70 


2 ss 


{] 3.S 


"i "^r, i 




2 At) 1 


4 7t 1 


.'i 7») 


0 f U 


0 J 0 


4S 




2 S.S 


U -r j 




'T!>2 1 


3 r.fi 1 


ii or, 






<.) I t j 


2 04 


4 n { 


3 si\ 


1) ^ ^ 




1 <is ■ 


1 1 






1 


1 



The mnjority of Mie pui)ils ^oi hoth nu'^mbers of the pairs 
rl^iht. Xfjw, if i\ Iar;;er pcr('(*nt;\;^(» miss hoth than miss one or 
the t)[\vn\ tli(» iinlentity of the two would b(» fairly well estab- 
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lished. This, however, is not the case. In every one of the 
forty-live cases in Table III the percentage for one of the mem- 
bers is larger than that for both. It seems, then, that the two 
members are not identical since they are not at all equal in 
difliculty. 

It remains to be seen whether* the same (jondusions may b(? 
drawn from tlie results of li tests. Tliis appears in Table 
IV which is for ailditif)n, the percentages being based du the 
work of pupils in (]radi>s 4 to S inclnsive. The table is of the 
sanu^ character as Table .11. 

Xo discussion of Table IV sei>nis necessary excei)t to point 
out that in only one case, that of 8 + 9 and 9 + 8 are the per- 
centages more nearly equal for the two membi»rs of Ji pair of 
combinations than for one of the members and some other 
combination. The table indicates that the members of pairs 
of combinations are no more nearly o(iual in difliculty than 
are other combinations Nvhen pupils are free to work out the 
answers in any way they like, just as was the case when 
automotization was tested. 

ANALYSIS OF TEXTBOOKS 

In the analysis of text^books the^ question for which an 
answer was sought was, "If a pupil should do all of the drill 
work and solve all of the concrete problenia in the text how 
many times would he think the answer to each of the combin- 
ations?*^ In order to be able to answer this question each 
example and each problem was solved and the combinations 
met in each one were listed. 

The coefficients of correlation between th'» difficulty of the 
combinations as determined by the li test (combinations 
presented in examples, with no time limit) and the frequency 
of their appearance in the two text books were as follows: 

A B 

Addition —.452 —.532 

Subtraction —.329 —.277 

Multiplication —.384 —.465 

Division —.421 —.538 
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These coeflicienta are all negative and of material size. It 
fieema that the typical text book is not to be aepended upon 
to provide the most effective material for the mastery of the 
number combinations. 

In connection Avith Problem 2 the wriier had the assistance 
of .Air. Ivan Swancutt, principal of the City ITifrh School, 
Wauwautosa, Wisconsin. The purpose in the preparation of 
this material was to devise a means whereby the real character 
of arithmetic text books mij^ht be determined and exjiressed 
in comparable terms. A score card for judging the merits of 
a text book was developed. The score on a genmil item is the 
sum of the scores for the detailed items, which make up the 
general item. A perfect score is 1000. 

The analysis of the books as called for by the plan is rather 
detailed b\it a committee of tive teachei's is able to analyze and 
score one book in about two hours. Nine series of texts have 
been analyzed. A comparison of the analyses is almost 
startling. The score card and the ligures giving these com- 
parisons cannot be presented here because of limitation of 
space. 

I'hc Difficulty of Verbal Problems In Arithmetic 
IVoblem 11 was investigated by Dr. J.. L. Ilydle, now at the 
University of Colorado, under the writer's supervision. The 
general problem as stated above Is ^'Klements of Difficulty in 
the Interpretation of Concrete Prf)blems in Arithmetic." The 
foHowing eight elements were studied: 

1. The vis\inli'/ation of the objects mentioned in the prob^ 
lems and of the general objective setting of the problem. 

2. The size of numbers ])resentcd in the problems—without 
reference to the accuracy or computation. 

3. Unfamiliar terms, the understanding of which was not 
essential to the interpretation of the problem, 

4. Mind set or sequence f)f like problems. 

5. Non-e.ssc .1 numerical terms. 

6. Xanies of objects familiar to pupils but difficult to visual- 
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ize aa compariHl with names of objorts loss familiar to 

pupils but irio difiicnlt to visualize. 
7/ Problems proso « (»(1 in the form of projects as compared 

with problems presented in the formal arithmetical 

manner. • * 
8. The use of symbols instead of the names of concrete 

objects. 

It will be noticed that the eij^ht theses have to do in larpe 
part with visualization. In fact the fjeneral thesis mijjht be 
stated as follows, — *UIow visualization affects tho interjjreta- 
tioTi'of concrete problems in alrthmetic.'^ 

Ilydle's investi':ation involved a total of SOOO pupils enrolled 
in 4(5 different school systems in ten different states. His 
^(»n{»ral method was to prepare five problems, each of which 
(embodied the element that was supposed to be difiicnlt and 
tlu^n to prepare five other problems, each of whicli was (\\actly 
like one in the first list except that it contained the element 
of difficulty in a less dejjree. The pupils in each .school were 
divided into two j^roups of equal ability in arithmetic on the 
basis of tests. One set of live probh^nis was niven to o\w of 
tlu'se uroups and the companion set to the other IlydU^'s 
tablets ^i^ive the per cetit of error made by each ^roup on each 
pa r of problems. He prej)ared a different set of problems for 
(Sradivs 1 anil i'i and for (Irades (i, 7, and 8. 

Tlu» followiu}: set of problems for (Jrades (5, 7, and 8 were 
used in the study of the llrst thesis, that is ^'the visualization 
of the ()bj(»ctH nu^ntioned in the problems and of the general 
objective settin{^ of the problem." 

• SET A 

(iRADES 6, 7, AND 8 

1. A mnrrhnnt bnucht .'^O rnlibor bnlls for his niristmas trad*'. IIo 
put them in 4 dnnvrrs. placiiifr the mniv ninnbor in cat-h drawer. 

sold all the balls in 2 of the drawers and frave 2 of th;\ reinain- 
iuu balls tn his own t'hildren. How ninny buHs had he le»t? 

2. The Anieriean' IWioU C*onipany shipped 450 books to Si:pt. Smith 
in IS bf)X(»s, pnttiiij; the same nmnber in oaeh box; :\ boxes wore 
lost and 10 l»ooks wow stolen out of another bo.\. Ilow Uiauy books 
did Supt. Smith receive V 
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3. The cnfetoria usos HO prnpo fruits each wook dny and 75 urnpo 
fruits oil Sunduy. How many tirape fruits will it use in 0 wi'eUa? 

4. Mr. Hrown hail 4S0 shoop on hln ranch. Ho deoidoil to {?hip soino 
of tlu»m to IMiii-asi). sim-uhmI 11 empty cars and shipped *M) 
ff\wD ill each car. Thou he l)OUi;ht 120 sheep from Mr, Jackson, 
IIow many sheep had he theiiV 

5. A man had ?5()0 to inve,st In the tailor ImslneSvS. He declchul to 
make 7 overcoats. He found that the cloth in oach overcoat cost 
SIO. lahor 55. lining; and buttons $ri. After paying the cost of 
7 overcoats, how much money had he left'.' 

SKT K 
Grades G, 7, and 8 



1. A dealer bonpht SO tons of hay. He placed an equal amount of hny 
in each of his 4 .storerooms. At the end (if the month ho had ,<?r)ld 
all tlie hay in 2 of the storerooms and had used 2 tcais for tht feed- 
iui: of his own horse.s. How many tons oC hay hud he left? 

2. Mr. Jcdinson shipped 4.")0 tpiarts of cream in l-s cream cans, puttin:: 
the .^ame amount of cream in each can; l\ cans were lost and 10 
(inarts \v(»re stoh'ii from another cur, Hi»w many (piurts of 
cream arrived safely? 

3. A cafeteria uses 50 pounds of meat each week day and ?.*) pnuuda 
<v\ Sunday. How many pcmnds of meat will it use in (> weeks, 

4. - Mr. llrown started to ilrlve from hi.s home to M:idlsen, Wl.'^ctmsin, 

a distance of 4S() miles. The lirst day he drove 11 hours at a rate 
ox .'^0 miles iH»r hour. That I'venins he UiCt his friend. Mr. .lackson, 
whose home was located lliO miles on the other side of Mailis(ni. 
The next day he ilrove to Mr, Jackson's home. How many mih'S 
niust he drive the next day? 

5. A studMit had $500 hi the hunk. He paid $10 por week for' hoard, 
$5 per week for roo maml for laundry and umusemeuts. How 
mu('h money had he left after 7 weeks? 

In the above prohlema the obj(»cts tluit are supposed to diffor 
in tho oaso with which they may bo visualized arc as foUoss, 
Set. A including objects that am relatively easy to visualir.e 
\vhil(» those in Sot 15 are diflicult to viaualiz(». 

Sict A s^ct n 

1. *'ruhber halls'* "tons of hay" 

12, "hooks" and *'hoxes"' **(iuarts of <'roain" In hulk 

3. "Krape fruit" "pounds of meat" 

4. ".<h(u»p" and "cars'* "ndles" and "hour" 

5. "eloth. lahor. linlnq; and hut- *'h(jnrd, room, laundry, amuse- 
tfnis" eomblned to make an nuMits" coniliined to represent n 
"overeoat" total expenditure for one "week" 

Th(» results for these five problems are given in Table V 

below. 
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TABLE V, 

Summary op Rksttlts for First Test or Form 4 
Grades 6, 7, akd S 





Grade 0 


Grade 7 


Grade 8 


Grades 6. 7, and S 




Number of Pupils 


Nfmber of Pupils 


Number of Pupils 


Number of Puplll 




Group A. 


Group B. 


Group A. 


iGroup B. 


Group A. 


Group B. 


Group A. 


Group B. 




701 


C8!) 


789 


872 


650' 


G36 


2140 


2197 




Per cent Wron^ 


Per cent Wrong 


Per cent Wrong 


Per cent Wrong 


Problem 


Group A. 


Group B. 


Group A. 


Gtoup B. 


Group A. 


Group B. 


Group A. 


Group B. 


1. 

2. 
3. 
4. 
5. 


49.8 
G5.5 
73. G 
47.8 
54.2 


59.2 
78.8 
72.0 
83.8 
G0.4 


32.G 
50,8 
52.0 
32.2 
35.2 


4G.0 
G2.G 
GO. I 
71.9 
43.8 


16.0 
35.5 
39.4 
18.0 
21.2 


24.7 
45.3 
41.5 
60.5 
22.8 


33.4 
50.9 
55.2 
33.0 
37.2 


44.4 
G2.7 
58.4 
72.3 
42.5 


All 


58.2 


70.8 


40.G 


5G.9 


26.1 


39.0 


41.9 


5G.1 



It will be noticed in the above table that there is only one 
exception to the general trend of the results. This is in the 
case of Problem 3 for Grade 6. Iljdle explains this discrej^ 
ancy with the suggestion that the younger pupils in the smaller 
classes we^e perhaps unfamiliar with grape fruit. The 
differences in the percentages for the pairs of problems as 
given in the table are many times larger than the probable 
error of the differences according to Hydle. 

It is imposible to present more df Ilydle's results in this 
connection, but as stated above the study will appear in the 
near future as a Bulletin of the Bureau of Educational Re- 
search of the University of Wisconsin. 

This study by Ilydle, which constitutes his Doctor's the.sis, 
is, in the jtulgment of the writer, a real contribution to the 
psychology of arithmetic. His findings in connection with 
practically all of his eight theses are consistent in the different 
grades and for all of the problems and in most cases the 
differences in the percentages are material. 
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-Thi^ fifth problem, '*Tlu» KnowltMlge which Pupils in the 
DifTerent (Irades have of the Kmidameiital Trinciples iii 
Arithmetic", is an attempt to ascertain, not whnt kind or how 
diflicult problems pupils can solve, but rather to what extent 
they appear to understand the basic character of the different 
phases of the subject. 

The study will be state wide and is to be carried on throu.uh 
the I'Menientur Princij^nls' Section of the State Teachers 
Association, .It ... beyun during January of the present 
year. 

This problem may be illustrated by reference to a study 
conducted by Superintendent II. W. Kircher -of the IMibli(* 
Schools, Sheboyfjan, Wis. Superintendent Kircher pive tire 
foliowiuf? tost to 132 pupilu who were finishing the work of 
the eighth grade. 

TEST 

1. One cent Is what per cent of one doUnr? 

2. Find one. half per cent of two doHurs 

l\. Chanjro 1/2% to a connmni f ruction 

4. Five cents is tive per cent of what? 

5. Change 7/5 to iH>r cent. 

0. One cent is what per cent of two doUars? 

7. 759c of a numbe? is 0, what is the nnniher? 

8. 110% of a number i.s 220. what ia the number? 
0. 5 1/2% of a number in 44. what is the number? 

10. A man lost li)7c of his money and saved the remainder. What per 
cent of hia money did he save? 

The foHowing tnhle gives the percentage of pnpils niiasing 
each of the probloraa. 





Pet. of Pupils 




Pet, of Pnpih 


Problem 


M lining 


Prohlcm 


Missing 


1. 






77 


«> 


.. sr> 


7. 




X 


ho 


H. 


71 


4 


. . . or, 


\l 


SO 


5. 


71 


10. 


20 


The character 


of the wrong 


answers 


is indicated in Table 



VI beh)w. The lack of space prevents the publication of more 
than sample resnlts. For this purpose the responses on 
exercises 1, 2 and 3 have been chosen. 
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TABLE VI. 

KxNDS OP Wrong Answers for Each Problem with 
Number op Times Answer Occurred 
(N, A. means no answer) 



Problems: 



1 


2 


3 


1/100% 


:34 


$1.00 


:G0 






.01 


21 


100% 


22 


1/5 


14 


100% . 


10 


r)0% 


G 


n. a. 


12 


09% 


G 


n. a. 


C 


.005 


9 


n. a. 


3 


1/100 


4 


.{30 


0 


1/10% % 


o 




3 


50 


9 


.$100 


1 


$ .40 


3 


50% 


0 


1/09% 


1 


$ .10 


2 


.05 


3 


$ .10 


1 


25% 


2 


1/100 


2 






.2rj 




35% 








.001 




2% 








400, 




1/1000 








1.90 




100% 








1/4% 




.002 








40% 




1.40 








2% 




2.40 








.02% 




5 








$ .{30 




40 












,005% 












.055 





An analysis of the wrong answers givon reveals in many 
oases the confusion existing in the minds of the pupils. For 
(\\ami)le. the :u pupils who gave *4/100%*' as the answer for 
prohh^ni 1 obviously thought 1/100% was the same as 1/100 
and those that gave *Mir' must have thought that .01 was the 
same us .OF;. They .seem not to understand the fundamental 
character of p(^rc(^ntage. 

Th(» })roposed study will itu'Iude not only a Rtudy of per- 
centage us al>ove, but also a HtU(]y of fractions, decimals, 
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measurements, ratio, and the fundamental processes. An 
analysis of the work of .>upits will be undertaken as well as 
a measurement of their acfuuipllshment as illustrated in the 
study of Superintendent Kircher. 



MATHEMATICS AND THE PUBLIC 



By H, E, Slaught 

It is safe to say that to the average man in the street 
mathematics means, for the most part, only a certain amount 
of arithmetic used in keeping his accounts, and a vague 
. reeoHcction of some things in algebra, geometry and possibly 
calculus which he may have studied in his school days. The 
public as a whole is quite oblivious to any great service which 
mathematical science has rendered to present-day civilization. 
There is nothing spectacular in the behavior of mathematics as 
is often the case with a physical or biologict.l science. A new 
chemical combination producing a powerful explosive like 
TXT or a discovery in the biological field like insulin will be 
heralded the world iiround, while the most profound researches 
in mathematics which may underlie far-reaching developments 
in the practical affairs of life will be entirely unnoticed or will 
be accepted in the same commonplace way in which life-giving 
air is breathed. 

However, in a span of twenty-five years it is possible to 
detect gradual changes in public appreciation of common 
blessings, and in the period 1900-1925 a great many things 
have happened with respect to mathematics in this country 
which indicate a steadily growing appreciation of its worth 
and power on the part both of its devotees and of the public 
in general. 

In the secondary field the teachers themselves have experi- 
enced a remarkable awakening which began about 190D with 
the organization of strong and active associations in Kew 
Kni^land, in tlie Middle Kastern states, and in the C(>ntral 
West(»rn atat(>H, and which has continued unabated throughout 
the quarter century. This widespread movement reflects the 
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abiding confidence of the teachers in the worth and importance 
of their subject as well as their frank and honeisJt recognition 
of its short comings and their consequent * determination to 
overcome whatever faults lay at their own door. 

This merciless self inspection culminated in the work of 
the National Committee on Mathematical Eequirements which 
commanded the cooperation of thousauds of teachers in all 
parts of the country banded together in more than one hundred 
mathematical organizations. Never was an investigation in 
this field better organized, more adequately financed and more 
painstaking in the effort to impartially weigh all phases of the 
questions involved. Probably no report of this kind ever 
received more open-minded consideration of its various 
recommendations by so largo a proportion of the constituency. 
The immediate result of this close cooperation on the part of 
the great body of teachers of secondary mathematics naturally 
led to the federation of the various associations in the National 
Council of Teachers of Mathematics with the Mathematics 
Teacher as its official organ, and to this body is naturally 
committed the perpetuation of the work so ably inaugurated 
by the National Committee. 

In the collegiate field the most notable event of the quarter 
century was the organization in 1916 of the Mathematical 
•Association of America, a body whose membership now num- 
bers over eighteen hundred. While this Association, whose 
official organ is the American Afathcmatical Monthly, is 
primarily concern(»d with the development and teaching of 
collegiate mathematics and with the stimulation of the 
beginnings of research, nevertheless it also recognizees the 
necessity of close cooperation with all efforts for improvement 
in the secondary field. II(mce it was this 'Association which 
sponsored the National Committee and ai)pointed the original 
nucleus of its membership with jmwer to enlarge* its number 
by inviting representatives from the various secondary 
organizations. 

Hut this Association is now engaged in a still more direct 
effort to share with the public the fruits of mathtanatical (lis- 
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covorles. ThrouKh fnndH Bencrously provided by Mra. Mary 
IlcKi'ler Ciirufl, tim Association 1b preprtrlnu aud publlahlnB a 
Bevies of m()iu)}?i'iiph8 In which tlie expositions of various 
luathi'matU'ul Hubjccta are to be 8t?t forth In n manner compre* 
henslve to a wide circle of thoughtful readers who, havhiB a 
moderate acquaintance with elementary mathematics, wlHh 
to extend their knowledge without prolonged and erltical study 
of the technical Journals ond treatises. The first of these 
monoBraphs on the Calculus of Variations has already beer 
published and the second on Functions of a Complex Variable 
is now in press. The third on Statistics is in preparation and 
well under way. It is expected that this series of monojjraphB 
will continue indefinitely and it is ardently hoped that they 
will be the means of interpreting move and more of the wonders 
of mathematical science to a constantly enlarging body of 
the general public. 

In the university field the outstanding feature of the quarter 
century just closed is the development of an American School 
of mathematical research fostered largely through the 
American Mathematical Society and contributed to chiefly by 
a few outstanding universities the number of which is grad- 
ually increasing. The output of American mathematical 
research is conveyed to the scientific public through the 
medium of four research journals, namely, the Bulletin and 
and the Tramtactions of the American Mathematical Society, 
the American Journal of Mathematics and the Annals o) 
Mathematics, Research mathematical activities are further 
cared for through a division of the National Research Council 
and the National Academy of Sciences. This quarter century 
has thus seen America taking its place among the leading 
nations of the world in mathematical research. 

In the foregoing, it must be admitted that the "public" 
referred to is very largely the mathematical public. The 
question still remains as to whether mathematics has ever 
"gotten across" to any appreciable extent to the public in 
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genoral. Tn what follows a few Instances will be given which 
indlcato somo proi^mH In this direction. 

(1) When It was dceidod that wo must ontcr the World 
War, It was natural that mathematicians, alon^; with other 
loyal citizenH, should volunteer to assist In their sperlal 
capaelty, but they were told by the Secretary of War that there 
aeomed to be nothing needed In their line. It was not lontf^ 
however, before the (lovernment found that It did need the 
mathematicians, in foct, that It could not ^^carry on" without 
them In so Importanv a matter as the effective development of 
the ordnance department. In a short time a corps of workers 
wa I organized under the leadership of a number of outstanding 
mathematicians and they speedily applied modern and power* 
ful mathematical methods, both theoretical and practical, to 
those problems of ballistics which needed to be solved In order 
to properly equip our irmy. So effective had this service 
become at the time of the armistice, that the American forces 
were undoubtedly supplied with the best data of any of the 
armies for determining the effectiveness of gun fire. Other 
groups of mathematicians rendered similar effective service 
In devploplng submarine detection appliances. These two 
achievements w*ere of vital Importance In determining the 
outcome of the war and they revealed the power of mathematics 
in a most emphatic manner to the unsuspecting public. 

(2) It came as a revelation to thousands of young men, 
many of whom had deliberately side stopped all mathematical 
courses which they could possibly avoid in their school days, 
to find that those very courses were prerequisite to appoint- 
ment or advancement as officers In either the army or the navy. 
It was a common experience to hear such men begging for the 
opportunity to enter classes in mathematics which they had 
previously ignored — and bragged about it too. The war 
served to elevate mathematics to a position of prominence not 
previously recognized by tlie casual public. This fact undoubt- 
edly helped to swell the courses in mathematics in the colleges 
in the immediately succeeding years. 
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(3) But we are more interestod in the artu and sciences of 
peace than in those of war. The example of the late Charles 
P. SteiumetS) whose name was a household word wherever the 
mysteries of electricity were under consideration, wa^ probably 
more effective than any other means in driving home to the 
man in the street the fact that mathematics underlies all 
present day mechanical and physical progress. Thousands of 
boys and young men to whom the name of Steinmetz was 
magic have found early in their efforts to become electricians 
that one could climb a pole and splice a wire without knowing 
any mathematics, but that any masterful knowledge of 
electrical science could be gained only by the road that Stein« 
mets traveled, namely, by hard study of higher and higher 
mathematics. It is well known that his development of the 
mathematics of the alternating current, involving as it did 
those phases of higher mathematics which no one could have 
surmised in advance would be involved, did more than all 
other causes combined to lay the foundation upon which the 
great structure of the General Electric Company was built. 

(4) It is well understood that the Rockefeller Foundation 
is now devoting its efforts chiefly toward the promotion of 
public health throughout the world. To this end it has not 
only made large grants to medical schools but it has indirectly 
stimulated independent work in the medical field by providing 
liberal research fellowships in the underlying sciences, physics 
and chemistry, — in chemistry as fundamental to medical 
research, and in physios as fundan^ental to chemistry. But 
it is not so widely known that the Foundation has recently 
extended the range of these fellowships to include mathematics 
as fundamental to both physics and chemistry. This step was 
taken deliboratoly after most cireful consideration of the 
claims of mathematics as the basic science in this field. 

This claim would hardly be questioned by the physical 
sclentlvSts themselves and would readily be admitted by the 
public. For example, it is said of the late Professor Chandler, 
dean of the Columbia School of Mines, when in the early days 
he wanted more mathematics put into the curriculum for 
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chomiHtB and wan opposed by the hoad of the dopartmont of 
mathematics, that he cnmc into the faculty meeting with an 
nrmfiil of books and said: "These gentlemen, are important 
articles on chemistry which T cannot read because I do not 
know mathematics enoughi We do not want our students to 
be In my predicament." 

But the public would be BtapRercd if such a claim were made 
for any of the bioloKical sciences. And yet the writer knows 
a physician who is a diagnostic and research specialist of high 
standing, whr besides his medical degree holds a Ph.D. in 
physiology from Harvard University, and who is now pursuing 
courses in advanced mathematics because he is unable to con- 
tinuo his researches successfully without more power in this 
line. 

A few years ago the Mathematical Association of America 
invited several specialists in other sciences to take nart in a 
symposium on "Mathematics in Relation to tht' Allied 
Sciences," and we were no little surprised to learn from 
biologists and biometoricians the wide range of mathematical 
subjects used by them in their research work. For instance, 
Dr. IT. B. Williams of the College of Physicians and Surgeons, 
said in substance: ^'The biological sciences in the main rest 
entirely upon the fundamental sciences of physics and chem- 
istry with all the mathematical foundation which these sciences 
presuppose.'* lie cited his own investigations on "nerve 
impulse" and those by Einthoven of Leyden on "heart action'* 
which were possible only because of their being well trained 
in methods of mathematical investigation. 

One could proceed indefinitely citing evidence of a conscious- 
ness on the part of the public gradually awakening to the fact 
that mathematics is a marvelous and powerful instrument in 
the hands of trained thinkers for accomplishing great results. 
One further illustration, more or less amusing, was observed 
in the attempts of the newspaper reporters and popular 
magazine writers to describe "in a few words" the Kinstein 
theory of relativity, but who invariably took refuge in the 
excuse that it all rested on mathematics of a "higher" type 



ERLC 



192 



Tho Fint Yearbook 



than tho rondors conid bo CNpooted to understandi and thus 
thoy wero duly overcome with awoHomo respect both for 
relativity and for the underlying mnthomnticB. 

Finally, one other serioiiB illustration of farreaching signifl- 
cance nhould be mentioned, Tho great industries and large 
btisiness corporations arc coming to realize the importance of 
fostering research in connection with their special problomsi 
and very many of them have established laboratories as 
regular departments of their activities. In numerous cases 
such organizations have found that mathematicn^ research, 
usually of quite an elementary character but often far more 
intricate and technical than could have been predicted, has led 
to higher degrees of efficiency, to new phases of economy, and 
sometimes to complete reorganization of procedure, Manf 
such corporations have l^ecome institutional members of tho 
American Mathematical Society during the past two years, 
with the privilege of nominating to individual membership 
those representatives of their organizations who are interested 
and active in mathematics. This movement is bound to grow 
and to exert a continually widening influence in making mathe- 
matics known to and appreciated by the public. 

One of the most significant evidences that the importance 
of mathematics is permeating the whole fabric of modern life 
is shown in the recent unparalleled development of the use 
of statistical methods in thj study of quantitative relations 
in almost every department of investigation. This appears in 
the simplest form in all the proposed new curricula for the 
junior high schools. It is emphasized in the reorganized pro- 
grams for the senior high schools. It is further developed in 
the enriched courses for colh'ge students not only in all the 
sciences but also in economics, sociology, anthropology, etc., 
and in most of the effective studies in education. It is in- 
dispensable in all laboratories everywhere, whether in tho 
schools or in the factories, in commerce, in big business of 
every kind. In all such studies, if carried out to their fullest 
extent, it appears that the matliemntics involved, while 
initially of tho simplest nature, eventually becomes more and 
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more technical and rcquirca the moit careful renBonlnur in 
order tu insure correct and dependable conclUBiouBi These 
are phases of mathematics which are gradually growing into 
the consciousness of the general public and which are capable 
of recognition and widespread understandingi 



RECREATIONAL VALUES ACHIEVED 
THROUGH MATHEMATICS CLUBS 
IN SECONDARY SCHOOLS 

By l^AKIB GUOLB AND OtHBRS 

L Iniroduction. The last twenty-flve years have caused n 
new emphasis to be placed ou recreational vulneB. The rapidly 
chantfing conditions in industry and in economic life have 
forced us to (;ive serious consideration to the worthy use of 
leisure. In Cardinal Principals of Secondary Education the 
proper use of leisure time is listed as one of the seven ol)jec<» 
tives. How can mathematics do its part in achieving desirable 
recreational outcomes? In passing, we may note that a good 
beginning has been made by a brilliant writer for the supple- 
ments of some of the Sunday papers. lie is making a fortune 
syndicating our old friends, the puzzle problems of algebra. 
Recently he occupied a full page in scores of papers with simul* 
taneous linear equations in three unknowns. Can we doubt 
any longer that there is human interest in these problems? 
But in this discussion we ask what are our mathematics teach* 
ers doing to realize recreational values? 

Ever since pedagogy has modified belief in formal discipline 
and drudgery by an emphasis upon interest and appreciation, 
tcacliers of mathematics iu secondary schools have triod to 
present the subject to pupils in more attractive forms. In the 
class room real problems have been urged. Tlie dramatic ele- 
m'^nt has been brought in wherever possible, especially in lower 
grades; e g., in having grocery stores and banks. Tlie kinder- 
garten principle of learning through play has becoA.'^e mora 
universal by extending the recreational phase of mathematics. 

The use of mathematical recreations as a devise is not a 
new idea. Tuzzies and catch questions were in the old arith- 
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motica. Tho Iniman mind lias always found idcas^ure in 
pu;i/J(% tricks, and curio»ltioa of all sorts. This tondoncy ia 
in every person, young and old, of every race and of every time. 

Cantor attributes the first aiathematlcal puzzle to Ahmea, 
2000 B.C. The problem of the foN, the goose, and the sack 
of corn was known to Alcuin in the time of Charlemagne. The 
hare and hound problem appears in Italian arithmetics of 
1400. 3Iagic squares were known to the Arabs and IliuduSt 
There is a record of one in a Chinese book of the date of 1123, 

Ball's Mathematical Recreations, White's Scrap Book, and 
Jones* Mathematical Wrinkles are based on German, French, 
and English publications of 15U7, 1612, and 1604. We see, 
therefore, that mathematical recreations are almost as old as 
mathematics itself. They have always been a source of pleaa^ 
ure and profit to both pupil and master. In the light of 
history we cannot regard these phases of mathematics as too 
trivial for pupils of today. 

II. Dovelopmcnt in Secondary Schools, One of the first 
mathematical clubs in secondary schools wrs organized nearly 
twenty-five years ago in the Shattuck School, a private school 
for boys at Fairbault, Minnesota. In an article in School 
Science and Mathematics, Mr. C. W. Newhall describes the 
organization. Fifteen boys from the senior class were the 
instigators. The club held evening meetings every two weeks. 

Before 1912, the mathematics classes of Horace Mann School 
were organized into clubs, whose meetings were held during 
certain recitation periods. 

In 1913 iliss ilarie Gugle, then a teacher at Scott High 
School, Toledo, Ohio, orgatii7.ed a Euclidean Club among the 
boys of grades ten to twelve, whose ratings in mathematics 
were excellent or good. This club still exists as an active or- 
ganization. Its meetings were held in the evenings. It.s 
programs usually had three features: a biographical sketch of 
some grea^ mathematician and a story of his contributions; a 
mathemnticnl game, trick, fallacy, or unique solution; and an 
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Account of some scientiilc discovery or invention related to 
' mathematicH. 

In 1014, groups of interested pupils in Hyde Park, Wendel 
Phillip's and Bowen High Schools of Chicago began giving 
time ofter school to informal discussions and to the investiga- 
tion of suggested problems. 

By 1010, clubs were rather widely scattered. In Blarion, 
Ohio, one was organized to answer the question, "What shall 
be done for the bright pupil?" Miss Irene Brown tells of a 
club in a Girls' School in England, in order that for them the 
bypaths of mathematics might be illuminated. In this same 
year, the first club in Columbus, Ohio, was organized in 
Roosevelt J unior High School. It took the same name and pin 
08 had been adopted by the club in Toledo. Very soon this 
club had to have three chapters. Alpha, Beta, and Gamma 
chapters for the ninth, eighth, and seventh grades respectively. 
Practically all of the twelve junior high schqols in Columbus 
have one or more mathematics clubs. Three of the five senior 
high schools have such organ^ationi. 

III. Objectives and Results. The purposes of n mathematics 
club are "to illuminate the bypaths of mathematics" ; to study 
certain interesting matters connected with mathematics which 
do not find a place iu the usual class room ; to promote interest 
in the study of mathematics; to give the pupils glimpses of the 
future and incentives to further study; to develop an apprecia- 
tion for the truth and beauty in mathematics and our depen- 
dence upon it in practical life; and to furnish an outlet for 
pupils* social instincts. 

It is the consensus of opinion of those teachers who have 
directed mathematics clubs that the foregoing objectives are 
readily realized and that the transfer of interest and initiative 
that carries over into the classroom more than repays for their 
time and effort. 

TV. Organization and Membership. There are various 
types of organization. Some clubs include thi' entire class or 
several combined in their membership. Others are limited. 
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cither to those whose ratings in scholarship are awperlor or to 
the pupils' classiflcatloa or grade in school, as eiirhtli grade 
or tenth grade club, 

Some clubs meet during gchool hours, either in a club 
activity period or in the regular recitation hour. Others meet 
after school or in the evenings. The frequency of meeting* 
varies from once a week to once a month. 

The names given to clubs are of different types: 

A. Grepk letters ; as Mu Alpha Theta 

B. Muthe,n,UU-lnirH : «r Pythagoiean. Encll.loan. Arohlmwllna 

ciniw. hme have lu-ou imiiu'd for toadU'i's in tholr whooln. 

''"'iC'-lirS' '''''' 

Usjially mathematics clubs adopt their embli^ms, as in pins, 
banners, and colors. For plus the folloxving devices have boon 
used; the pentagram, the old mathematical instrument known 

a quadrant, a combination in a triangle of an overlapping 
semicircular protractor, compass, and pentagram, and a circle 
with a hypocycloid. 

V. Program Material. Once a teacher of Latin who had 
a thriving Latin Club, asked how one could find enough 
materml to keep up interest in a mathematics club. She littJe 
knew that the supply is inexhaustible and that the only 
difficulties are those of selection and adjustment to suit the 
ages and educational advancement of the members. 

Some of the same topics may be used for seventh or ninth 
grade clubs, but the assignments must be different. For ex- 
ample in a seventh grade club a program on magic squares 
should include only those with three, Ave, or seven on a side 
Papers should be provided and members should make their 
own under the direction of the speaker. The same topic on 
a ninth grade program should include a sketch of their history 
and the making of magic squares with both odd and even 
number of squares on a side, and magic circles. 

The following programs adapted to junior high school gradea 
may be suggestive; b 
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A. For SovcDtk Qrado Club 

h (a) Nino, 0 Maittc Nuwltcr 

White : Serup Book, page 25. 

(b) What a Billion Uwnn 

Wblto ; Scrap Book, pages 0 and 10. 

(c) Who was Tbale8? 

2. (a) ArchlmecUm, the Blathemotlelan, and some of his luveittloiis 
(b) Mysterious Add It km 

JoiieH! M:itbemutical Wrinkles, page 103. 

(0) Nuiwl»er Tricks . 

Material supplied from Popular Science Monthly or other 
maguifilaes by pupils. 

a (a) Arithmetic Tricks 

(b) MultiplU-atlon . , 

Select one dlf;lt out of 12345070 and multiply by 9 times 
the digit. IteHUll l8 row of same digits. Bee Junes 
Mathematical Wrlukles, page TO. 

(c) Paradox l^arty 

Dudcmey, Amusements in Mothematics, page 137* 

B. For Eightb Oradc Club 

1, Halloween Program 

(a) Club Songs 

(b) Apporltion of Two Ghosts. Descartes and Pythagoras 

The ghosts meet and exchange stories of what each did 
while on earth. 

(c) Clever Qnestlon Contest , 

Tx^aders choose sides. QneHtlons for contest are selected 
from Jones' MathcuuitU*al Wrinkles. 

8. (a) Readlnu: Number Stin'les of Long A^o 

UvHci parts of Chapter i)uv. It too long, certain pans 
may lie told in abridged form. 

(h) Renin rkni)le Nund>ers ^ . ^ ^. 

Teaciiers CoUc^e Record, November. 1012. or 8mlth« Num- 
ber .stories i)t Long Ago. pages 105-107. 

(c) A NumlHjr Trick ,^ ^, 

Selected from Mntliematlcal Wrinkles or Balls Mathe- 
matical Uecreatlons. 

3. (a) How oitr Hindu-Arabic Numerals Grow 

Smith: Number Stories of Long Ago. pages 13-43. (Make 
charts of ilhiHtratlons.) 
(b) Where did the signs. +. — . X. and = wmie from'? 
Ball: History of Mathematics. 

C. For Ninth Grade Club 

1. (n) Picture of World without any Matbenintlcs 

(b) The Part Mathematics Plays In Our Everyday Lives 
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(e) Kalliwy : Prove thiit yoa ore «a old M«thn>.i.h 

!r! »*""«"»otl«,„nl« 2 

(II) llmv (bi> AlKt'braio SymiiMj. Qre» 
<f) Tuiwniiw 

IiH«hMio.r : Amiisemi'Uto in HaUiemAiiM. mm 4« • 
f<»lu-UBe nrlKliiuiH. •wweoacici, pase 43. Bb- 

<l») Hhoi't Tiilk on thu Slide Itule 
''"tnSSi.K^^^^^^^^^^^^^ *l"tbem.uc^ Book T^o. Appendix. Ore., 



VI ^/ ,•»/»,««» /fr/e,ciico Library for Clttbi, For a newlj 

8at 8frotory .uuunu.n. rolorence lil.rory for junior niid senior 
•iKh Hcl..«>lH. It „,i«,u ,H3 a nHclon. for a more oxtonsiroM 
to liQ built lip Krmliinlly. i».«w»e one 

1. »'r''m;r of tilt. IIU^^^^^^ 

4 w 1".? * ■ '^"^ Olnn eiul Co. 

lliU!.;; c'n'^'iuS K>eu.eu.«ry Mnthc-iuatUti. Open Court Pab- 

5. Portraits «f Uatlu-nrntlilnus. Oimn Court Ptibllshlne Co 

VII. Hf,y, for A/nthvmntion Cluh». In the ilathematiw 
Teacher of O.-rol^.r, 19:^, Miss Alniu E. Crawford hasTTcry 

TZ:^!:^ '^'"^ ^•"^'"'^^ -^--y the Land o^ 

A number of Columbus teachers have found that, with some 
BXimyiom, Kroups of pupils are capable of writing very in. 
terestiug and instructive plays and pageants. 
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Vni. Bibliographies. Additional reference books and 
manwine articlea may be selected from the following biblio- 
graphies. These references cover the organisation of clubs, 
history of mathematics, and mathematlcol recreations includ- 
ing games, tricks, and plays. 

1. GuKle, ilodern Jtinloi' Mathematics, Book Two. 

2. OuKlo. ot al. MathemntU'B Club ProsnunB. Muthcmatlca leacher, 
October 1024. . , 

8. Nut'oiml I'ommlttee Report, pngoi 026 - 027. Ll>t of magadno 

4 Itm^^^«U ' School Mnthenwtlci Club, Mathematics Teacher, 

October ms. List of booka and maKaalnea. 
6 Smith, et al.. List of mnthomntlca bnoka, nmiotated, Teachers Col- 
luge Ilecoi'd, Api'll 1023. List of booki only. 
Teachers who are directins clubs in secondary schools will 
find, in addition to the foregoing books, a continuous supply 
of program material in the two magazines for mathematics 

J^^%hp\'inihcmaUc» Teacher, the official publication of the National 
Cmui n of TcSor^ MombcrBblp in the Comic I. 

h d I irthe HUbsei lptlon to the luaRaRlue Is two dollara ($2.00) 
Editor. J. It. Clark. Teachers College. New \ork. 

2 School Science ami Mathematlcit, the olHclal organ of the Central 
Alnrlntimi of ScliMu-o and MathcnintlcB Teachers. Membership 
^, .1 SSp^^^^^ ma^a«lue In two and ^^^'^^i ^^^^'^'^'^.Ifl 

?$2.B0) Editors. Smith and Turtou, 2055 East 72nd Plac-o. Chicago. 

Valeria Bostwick. Eleventh Avenue Jf. High School 

C. B. Mnrqmuul. Iiullnnola Jr. Illgh School 

lieleu llnvtiuand, Vlco Principal of Mound St. Jr. High 

Amv^K^^'prcston, Iloosovclt Jr. High School , ^ , . , 
ffieoSle Chairman. Aaslntant Superintendent of 
SchoolH. Columbus, Ohio. 
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AND FOR OUR TEACHERS 



By Edwin W. Schreiber 



Note: The compiler of this bibliography thought It wull 
that the publishera should have first say in the matter of 
presenting their books. He therefore sent a letter to fort; 
publishing houses asking them for certain information about 
mathematics books published since 1920, for secondary schools. 
Many of the firms responded very graciously and to them 
gratitude is hereby expressed. Others failed to reply and so 
if there are valuable omissions we are sorry. Some of the 
noticeable gaps were filled in by the compiler through the 
excellent facilities afforded by the John Crerar Library of 
Chicago. It was our aim to list only those books which have 
been published since 1920. An attempt has been made to 
answer the following questions concerning each publication : 
(1). What is the exact title of the book? (2) Who is the 
author and where does he teach? (3) How many pages in 
the book and how lai'ge is it? (4) When was it published? 
(5) What Is the price? (6) Who publishes the book? 

JUNIOR HIGH SCHOOL MATHEMATICS 

1 RnifBrn PicKEi-L Smith. PracUcalilathemaUca for Junior nigh 
SoS bj JSrkk O. Monser. Prof, of Ed., Columbia U Frank 

Supt. of Schools, West Aurora, 111., Book I, 240p, 1»24, 88c. 
2. Book II, 278p. 1024, 88c. 
t Book III, 294P. 1924, 88c. 

4. BUEHUOH. Junior MathemaWB, by Ernest R. Bres^ioh. Hen«\ of 
Math. Dept., Unlrevslty High School. Chicago. Book I. 204p, 
l»25. 80c. MacniUlnn Co. 
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John ^^ Wl hers iS^^^ ^*"''' l''"^"- 

0- 8ta Yv.. 2371.. 1024.' OOf." Lyons nn.l Cunmhnn. 

l-l. Bo.,k III. swp. 1023, J1.28. Honshton Mlinin Co. 

15. 8th Yr., 254n, 1»24. 88f. 

S » ,v„'" p:"' ""V' " Book Co. 

I'i>l.ll8hof. Ann Ail.5-. Mk-h • ^' ^"•"■'-'^ ^^«*»'^« 

Bo,,i I. Sp?im'"8i^^ ^ ' ^'"iv- 
K<,ok ir. lOUp. 1025. 800. Ra„d. Mi-Xally „n,l Co. 

)^°Sri,y'?v;:f"^'*v?''f ^^'•"0°' ^'''thematic,. 

c!o;!:i. 'jit. "'^oot fooSsri'osS^'ix'^^*'^^ '^'•^"^•^-•^ ^""'^«'^' 

23. Book 11. 282P. 1925. $1.00. Glan and Co. 

ARITUMETIC 
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Recent Books 

Phnd^PV formi'iiy Sm>t. (»f )<»oIs. lU«tlt»U. M""" : . v.^"'' 
nf S U of III a ml Jiunea H. Smith. Prof. <)f Math.. Stiito 
?Nomttl s;f««l. Whllewater. 340p. 1020. 02e. Meut«ei-. 

on fjA'fNov"'jACKBON. Drill Kxercisen and Prohletnt (n Arithmetlv, 
r gJuioi. Sui)t. of S<h(.ol8. IMttsHehl. Mush., un.l 

87 HoYT Peet Everudau Arithnuilr. Ailvaiuvcl l>o(.U liy H-ttukllii s. 
SCvt fJmerlv Aas't Sui.t. of Schools. ImllnunpollH. Iml.. ftn<l 
ffi JWt E l4t liist. in Mi'thnda ot 'lVa.hhi« AiMth . ato 
Nm-mal School. Salum. Mass. 32iii., 1020, 8Sc. HouBhtou MUHlu 

2S mI VER BLWEtr.. TouTos. DuitiHCHU A rithmcl ir. hy George W. Miner, 

foSlv Sd of com. Dept.. IHuh School West! leld. Munh.. 

i?n.t e H Klwell. C. V. A., ITof. of Accomitiim. Uuly of \Ms.. 

ami "i^nk C Toutou. Piof. of Ed., Univ. of Southern California. 

4l0p. 1023, $1.48. Glnn and Co. 
20 Miner. Blwei,!,. Tooto.n. fc'MenlioJ«o/fimineM4H«wnellc,230p. 

1024. $1.20. Ghm and Co. 
qft Neely KtLMNB. Jfodern ^ppKed Arithmetic, by «. «• .^.^^'y* 

SuSlHoJ^S I'Int Time S.-ho^ils I'eorla. III.. ''"J 'JJ 

Direitor of Vocational Ed., Johnstown, Pa. lo«p, 1021, $i.«i». 

Blaklston. , „ . 

44 <an..n»iivo Clark PrarVcc EiercUen for Arruvum and Speed 

?S;?5 ?J;«r«cX«rS« for seventh and Bi„htk Orudv.. 

04n. 1922. I5c. Gazette Press. Vonkura. New \oik. ^ 
32. Stonk. Stone i, Adramed ArmmctK, by .John C. St''»^- "''"'J,;'^ 

Math. Dept.. State Noruml Si-hool. Moutelalr. N. J. .I20p. l»-a. 

80c. B. n. Sanborn and Co. 

vJn Tnil Evnmler Chlhla Illv'h School. New Y(nk (Mty Inst, in 
Im. Math. nLw York Univ. and Columbia. 3iK>p. 1024. Amei- 
lean Book Co. » , m iooi 

Van Tuyl. A"cio Compme Husinesa ArWmcUc. 440p. 
AmerlcQU Book Co. 

Watson. Himpli/led Arithmetic, by BrV'-'^^M Watsmi. S'-ciTtary 
Public Ed. Ass-n. Philadelphia, Pa. Tth Grade. Ib4p. 102 1. (.Oc. 
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Row Peterson and Co. 

61. Nydkro. Firnt Courne in Algebra, by Joseph A. Nyberg. Inst. In 
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teau Book Co. 

02. RusHucR, Dencb. High School Algebra, by C. E. Rushmer, 
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High School, Syracuse, X. Y. 4U()p, 1023. American Book Co. 

68. ScHORLiNo, Clark. Modern Algebra. 3S2p. 1024, $1.30. World 
Book Co. 

64. ScnoRLiNO, Clark, Ltndkll. Imtrnctioital Teat$ in Algebra. 72p, 
1025, 3Ue. George Wuhr, Publisher, Ann Arbor, Mich. 

65. ScHULTZK, Brrckenrxook. Elementary Alyebra, Rev* Ed., by 
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60. Smith, Reevk. Kisaentinls of Alyebra, Hook I, by David Eugene 
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C7. SxfiTH. Reeve. Esj^cntinln of Alyebra, New York Edition. 400p, 
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C8. Stone, Hart. Sto}teMart Elementary Ahjehra. by John C. Stone, 
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Co. 

«0. SVKK.S. (JoMHTocK. Hvghwcrs' Alychra, by Mnbcl Sykcs. Inst. In 
Math.. Rowen HI;rh School. Chicago, and Clarence K. Couustnck. 
Prof, of Math.. Bradley l»olytcchnIc Institute, Peoria, 111. 303p. 
1022, $1.25. Rand McXally and Co. 
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70. Ti:nNKn. ErcrrUe fiook in Algehra, by Oswald Turner. Inst. In 
Math.. Phillips Afa(l(*iny, Andover, Masa. 182p, 1022, $1.24. D. 
C. Huath. 

71. Wells. Hart. Mtulcnx rUH Ycnr AUfchra, hy Webster Wells, 
fnnnui- Prof, of Math., Mass. InHtltute of Teeh.. nwi Walter W. 
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•^"4. DEOKEn. Revontt Year Atuc^^ra, by Floyd Flfike Decker, Syracuse 
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Loa Anjjeles. Cai. 3C2i). 11)24. $1.20. Stot. ForeHmaun and Co. 
03. Palmku. ffaudhook fur Plane Oeometry. lOlp, 1025, $2 50. 
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McNally and Co. 

PLAXE AND SOLID GEOMETRY 
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Schnltzo. ami F. li. Sevenoak, Stevens Institute of Tech. 480p, 
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COLLEGE ALGEBRA 

110. BrcMANAW, Emmons. A Brief Course in Advanced Algebra, by 
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and Bacon. 

121. Ford. College Algebra, by Walter B. Ford, Prof, of Muth.» Univ. 
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CALCULUS 

122. Brewster. Common Sense of the Calculus, by 0. W. Brewster. 
G2p, 1923, $.70, Oxford Univ. Press. 

niSTOBY OF MATHEMATICS 
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1024, $4.50. Longmans. Green and Co. 

124. Descautks. La (Jeomctry, by Rene Descartes, French-English 
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123. Cajow. a IJiHtorif of Mathematics, by Florlan Cajorl. Prof. o£ 
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Macmiliau. 

126. Cajort. a IIMonf of Eirmcntarff Mathcmatlca %cUh Uinti on 

Teaching, 312p. 1017, $2.25. MuciulUnn. 
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132. Sri.TjVA.v. The Ilistorp of Mathematics in Europe from the Fall 
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1024, $1.20. Houghton Mifflin Co. 
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144, OsBORXE. Corrective Arithmetic, by Worth James Osborue, I82p, 
1U24. $:.U0. HouKbton Miltllu Co. 

145, OvKUMAN. I^rhirifilvH ami Mvthodn uf Tvarhiny Arithmetic, by 
Jumes U'lluM-t ovurmau. ;unp. 1020. 91.(iO. Lyons ami Cavnahan. 
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College, Columbia T'niv. 
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